SRS
OCHOBbI

BbICLUEH MATEMATHKH
1 MATEMATHYECKOM
CTATHCTHKM

YHEBHVK OANA MEAVUWHCKWX
V1 @APMAUEBTUHECKIWX BY30B

U3AATENBCKAR rPYNNA
«FP0TAP-Megua»




OCHOBDI
BICILIEW MATEMATHKM
H MATEMATHYECKOH
CTATHCTHKH

YHEBHVK AN BY30B
2-8 uafanue, ucnpasneHHoe

PekomeHposaHo YMO no meguuuHCcKoOMY
v thapmayesTuieckoMy o06pas3oBaHNIO
BysoB Poccun B kavyecTee y4ebHuka
ANA CTYQEHTOB MEeAULUUHCKUX
uw (papMaueBTUHECKUX BY30OB

Mockea
HSRATE/NLCKAR MPYNNA
«r90TAP-Meana»

2008




YAK 51(675.8)
BBK 22.1973
075

075

Penemsenmu:

O-p dus.-mar. Hayk, opodeccop MATEMaTHKO-MEXaHNYECKOTO
dakyasrera CaHkr-[TeTepSyprecKoro rocylapcTBEHHOO YHHBCPCHTETA
BB, Heezopos;

Kaunuaat ¢H3.-MaT. HAyK, JOUEHT kadeapu MEAHLMHCKONK #
6uonornyeckoit PpusHkd MOCKOBCKOH MEAHMUIUHCKON aRAfEMUH HM,
HUM. CegeHona E.JO. Cuupnos.

Kanmuaar ¢pus.-Mar. HayK, ROUEHT, 3aB. Kadeapoil BuClIeH MaTeMATHKY
Casnkr-IletepOyprexo#t XMMHKO-(QapMaleBTHYECKOH  aKaACMHU
H.B. llapaymxos; x-p ¢dn3.-MaT. Hayk, npodeccop J.B. PosoBckmit;
KaHAWAAT TeXH, HayK, JoneHt A.E. Kanynbiueeny; xananaat pus.-MaT. HayK,
AoueHt JI.A. Kyaonen; crapmue npenogasatens A.M. Kamouxkas,
WL Crenauosa, H.M. Tuimko, T.IO. Heanorckaa, B.J. Macnoea.

OCHOBM BbiCIDell MATEMITHEH H MARTEMATHIECKON CTaTHCTIRE:

Yaetunk / WU.B. IMasnyiixos u apyrae. — M.: FIBOTAP-Menna, 2008, —
424 c.

ISBN 978-5-9704-0880-3

B yueSHAKE HANMOXEH KYPC BHCIICH MaTeMaTaKH (apMancBTHYECKOTo
dakynbTeTa, BKIOYRAWLIHE OCHOBHBE 3INEMCHTAPHHE GYHYLHH,
aaddepeHINANbHOE MCUHACHECHHE GYHKLUNH OZHON NEepeMeHHON,
INEeMEHTH AHPPEpeHURANBHOTO HCIUCACHUA DYHKIAN HECKOAbKHX
DEePEMEHHRX, HHTCrPaNbHOE HCuHcnende GYHKIMN OfHON HepEMEHHOI,
mAaddepeHINAIbENE YPASECHYS HEPROTO K BTOPOTY NOPAZLKA, OCHOBH
TCOPHU BEPOATHOCTEH M MATEMATRYCCKON CTATHCTHKY,

YuebHHK COZEPRAT IOAPOGHHE MOACHEHKA TEOPETHUCCKOIO MATEPHANA,
2 TaKxe 6oNbIIoe KOIHYECTBO NMPUMEPOB U 3a1avy.

Ilpeanasvadyen Ang CTYACHTOB MCARLUMHCKWX H $apMaUEBTHYECKHX
BY30B.

YIK 51(075.8)
BBK 22.1473

ITpaea na dannoe uzdanue npunadnexcam uzdamenvcrol epynne «IDOTAP-
Meduar. Bocnpouseedenue u pacnpocmparenue 8 Kaxom Ovt mo vy 6uino eude
HGCMI UNU UEAOZO USOQHUR HE MOZym Gbimbd ocyuecmenenst §e3 NUCLMeHH020
Ppasperienus npasoosadaniens.

© Komrextue asropos, 2005 +

ISBN 978-5-9704-0880-3 © Wanavenkckan rpynna «FOOTAP-Meanas, 2008



OrNABJIEHUE

OLJIABIEHEE . . . .« . v oo e ettt saaanaacareonorensons 3
TIPOBCIHOBEE . . ..o oo coov et s onnrannssoraenannoanns ]
'nasa 1. BnencHme B MATEeMATHICCKHN AHATES . . o« o s o v v v e oo - 7
SLLODYHKUAT . . o vvvevneenrranroononanceaines €
§1.2.TIDEACABY . . o oo i v ii it i i 25
§ 1.3. HenpepuiBnocTh bynkumit . ... .. .. e s 37
Cnasa 2. HuddepennaaIbaoe BCTRCTEHEE . . o o oo oo o oo vnne 46
§2.1. TponsBoaHAA DYHKIMH . . o ..o vvneevvousononvinns 46
$2.2. Tuddepentman GYHKUKE . oo o v vvvrvrnneasonnnns 65
§ 2.3. IpnnoxeHns UPOMBBOAHOR .. . . ..o en e vnesny 71
§ 2.4. [IpuMenente NpoM3BOAKOH K HCCNeAOBaHIO Pyrknun . .. 83
[napa 3. OyEKoAd MBYX IEPEMEHBBIX . . o 2 v v o v cvnoroonsnnns 101
§3.1. TlonaTne PYHKUUH ABYX MEPEMEHHBIX ¢ ¢ « <« o v e e v o v e o 101
§3.2. O6nacTs onpeneneHAd GyHKIWHR . . . . ..o v v 103
§ 3.3. Yacrable npou3soAHbIe ¥ NONHKIM auddepeHumal . . . . . . 107

§ 3.4. Tnpdepenuupopanme CIIOXKHBIX U HesIBHbIX QYHKUHE ABYX
HEPEMEHHEIX . . . o oo v v even e vnnenaoonoonsnsonans 113

§3.5. Ipoussoansie n auddepeHHaIsl BHICIIUX NOPAAKOS . . . . 118

I'nasa 4. Heonpejie/leHABOY HETETPAN . . .o v oo oo v s v s oo s e 122
§ 4.1. [IpocTefmmne METOABI HHTETPHPOBAHAA . « - o o o oot v v vt 122
§ 4.2. Wnrerpupobanue ApobHO-palMonansHbX gynkml . . . . . 144
Cnana 5. OnpemeneHHBIE HHTETPAT . . . ., .« v v v vvvnvnvvenss 157
§ 5.1. [TousiTre ONPeJENCHHONO MHTETPAMS: « + « « « e v o v v v s o v s 157
§ 5.2. CBO/iCTBa ONPEAEICHHOTO HHTETPAAA. « -« o o v v v vt v v e s 161
§5.3. @opmyaa Helorona-JleliGdauna . . . ................ . 166
§ 5.4. MeTozib!l BBIYMCIEHUSA ONPENEIEHHBIX MHTErPANIOB. . . . . . . 167
§ 5.5. HeCOOCTBEHABIE MHTEIPAJTEL . .« o v cv v anaenennenns 177

§ 5.6. leoMeTpuyeCKHe NPUIIOXKEHHS OTIPeJeIeHHBIX HHTerpatos 182
§5.7. UNCneHHOE HETEIPAPOBAHUE . . . . oo v v o v v e v eonanonnne 188



4 4 OrnaeneHne <

I'napa 6. daddepenmmantatie YPABHEHER . . . . o . .o v v v 191
§6.1. OCHOBHLIE TIOHATHA U OTPEHACHEHRR . '« < o v o s o v s v s o s 191
'§6.2. Tucpdepenypanibrbie ypaBHeHHs NePBOTO MOPAAKS. . . . . . 192
§6.3. Duddeperumanbivie ypaBHEHHS BTOPOrO NOPAAKA. . . . . . 209
Tnapa 7. OcHoBH TeopHH BeposTBOCTER. . . . 0.0l 219
§ 7.1. Cnyuaiinete cOOBITAS W UX BEPOSTHOCTH .+« < o . oo v ve . 219
§7.2. Cayuaiisitie BeINYHHE 1 NX 3aKOHEI PRCNIPEAENIeRus. . . . . 247
[Cnapa 8. JnemenTHt MaTeMATHISCKON CTATHCTHEYE . ... ....... 269
§8.1. BoiOOPOUHBI METOH . - ..« v v cv v n s nnnnnennonns 270

§8.2, OueHKH XapaKTepHCTHK PacnpefelleHuA RO J3HHBIM Bbl-
BOPKH - . . v ct ittt iiecirsonennneanoasnnonanss 279

§8.3. Meroa HauMeHbIINX KBAJPATOB H CIVIAKHBAHHE IKCTEPU-
MEHTAJIBHBIX 3aBHCHMOCTER . . . . . v v e i vt i i i i nne s 289
§ 8.4. Ds1eMeHTH KOPPEIARHOHHO-PEIPECCUOHHONO AHANH3A, . . . . 205
§8.5. [IpoBepKa CTATHCTHYECKHX THIOTEI . . . o v v v v vv v os v 320
§8.6. OCHOBLI UCTICPCHOHHOTO AHATIA3R . . o oo v v v v vnsoo s 338
§8.7. Bpemennble paabl. OCHOBHBIE TIOHATAA . . « v vvv v v v nn s 349
Tnasa 9. BpeneHEe B MATEMATHYECKHE METONR ONTHME3AMENE . . . 358
§9.1. JIuHeAHOE IPOTPAMMUPOBAHUE . o+ o o s o u v e v nrvnennnn 359
§9.2. HeauHeHOE NPOrPAMMHPOBAHMNE . o o o0t v v v v veusennn 369
§9.3. Tpancnopryas 3a3a4a JHHEHHOIO NpOrpaMMHPOBAHNS . . . 378
§ 9.4. DeMeHTHI CETEBOTO NVIAHWPORAHHA U YNPABMICHHA . . . . . . 395

§9.5. Boetene B TeopHIo MaccoBoTO obcnyskupanus. PopMyibl
OPIBHTR .« ..o oeeienvn e innerionsannnnd e 401
TIDHAOIKEEMR. . . . ..o ovinnnone s o e arotamonnnenos 411
TpemMeThBIl YEASAPRMD . . . . .« o os s o tnannacnnnosovaneas 419



NPEANCNOBUE

Kype Boicie#t maTemaTiku Ha papManeBTH4eCKOM daKynpTeTe
COCTONT K3 o0LIero Kypca H cneqHanbHaX pasgenos. B obui Kype
BXOAAT: OCHOBHbIE leMeHTapHble (yHxuuH, AU(DepeHiMaNLHOeS
HCYNCIeHHe (yHKUMN OfHON NepeMeHHOM, snieMeHTh Audibepen-
HUAJILHOTG HCHHCReHHA (PYHKUNH HECKOMLKMX NMEPEMEeHHLIX, HHTE-
rpaxpHOe Mcuucienue GpyHKUHN OqHOl nepemenHo#t, audpdepeHum-
&JbHBIE YPaBHEHMS NEPBOT0 M BTOPOrO NOPSAAKA, OCHORK! TEOPUM
BEPOATHOCTEH U MATEMATHYECKO! CTATUCTUKH.

JanHbili y4eGHHK COREPKHT NOAPOOHbLIE NOACHEHNS TEOpEeTHYe-
CKOTO MATEPHaNA, & TaKKe BONbLIOE KOMHYECTBO MPUMEPOB H 33734,
B HeM yKa3aHBI METOABI PElICHHA TUNOBBLIX 3834 W MpUBeAeHbI
npumepbl. Ilo xaxaoMy pasgseny yueOHHK COAEPXKHT GOJIbLLUOE KO-
JINYECTBO 38734 /ISl CAMOCTOSTENLHOTO PELIEHHA W MOXKeT ObITb
RCTIOUIL30BaH KaK 3afJauHHK 510 00LieMY Kypcy BbiCLlell MaTeMa-
THKN J18 (apMaleBTuyeckux GakynabTeToB. JaHHBM yYeOHUKOM
C YCTeXOM MOTYT MOJIb30BaThCH TAKXKE H CTYASHTHI 3204HOH (POPMBI
0byyvenns (PapMAllCBETUYECKHX BY3OB.
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BBEAEHME B MATEMATUYECKIA AHANNS

§ 1.1. ®yHkuvn

1.1 Onpeneneuue hyHKLMN, YMCNOBBIX NPOMEXYTKOB
W OKPeCcTHOCTeN Touek

OaHUM U3 OCHOBHBLIX MATEMATHYECKUX NMOHATHH ABAAETCA NOHA-
THe (PYHKUUH, yc'mnaBJmBa}omee 3aBHCHMOCTE MEXJY NeMEeHTaMu
JABYX MHOYKECTB.

Onpenenenne. [Tycrs X, ¥ — HekoTOpEIE MHOXKECTES, 3/IeMEHTa-
MU KOTOPLIX ABJISAIOTCA HEKOTOPbIE YHCAA. ECiu KaxkAoOMY YHCTY & €
€ X 1o HeKOTOpOMY 3aKOHY WJIH IpaBUJIy f CTABUTCS B COOTBETCTBHE
qucao ¥ € Y, To roBopAT, MTO Ha MHOXKecTBe X 3aJlaHa YUCJIOBas
bysKuus f 1 3aMUCHBAIOT 9TY GYHKIEOHAILHYIO 3aBHCAMOCTD ¢hop-
myaoit y = f{x) nau, Gonee HAIAZHO, B BUAE JUATPAMMBI:

xLy (1.1)

[lepemeHHas o HABBIBALTCS HEIGEUCUMOY NEpeMENNOtl WK Gp2YMeH-
MOM, a MePeMeHHasl Y HA3bLIBaeTCa 3asucumot nepemennoti (ot x)
M Pyrxyuet.

MuoxkecTeo X — 06/1aCTb H3MEHEHHST APIYMEHTa, — HA3LIBAETCH
obaacmvrwo onpedesenus dynxyunu. MEOXKecTBO Y, coaepxkaiiee Bce
3HAYEHNH, KOTOPBIE IPUHHMAET Y, HA3MERETCR 00AGCDIO U3MEHE-
nur Gyrryun.

[Tpn manbueitmeM u3noxkennn MHOXkecTBa X M Y 4acTO OKashbl-
BAIOTCH KOHEYHBIMM Wi HECKOHEUHBIMU TPOMEXKYTKAMI.
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a. Konewnie npomesicymuy:

OTKPHITHI MHTEPBAA (WAM npocro urTepsan) (a,b) — MHOXe-
CTBO BELIECTBEHHBLIX YHCE/], YAOBJETEOPAIOIUX HEPABCHCTBAM @ <
<z < b, unm (a,d) & (a < z < b), rae & 3HAK SKBUBAJIGHTHOCTH;

3aMKHYTHI MHTEpBaN (Win orpesok) [a, b]: [a,b] & (a € = <
< b);

DONYOTKPhIThIE HHTepBanbl (a, b] u [a,b): (¢,b] & (e <z < b)
u [a, b) ¢ (a £ 2 < b) coorBercTBenHHO.

6. Becxoneunmie npomMexcymny:

(—00, +00) = R — MHOXKECTRO BCEX BEILIECTBEHHLIX YHCEN, T.e.
R« (-0 < z < +00); ananoruyHo, (a,+00) & (a < = < +00)
H % 2.

Yncna @, b HasbIBAIOTCA COOTBETCTBEHHO JIEBbIM M NIPABBIM KoM~
YAMYU ITHX NPOMEKYTKOB.

CumBansl —00 H +00 He YACIA, 3TC 0003HaYEHNE NPOLecca He-
OTrpaHHYEHHOIO YAAJCHHUR TOUEK UHCJIOBOH OCH BJICBO H BAPABO OT
Havana 0. -

[lycts 29 — M0Goe SRCTRUTENLHOE YHCAO (TOYKS HE YHCIIOBOI
npsaMoit). Oxpecmnocmv1o mouny Tg Ka3bIBaeTCs JH06oH uHTepBa
(a, b), conep>autuit TouKy To, HHTEPBAN (To — £, To +€), rae € > 0,
CHMMETPHYHbIH OTHOCHTENBHO Z(g, HASBIBAETCA £-0KPECINOCINDGIO
mouxy To.

£ £
. € - . 3
. o —¢€ e = zo € z

Pac. 1.1. V3o6pakenne £-0KPECTHOCTH TOYKY To.

Ecmu € (zo — €, Zo -+ £), TO CNPABEAINBBI HEPABEHCTBA
g—e<T<29+E¢,

YTO PABHOCHIILHO
|z — x| < €.

Yacmsoe 3navenne Gynkuun f(z) npy = a MOXHO HaliTH,
noacrasuB a BMecto aprymenta: f(a). Ilpu stoM a Moxer 6miTh
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KaK OyKBEHHBIM BLIPa>KEHHEM, YHCJIOM, TaK H HekoTopo# dbyHKum-
eit, nanpumep (t). B nocrearem cayuae f(p(t)) Gymer cnoxuoi
hyHKOuel, ¢ Helt Mbl O3RaKoMuMcs B M. 1.1.4.

Mpumepm.

Haitti obsacts onpegeneHua u ob1acTb 3nadeHnl GyHKuui.

1.y =+/1-22

Pemenne. Obnacty onpeaencHns sroit GyHKUHH COCTOMT M3
BCEX I, JUIA KOTOPBIX OHa MMeeT cMbici. Takum obpasom, X = {|z| <

<1} e [~1,1, Y = {0,1),me [-1,1] -5 [0, 1).
1 n
2,90~ (3) - ,
Pewenne. 3qece HE3aBUCHMAS NePEeMEHHAA 7 NPUHNMAET Le-

Able oNoXKUTEabHLIE 3Hadenna n € N = {1,2, ...}, crefopaTens-
HO, ¥ ABJsieTCH PyHKUMeH ua’rypa.nwom apryuema H nuqncmem—

cA 1o 3aj3aHHOi dopMye Y = {2 s ( ) } N—

(@ — MHOXECTBO' pALlKOHANBHBIX Yncen).
3. MocTpouTs e-0KpecTHOCTb ToukM Zg = 2 (¢ = 0,1).
Pemenne. [lo onpeaenennio, £-0KpeCTHOCTBIO TOUKK 2 Oyaer
unteppan [z — 2| < 0,lwm ~0,1 <2 -2<0,1=319< < 2,1

CamocrositenbHan pabota

ITocTpoHTL UHTEPBAILI H3MEHEHHA IEPEMEHHOM &, YAOBNETBOPAIONICH
HePaBEeHCTBAM:

1. jz| <4  2.2*<9. 3. |z—4<1.

4. -1<z-3<2. 5.z2>9. 6. (zx-2)?2%<4

Haiita obnacru onpeaeneuna dyaxuxit: .

lLy=+z+2 2.y=v9—-2a%  3.y=+iz_ 2%

T

==z + itz B. y = arcsin 21.

V16 — 22
6. y = —v25inz. ' 7.y=—-z-—lg—x.

—VZFI-Vi-%.
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Brruncmus 3HaveHna GyHKUHHA B 3aJAHHLIX TOUKAX:
1 f(zy=a*—2+1 f(2), f(a+1)

2.00)= 50y #0/2 ell/a), o

3. Plz) =22, Q)= Fla) F(&zh)ﬁp(“_h).

b—a 2

1.1.2. Hekotopbie cBOWCTBA PYHKUKA U NX rpadpuKkos

Nyery 3apana ¢yukuua f: X — Y. [Npasuio, no Kotopo-
MY MOXKHO HAXOZHTb ¥, 3HAA &, MOXKeT ObITh 33JaHO TpacduKOM
dynkupu.

Oupenenenne. Ipadurom dyrxuyuyu B ,nemp-roson APAMOYTOb-
HOMf CHCTeME KOODAHHAT HA3LIBACTCA MHOKECTBO BCEX TOYEK, ab-
CLHCCHI KOTOPBIX ABAAIOTCA 3HAMEHUAMH APTYMEHTa, & OPANHATH —
COOTBETCTBYIOIMMH 3HAYCHUAMH (DYHKLUA.

[tpnmep. Ipadukom Ppyskomn y = z% sipnserca napabona,
OCb CHMMETPHUH KOTOPO} COBMNAJAET C MOJOMKMTENLHON NMONYoChio

OPIVHAT, & BEPLIHHA C Ha4Ya/loM KOOp-
by AHHAT.
] Yacro rpaduxku aBTOMATHYECKH
BbIYEPYHEAIOTCA CAMOMHIILYHMH NPH-
GopaMu WiIH H306PAKAIOTCA HA Kpa-
He aucnyes, [IpeumyiiecTBoM Tako-
ro mpeJjcraBiaeHus YYHKIMA ABASETCA
HarJadaaHoOCThb, 8 HeJJOCTATKOM — HETOM-

HOCTB.
T DYHKIHIC MOXKHO 383BaTh TAKXKE
y = z2. (anamuTnyeckn).

Tabruunwmtl cnocob npumeHsieTca
HA, MPaKTUKe NpH 06paboTKe Pe3yJIbTATOR HAOMIOZCHUI MPHOIIDKEH-
HbIX 3HAYEHHIt PYHKUNU.
Anasumusecrud, cnocob 3ananus QyHKUMA gBiAeTcs Haubonee
YROOHBIM AJIft IOITHOTO UCCIIEACBARNS (DYHKIMKE KPU NOMOILH METO-
JOB MaTEMATHYECKOTO aHAJIK3A.
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OrMeTHM OCHOBHbIE XAPAKTEPHCTHKH (DYHKUHH: MOHOTOHHOCTD,
OrPaHHYEHHOCTb, YETHOCTh {HEYETHOCTD), MEPHOAHYHOCTb.

Ompeneneame. GyHKIUHA HA3LIBSETCA eospacrnaowet] (ybmaaro-
wedl) B MHTepBaJie, eci 6oMblleMy 3HAYEHUIO APTYMEHTa M3 3TOro
MHTEPBAJIA COOTBETCTBYeT Goviblice (MeHbllee) 3HaUYeHHs (DyHKIMH.

Cpadux soapacratoueit Ha uHTepBane (a,b) bynxkuuu, ecnu
ero PacCMaTpPUBATh C1€Ba HANMPABO, IOAHMMaETCA BBepX (puc. 1.3a),
a aas yOuisatonteit byukuumu — onyckaercs sHu3 (puc. 1.36).

Ay ¥

f(xz)ﬁ/; - R P
B U/ﬂfzbE GQ”I 7165

f(z1)

f(=z2)
z1 < 23 = f(z1) < f(z2) 1 < z2 = f{21) > f(z2)
Prc. 1.3a. I'padux pospactaio-  Pac. 1.36. 'padux ybnsaio-
mel pynxuun 1a {(a, b). weit pynxuuu Ha {(a, b).

" Ompezeneane. Nureppan He3apucUMON NepeMeHHOH, B KOTOPOM
dysxuua Bospacraer (yObIBaET), Ha3HIBAETCA UNIMEPBALOM BO3PAC-
manua (ybusanus). Kak neTepsan Bo3pacTaHMf, TaK H HMHTEp-
BAJ1 YOLIBARYUA HA3BIBAIOT UHMEPSAIAGMY MOHOMONROCTIAU d)yﬂxuuu,
a (PYHKHMIO B 9TOM HHTEPBAJE — MOHO-
monnot gﬁynxqueﬁ Kopeﬂb‘ypwﬂeullﬂ Yy

Onpenenenue. 3HAYEHHE APryMeHTa,
npM KkoropoM yHKOUA obpairaerca
B HYJib, HA3bIBAETCS HyAeMm Bynxyuu.

Ecan dbyHkuua 3agasa popmysioi y =
= f(z), To ana naxoxaenns Hynas (MAH
HyJeli) OYHKUHM CIHYET PELHTh ypPaB- Puc. 1.4. Tpadmr chys-
uenue f(z) = 0. o y = 22 + 1.

[Ipn rpacbu4eckOM 38J8HUH HYJIAMU
GbYHKUMN ABAAIOTCA TOYKH NepeceyeHiist ee rpapnkoM ocu abcuuce.

[Ipumep. Haiirv nynn pynknuu y = 2z + 1.

Pewenue. 2z +1=0=22¢=~1/2.
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Onpepnenenme. QyHKIMA HA3HIBAETCA “emuoti, €C/IK NIPH H3Me-
HEHWH 3HAKA AONYCTHMOIO apryMeHTa 3HaueHHe (YHKUuH He H3-
MeHaeTcAa. DPyHKIMSA HasHiBaeTCa Hexenuol, eCiM NMPH H3IMEHEHUH
3HAKA AOMYCTHMOrO APTYMEHTa 3Ha4eHHEe (DYHKILMM MEHSIET 3HAK Ha

POTHBONVIOXKHbBIA.

e Taxum obpasoM, ecnn dyHKuuA
] _ f(z) — uerHas, To gna Beex 2 M3
ee 00JIACTH ONpPEJesieHHs JOMKHO Bbl-
noiHATbCA paseHcTBo f(—2z) = f{x),
0 z KK 9STO NPOHCXOOHT, HATPpHMEp, NpPH
f(z) = 2%, a ecnn f(z) — neuernaa,
To f(—=x)= —f(x) ana moboro z u3
; obsacTn onpejeneHua yHKIHN, KaK,

Hanpumep, B cayyae f{z) = z°.
Pac. 1.5. T'pacouk dynicupu O6pawaeM BHUMAHHE HA TO, 4TO
y== YETHbie WM HeyeTHble YHKIHM J0I-
JKHbl OBITh OOABATENLHO OnpeaeseHbl

B 0B/IACTH, CHMMETPHYHON OTHOCHTENLHO HAYANA KOOPAUHAT.

ITpu s3ToM rpadux yeTHO DyHKUNN CHMMETPHYEH OTHOCHTEb-
HO ocH abcumuee (kak Ha puc. 1.2), a rpaduk HeueTHOH DyHKUHH
CHMMETPHYEH OTHOCHTE/ILHO Ha4a/a KOOPAUHAT (Kak Ha pHc. 1.5).

3ameTnmM, YTO He Bee PYHKUUM SB/SIIOTCA YETHHIMH JH6GO He-
YETHBIMH; PYHKIMH, He ABASIONMECS KU YeTHHIMME, HN HeYETHBIMH,
Oyaem Ha3HIBATH (DYHKLUAMH OO1IEro BHAA.

Onpenenenme. Pynxuna f(x), onpeaenenHas Ha MHoxecTse X,
HA3BIBAETCA 0ZpANUNEeNHOd HA ITOM MHOMKECTBE, €C/H CYLIECTBYET

A )
(] i
N
Yed

Pae. 1.8, 'paduk orpanmyensoi dbyHxumn,
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Takoe uncno M > 0, yro gus BeexX & € X BBINQIHAETCS HEPABEHCTRO
F@)] < M.

Ipacbuk orpaﬂuqennoit GyHKIMN NEXKUT MEXKAY NPSAMBIMH Y =
=Muy=-M.

Onpenenenne. Oynxuus f(z) HassiBaeTca nepuoduvecxoil, ecan
CYLIECTBYET TAKOE NOJOXKHTENLHOE U0 a, uTo f(z +a) = f(z) =
= f(z — a) ana moboro z w3 OOP (rouku z, £+ a, x—a € obnacth
onpegenenus dbyskuun). [1p# 3T0M HaMMEHbLIEE TIONOXKKUTENLHOE G
C TAKHM CBOHCTBOM (€C/IN TAKOBOE CYUIECTBYET) HA3LIBAETCA NEPUo-
dom hYHKINH.

y Puec. 1.7. I'pacdnk bysxuun y = cosx.

I'padux nepuoguyeckoli pyHKUMM NIOAYYaETCa MyTeM IOBTOpe-
HMR YACTH rpacuKa, COOTBETCTBYIOMIErO HHTEPBANy ocu abciuce,
PABHOMY N0 AJIMHE IEPHOAY PYHKIHN,

Tpumepom neproguyeckoll QYHKUHI CIYXKHT ONpeJI/ieHHas Ha
Bcell ocH PYHKUMA ¢ = €08 T, NEPHOA, KOTOPOR paBer 27 .

Takum 06pa3oM, CABHT rpadHKA NEPHOANYECKON DYHKIHH BAGHS
OoCcH abCUMCC Ha MHTEPBAJ, JJIHHA KOTOPOTO KPATHA MEpHOAY, He
TIPHBOAMT K H3MEHEHUIO 3T0r0 rpacuka. B yacTHocTH, 00AacTh Onpe-
JeNeHus nepnogudeckol byHKIMN HEOrpaHUYEHA.

CamocrontenbHan pabora

YiazaTs, Kakne U3 CIeryiouiHX GYHKUHN YeTHbIe ¥ KAKHE HeYeTHhIe:

sinz a® -1 2, 1 s 1}
p . .-m. 3. a +a£. 4. a —as.

1.
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tgx
sin 2z

5. zeinz-2%. G.z+2: T.|¢|. 8.

Haidiru uynn dyskouu:

lL.y=azx+b 2.y=z +pz+q. 3B.y=z'+pr?4+q.
4. y=2lgx+1). 5.y=a*—a%(a>0).

8.y =2sing — 1. T.y=tgz+1.

Haliru nepuoz $pyHxan:

. Can X _ cigz
1. y = tg 2z. _2.y_sm2. 3.y—m2$.

BoCnons308aBIUIHCE CBORCTEAMMN IPAdUKOE YETHBIX/HCUETHEIX (DYHK-
uuit # pesysastaramMi 1. 1.3, nocrpouts rpadbuxu dykomit:

Ly=lz|]. 2.y=—-=z+|z|. 3B.y=-|z-2.
dy=z—4+|z-2[, z€[-2,5. 5. y=Ilglz+2).
6.y=2"% T.y=2z*4+2x+2  8.y=-a’+4x.

1.1.3. Cnoxusas GyHkuwA. OBpaTHas GyHXyR

Onpenenenne. CnoxcHoli pyHxumel HazbiBaeTcs yHKuws, ap-
[YMEHT KOTOpO#l Takoke sBiisiercs (yrxkumelt, T.e. F(z) = fp(z)),
wan, B BruAe puarpamMmer (eM. (1.1)):

/‘—_L_—\.
Xty — Ly

Hnaqe roeopst, 4To0BI COCINTATE 3HAYEHHE B TOUKE T CJIOYKHOM
dyaxuuu f(p(x)), cocrannennoi w3 Gyukumit f u @, creayer cua-
qana HaUTH YacTHOe 3HaYeHne ¥ = @(z) BHyTpeHHell byHKIUA @,
& 3aTeM TO/CTABUTL €10 B KAYECTBE APIYMEeHTa BO BHELIHIOn (yHK-
112103

Tipu aTom obinacts onpedenenus dpyaxuua F(z) crenyer Bubu-
paThL TakUM 06Pa3oM, YTOBEI MPOMEXKYTOUHOE MEOXKeCTEO U, ¢ ogHOH
CTOPOHBI, Guine 06nacTio 3Havenntt pyuxkuun @(z), a ¢ Apyro#
CTOPOHBI, SBJISNIOCH 06ACTHIO onpeaenesus Gynxuun f{u).

Mpumep 1. PaccMmorpum cnoxuyio ¢pyrkumio y = Ig(l — a:zg.
Baeck y = f(u) = Igu, B TO BpeMs kak ¥ = @(z) = 14 22,
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ObaacTbio onpepeneHua pyHKUMH y Asnaerca uwrepsan (—1,1),
B KOTOPOM Kak dbyHkuust (), Tak U dysxkmms f (u)]uw(ﬂ HMEIOT
CMBbICI.

Paccmorpnm GyHkumio ¢ obtacTsio onpegenetua X U 0b6aacToblo
3Hauennit Y. [Ipegnonoknm, 4To KaKROMY 3Ha4MeHHIO ¥ € Y cooT-
BETCTBYET OJHA ONpejeieHHas Touka & € X, Takoe 4ro ¥y = f(x).
Torpa cywecrByer pynkums ¢: Y — X, nepepogawas moboey € Y
B € X, yAOBIETBOPAIOLIEE BhILIEYKA3AHHOMY CBOlicTBY Y = f(x).

Dyukumn f v @ ¢ BpIlIENEPEYUCTCHHBIMY CBOBCTRBaMY HA3biBa-
KOTCA 63aUMRO-0OpamHbMY, 2 DYHKIHA o HA3bIBAETCA ofpamuot Mo
orHowernie K f. C yueToM TOTO 410 CHMBOAI £ COOTBETCTBYeT, KaK
TIPABHJIO, HE3ABUCHMON NEPEeMEHHOMN, OOLIMHO BMECTO 3aMUCH & =
= ¢(y) ncnonebaytor 3anuck ¥ = @(z).

W3 onpepnenenns o6paTHol (hyHKUUH BbITEKaET, yTO Mobas cTpo-
IO MOHOTOHHAs (OyHKUHSA viMeeT 06paTHYyIO.

Mexy rpadpukami byskuuit y = f(z) n y = p(x) umeercs
NpOCTas CBA3L: rpaduk obpaTHOil PyHKUMH ¥ = ¢(x) cCUMMeTpUYeH
rpachbuky mauHol ¢ydxuuu y = f(x) oTHoCHTENBHO GUCCEKTPUCHI
NEPBOrO H TPETHEr0 KOOPAHHATHLIX YT/IOB.

OTmMeTM, 4TO B3aMMHO-00paTHBIe (ByHKHHK f W (0 YAORJIETBO-
PAIOT COOTHORICHHIO

fp(@) = p(f(z)) == (1.2)
M MOTYT C MIOMOLIbIO HENO BBIMUCHATBCA.
Mpumep 2. Mycrs y = f{z) = % Toraa f(p(z)) = ¢*(z)
u pasencteo (1.2) naer ¢°(z) = z, wm @(z) = 21/3, aro, Bupouem,
JIETKO CJIeAYeT HeTIOCPeACTBEHHO H3 COOTHOWEHHA ¥ = T°.

Puc. 1.8. [paduk B3auMuo-o6paTHLIX Gysxuul y = 2% u y = /3.
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BaxxHo uMeTh B BUY, uTo dbyHKuua f(z), Bo3pacTaowas uan
yObigatoman Ha X, 3aBe0MO uMeeT 06paTHYI0 ¢yHKuHIo (onpese-
JieHHe BO3pAcTaHus W yOuieanns pyHkumn AaHo B m. 1.3).

B npoTHBONMOIOMKHOM Cly4Yae OJHO3HAYHOCTb COOTBETCTBHA
mexxay X u Y Hapymaercs, H 00paTHON PYHKIMH HE CylUIeCTBYeT.
Oanaxo, kKaxk mpasuo, 0bsacTh onpegenenns X MOXKHO pasbnTb Ha
YYaCTKU BO3PAcTaHUA U yObiBanus byHkuuu f(z), Ha KAOKAOM H3
KOTOPBIX 00paTHan QYHKLMSA YXKe MOXKET ObITh ONpeaeseHa.

Pac. 1.9. lipumep bynxuuH, He uMeloiteli B3aMMHO-00pPAaTHOIR.

Mpumep 3. Iyers y = 22 Torga X = (—00,00),a Y =
= [0, +00). Takum 06pa3oM, B3IAUMHO-OAHOZHAYHOTO COOTBETCTBHA
mMexay X u Y Her (kaxzoMy y # 0 coOTBeTCTBYeT ABa 3Hade-
HUS T, OTAMYRIOUIHECS 3HAKAMHK), CACSOBATEILHO, HET H OBPaTHOH
bynxuun.

Ecmu xe pasturs X Ha (—00,0] u [0,+00), T0 Ha KaKAOH
NOIYNPAMON 3aBUCUMOCTD Y = 22 ABJIAETCA B3aHMHO-OJHOSHAMHOM,
M, CIeJOBATeNbHO, HA (—00,0] dynkuma y = o2 umeer o6patHyio
byskumio ¥y = —/%, a Ha [0, +00) ofpaTHoli K Hell aBIAeTCH
dynxkups y = /7.

lpumep 4. Nycrs dyHkums y cBA3aHA ¢ HE3ABMCHMO# ne-
PeMeHHON  nuHEHHON 3aBHCHMOCTLIO 3T + 2y — 6 = 0. Halitn
obpaTHyI0 GYHKUMIO H ROCTPOMTH rpacdbuxyu npsmoit u obparHol
byHkumii.

Pemenne. [Ana Haxoxnenus olparHolt dyHkumu B obmeti
¢ mpamoli (pyHknuell cucTeMe KOOPAWHAT AOCTATOYHO B COQTBET-
CTBYIOLIEM YPABHEHHH MOMEHATb O003HAYEHHA T H Y MECTaMM.
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Taxkum 00pazoM, B HauleM npuMepe 0OpaTHasA 3aBHCUMOCTb BHI-
paKaercst cooTHoulenneM 3y + 2z — 6 = 0 ¥ Takxe saBaserca
JauHefHOH.

3x+2y—6=0

Pue. 1.10. lpumep dbynkiun, He nMeome! B3auMHEO-00paTHOMN.

Tpu nocTpoennu rpadukor NPUHKUMANOCE BO BHHMaHHE TO, 4YTO
NpsAMas IHHKS OZHO3HAYHO ONpeAessieTca 6ol napoit pasIMYHEIX
NeXAUMX HA Helt Towex. B uacTHocTH, nNpavas 3z 4+ 2y — 6 = 0
onpezaensierca Touxkamu (0, 3) u (2, 0).

3amMeTHM, YTO B COOTBETCTBMM CO CBOfiCTBAMH B3aUMHO-
oOpaTHeIX GyHKIuA npambie Ha puc.1.10 cuMMmeTpuwHB OTHO-
CHTENLHO 6uccekTpUch 1-r0 ¥ 3-r0 KOOPAWHATHLIX YTJIOB.

1.1.4. SnemeHrapHble PyHKUWKA

Onpeneneaue. QOCHOBHBIMH S2eMEHMAPHBIMY GYHKYUAMY HASDE-
BaOTCA:

1) crenennas QyHKUps: ¥y = T, rje n — AeHCTBHTEILHOE YHCIO,
z > 0 (B HEKOTOPbIX C(JIy4asiX, B YACTHOCTH NPU HATYPMILHOM n,
crenenHas GyHKIUHA ONpeAeseHa Ha Beeit OCH);

2) nokazarencHas byHkups:: y = a®,raee > 0,a # 1L, u X = R;

3) norapudmudeckas dyukums: y = log, &, e ocHopanue
norapudmos a > 0, a # 1, u X = (0, +00).

4) TpuroHoMeTpuueckue GYHKUMN: ¥ = SiNT, ¥ = COSZ, Yy =
=tgrny=cigz,

5) oBpaTHEIe TPHrOHOMETPHYECKHe PYHKIHA: ¥ = Arcsinz, y =
= arccos T, Y = arctgr U y = arcetgz.

K MHOXKeCTBY JieMeHTapHBIX HYHKLHIT OTHOCATCA BCE OCHOBHHIE
aneMeHTapHble (hbYHKLUHM M NOCTOSHHLIE, 8 Takxe Bce DYHKIHH,

2 [Tasnymxos U.B.
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HOVIyHAOLHECs: H3 HHX ¢ IOMOIUBIO YEThIPEX apudMEeTHHECKHX AcH-
creult 1 onepauuyn B3ATHA (DYHKUUH OT (DYHKIHH, IIPHMEHEHHBIX
NIOCAEAOBATENLHO KOHENHOE YHCIO Pas.

TaK, aMeMeHTapHbIMH ABJsIoTC QyHKIuM ¥ = Ig (z + V1 + z%),
4 z, x£1,

2z
y=arctg1_x2ny:tga:——ﬁ.@ynxnnay: 2 251
’

3J'IBM8HT8.PHOﬁ He ABJIAETCS.

OB6nacTbio onpeaeneHns aeMeHTapHON (PYHKIUUU ABNAIOTCA BCE
BHAYEHHA APryMEHTa, NPU KOTOPOM 3Ta (hyHKIIUSA HMEET CMbICIL.

Hanpumep, 061acTsio onpenenenna ynkuun y = V2 — 1 ap-
nsercss MHokecTBo X = {(—~oco <z < -1 U 1 <z < +00). 3geck
cuMBOJ U 0603HaYaET OObeAHHEHHE.,

1. Crenennasa dyHkunsa y = =™ opu LenoM n ONpedesieHa Ha
Beeli 0CH; YeTHAsA, eC/M N YETHOE, U HeYETHas, eCIH 1 HedeTHOe (CM.
puc.1.2 u 1.5).

IIpu npoH3BOILHOM N pacCMaTpuBaeTcs B 0baactH > 0. Ecnn
n >0, To rpacpuxku byakuur ¥y = ™ BO3PACTAIOT OT HyJas A0
Geckoneunocrh B nurepsane (0, +00), npoxogaT epes Touky (0, 0)
u (1,1} n pasgensiorcs NpAMOl ¥ = T Ha KpHBbIE, 0OpallleHHbIe
BLIMYK/IOCTBIO BHU3 py 12 > 1 v sBepx npu 0 < n < 1 (puc. 1.11a).

FYs
y=az%na>1 y=2
lp=r==r===- (2% dai
" ty=2",
-7 0<n<l
s '
[ ;
0 1 &z
Pme. 1.11a. padbux dysxkuun  Pomc. 1.116. Ppadpuk Pyaxumun
y=z",n>0. y=z", n<0

Ecan n < 0, To rpaduk ¢yHKuun y = " = (1/:1:)'ﬂl ybbiBaeT
oT GeckoneynocTn fo Hyas (em. puc. 1.116). O6parHodt x ¢yHKumH
y =z, = > 0, senaerca GyHKua y = /™,
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HanmomuHaeM, 4T0

(x%)® = z°®, 7%= ;1-;;; (1.3)
2™ = Ygh (1.4)

(n ¥ m ne/ble NONOKUTENbHBIE WHCAR) H, B YaCTHACTH, YT = z1/".

2. MokazatenbHan y = &%, —00 < £ < 00, U JNOrapupMUYeCcKas
y = log,z, * > 0, GyHKUMH NPU OAHOM H TOM Ke NApaMeT-
pe a ABJSIIOTCA B3auMHO oOpaTHbiMH. UX rpacduku cumMmerphny-
Hbl OTHOCHTE/bHO OHCCeKTPHCHI 1-r0 H 3-r0 KOOPOMHATHBLIX YIVIOB
{puc. 1.12).

|y =logg =

/LO 1“~\_"l o

y=log, s

i

Pac. 1.12. I'paduxy noxasaressHol 1 aorapudmuueckoin Gynkuis.

MokasaresnnHas byHkpa Beersa NONOKUTENIBHA, TOITOMY €€
rpachux pacrionoxer Hajg ochio O.X. Kpome Toro, nockonsxy a® =
= 1, oH npoxoauT yepe3 Touky (0, 1). Ilpn a > 1 noxasaTenbhas
¢byHKUus BO3pacTaeT OT HYAR N0 GECKOHEHHOCTH, npu ¢ < 1 —
y6biBaeT OT GeckoHeuHOCTH A0 Hyns. OTMeTuM, YTo rpachuk moka-
3aTeNbHON (DYHKUHH C OCHOBAHHEM & CHMMETPHYEH OTHOCHTESILHO
ocu OY rpacduky nokazarensHol pyHKUMH ¢ ocHOBanHeM 1/a, yTo
caegyer us pasenctsa {1/a)° = a%.

Hanomuuaem, 4to dyukipa y = e* (e = 2,718...) HaswiBa-
eTCs IRCIOHENUUAALHOY, a ee rpadHK — sxcnonenmoif; orapugmbl
C OCHOBaHMEM € 0B03HAYAIOT Yepes In & M Ha3bIBAIOT HAMYPAALHHMLU.
Jlorapndmel ¢ ocHoannem 10 obosravaloT 4epes Ig & u Ha3bIBAIOT
decamunnvimu. Takum obpasom, log, z = Inz, loggz = Ig 2.

[TpHHIMasA BO BHUMAHHE, 4TO JOrapupMHIECKIs ¥ NMOKA3ATE b~
Hast QYHKIMH B3aHMHO 06paTHbl, umeeM (cm. (1.2))

log, 0* =z, a'%% =gz, (1.5)
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Puc. 1.13. I'padpnxn bynxumil y =2° n y = 27%,

TZe MEpBOe PABEHCTBO CIPABEAINBO PH JI06OM Z, & BTOpOE — NpH
z >0
B yacrrocTy, = = e"® u, cneaosarennho (oM. (1.3)),

" =e"P >0, {1.6)

— MpeACTABJIEHHE CTENEHHON DYHKIMU C NOMOULBIO MOKA3ATENILHOMN.
Crpasegnnsa Gopmyaa

log, z
l:::a , n

log, z =

T. €. JorapuMbl YHCEN NPU Pa3HLIX OCHOBaHUAX (a W b coorser-
CTBEHHO) NPOMOPLUHUOHSJbHB! APYT APYrY ¢ K0ad@uuueHTOM npo-
TIOPLMOHANLHOCTH (Modysem nepexoda) logLa = log, b.
3
MMpumepss.

1. BeipasuTs log, = uepes lg = u yepes Inz.

Pemenune. loggz = ]lg—: = loga 10 lgz, logex = -:—:—; =
=logse-Inzx.

2. 3anucaTh YHKHHIO ¥ = 27 B BHJE NOKA3ATeNRHON DYHKUMH
¢ ocHoBanuem 10.

Pemenue. 2° = 108%° = 10822,

1.1.5. Tpuronomerpuveckue pyHkurn

[Mpexxae BCero HAMOMHUM, YTO B KAYECTBE APTYMEHTA TPUICHO-
MeTpHUECKHX (hyHKini B MATEMATHYECKOM SHAJIN3E BCETAa NPHHK-
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MaeTCsl PAAMAHHAA MEpPa AYrY MAM YIJa, T. €. QHCJIO, PABHOE OTHO-
HIEHUIO RAMHBI 370N AyrHu K paanycy okpy>xuocTu. Taxum o6pazom,

=’ o _ 180
Qpgg, = @' ags WM @' =——apy, (1.8)
TAie 0° — TPayCHas, & () — PajwaHHan mepa yraa. B sacrnocry,
n T T o o
) 3 6%30, 2%90 HTAO

Tpuronomerpuyeckue PyHKUHM ABAAIOTCA NEPHOAMYECKHMH:
SinZ H COSZ UMEIOT nepHoa 27, a tgx u ctgx — nepuoa « (M.
puc. 1.14 u 1.15).

& 45°, & 60°,

Pre. 1.14, I'pacuxn pyukuyuit y'= sinz ny =cosx.

]

—#“’//(/’—‘s

tmmnmenad .o en—m

- -

o-.----u;mgﬂ
3 /“
|
-—-’//»h
‘ =) ",———* -
A

Prc. 1.15. Ppacdux dynkupn y = ctg .

I"'pacduk xocuHYyCOHAB! OTINYALTCA OT rpadhHKa CHHYCOUAD! CABH-
rom 8aeBo no ocu OX Ha 7/2, nockonsbky cos x = sin{z + 7 /2) (cm.
n. 1.3).

PyHKuuM sin ¢, tg & N ctg T ABNAIOTCA HEYETHBHIMY, & DYHKIUA
cos & — ueTHad. HakoHen, 8in & 1 ¢os T onpegenenst npu oboM x,



<
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tg x — npH Beex z, KpoMme Todex Bupa (2k + 1)x /2, rae k — moboe
11eJI0€ YHCNO, 8 CtE & — NpY BCeX T, KPOME TOUEK BHJA KTT.
HanomunaeM, 910

. T . T
cosw=51n(§iw), sln:vzcos(a-:c),
sinfz +cos?z =1, sin2z = 2sinzcosz,

2 2

cos2x = cos’x —sin®z =1 — 2sin® 2 = 2¢c0s’z -1,  (1.9)
sing cos T T
tgm-—-cosx, ctgw—m, ctg:z:-—tg(i—a;),
_ 2tgx
tg2z = Ttz

1.1.6. O6paTHble TPUroHoOMeTpUUeCcKe hyHKUKUN

[TockobKY TPHrOHOMETpHYECKYEe (OYHKIUHH SIBASIOTCS NepHOaH-
YECKHMU, KRKAOMY SHaYEHRUIO PYHKUHH COOTBETCTBYeT GecuncieH-
HO€ MHOXKECTBO 3HaueHuH apryMenta. Takum o0pasoMm, B3aMMHO-
O/{HO3HAYHOIO COOTBETCTBUA MEX/AY ¥ M Y HET W, CICAOBATEJIbHO,
OAHO3HAYHAA 0OpaTHAs yHKIUA He MOXKET OBITH OMpee/eHa.

Ana pewenna npobneMel HAXOXKAEHUS T N0 Y B C/IyYae 3aBUCH~
MOCTH ¥ = 8in T, NOCTYNAIOT CJIEAYIOWM oﬁpaaom.

Pyrkuus y = sinz Ha uHTepBane —7 /2 < ¢ < 7/2 ABasAeTcA
BO3pacTarowei (CM puc. 1.16) H, caeyoBaTenbHo, uMee'r obparsyr,
0bo3HaYaEMYIO Yepe3 Yy = arcsin x.

1" Py y=sinz

<
[
A
uy

Puc. 1.16. 'paduk pyskunn y = arcsin z.
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YuuTbiBasi, 4TO rpachHK 0OpaTHON DYHKIUH CHMMETPHYEH C Ipa-
duxom npsmMoii GYHKIHMH OTHOCUTENLHO GHCCEKTPUCH 1-T0 4 3-10
KOODAMHATHBIX YT/I0B, HaX0AnWM rpaduk ¢yHkmuH arcsin z.

O6nacteio onpegeneauss X yHKUMR y = arcsina ABaAeTCA
oTpesok [—1, 1], a obmacTsio ee 3Hauenui Y — orpesok [—m /2, 7 /2],
T.e.

arcsinz

[-1,1) — [~7/2,7/2].
Kpome Toro, y = arcsin x siBnsieTcs1 HeYeTHOW ¥ BO3pacTaioLei
byHKLuei.
3nagenre (DyHKUHH arcsin & ecTb DaJHAHHAA Mepa YIVia, CHHYC
KOTOPOro PAaBEH AAHHOMY 3HAYEHHIO HE3aBHUCHMON TNEPEeMEHHOR Z;
NPH 3TOM U3 BCEX YIJIOB, YAOBAESTBOPSIIOUMX 3TOMY YCIOBHUIO, BHIOH-
paerca yroi u3 oTpeska [—# /2, 1/2], T.e.

y = arcsinz & siny = =, [y| < 7 /2. (1.10)

Bce 3nauenns y, yAOBAETBODAIOIIME YPABHEHHIO Siny = T, Ha-
x0AsT 1o Ppopmyne

y =k + (~1)*arcsinz, k=0,%1,£2,... (1.11)

Hanpumep, pewenuem ypasuenns siny = 1/2, [y| < 7 /2, asna-
erca arcsin{1/2}, T.e. uncno 7 /6. O61mM ke pelueHneM ypaBHeHUs
siny = 1/2 6yayr yncna y = 7wk +
+ (=1)*% /6, unn uncna

5 1 = 5 1 ;
...,—1§ﬁ’, —1§7|', ‘6‘, g?l’, 2E1I‘,... )
@ynknusa, obparHas K ¥y = COSZ, ;
onpeAensercs aHajgoru4Ho. MiMeem -1 T 1%
[-1,1] ki [0, =], Pue. 1.17. Tpacduk dyuk-

UHH i = arccos .
RIH

y=arccosz S cosy=z, 0y
Dynkups y = arccos T yObIBAeT H YAOBNETBOPAET PABEHCTBY

arccos{—x) = T — arccos . (1.12)
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Obuiee pelenne ypaBHeHns cos ¥ = Z, |z| < 1, umeeT sug
y = 2nk + arccos x. (1.13)

Ormerum d)opmynbx

sin(arccos z) = cos(arcsinz) = v/1 — 2%, arcsinx + arccos = ;—-.
(1.14)

QyHkIMA y = arctg® onpeAeneHa Ha Beel ocu; 0bIacThL ee
3HAYEHUN — OTKPLITHIA MuTepBan {—7 /2, 7 /2), T.e.

R 220, (n/2, 7)),

S1a PYHKUMSA ABNAETCS BO3PACTAIONWICH H HEUOTHOH.
YpaBHeHHIO tg Y = X yJOBJETBOPAIOT YNCA2 BUAS

y = wk + arctg x. . (1.18)

AnanorunaHo, GynKiua y = arcctg r onpeaeneHa Ha Beelt ocH
H IpHHHMaeT 3Haqenns B naTepsane (0, 7). Ona y6bisaer u yzoBie-

. ;

—
I S

0 T
Pac. 1.18. I'padux dyaxyun Puc. 1.19. C'pacdux dyHkupn
Yy = arcctgz. y =arctgz.

TBOpAET PAaBEHCTBY
arcetg(—z) = 7 — arcctgz. (1.16)
Obiee perenne ypasHenus cig y = £ HMeeT BUA

y = mk + arcctg 2. (1.17)
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Ormerum dopMynsl:

8 [ =

tg(arcctgx) = ctg(arctg z) =

H
arctg z + arcctgx = %, {(1.18)

1 1
arctg x = arcctg ot arcctg r = arctg z

§ 1.2. lMpenenti

1.2.1. Mpepen PpyHxLun

Teopus npefiesIoB UrpaeT 0CHOBOHONATRIOLIYIO DOJIb B MATEMATH-
4eckoM aHasuze. C ee MOMOILBIO YCTAHAB/IHBAIOTCS TaKHE CBOHCTBA
bynxMH, KaK HEMPEPBLIBHOCTD, Aud bepeHIMpYeMOCTb, HHTErPHPY-
€MOCTb U T. /L. 21

Paccmorpum npumep. Ilycrs 3agana dynxuus f(z) = Pt
onpefeneHHas npu Bcex ¢, Kpome £ = 1. Mccneayem noseaenue
dbyBKLUMH NpH 3HaveHUsIX ¥, Malo oTanyalowuxca ot 1. Jis 3roro
COCTaBUM TAO/MLY 3HAYeHHH DYHKLNH B HHTEPECYIOLIEM HAC HHTED-
BaJie:

z |097(098|099(1,01][1,02
flz) | 1,97 1,98 | 1,99 | 2,01 [ 2,02

Mur BUAUM, Y0 YyeM 6aurke £ MpubIMXKaeTes K 1, TeM 3naueHns
f(z) 6anxke K 2. B nofo6HbIX ClTy4asx rOBOPAT, YTO YMCHAO 2 ABMs-
erca npegenoM dyskuun f{x) npu z, crpemsimiemest K 1 (niau Gonep
Kpatko: f{z) — 2npn z — 1).

Jannm Teneph cTporoe onpejeiieHne npeaesia GyHKUMH,

Oupepenenme. [lycrs dpynkuns f(x) onpeaeneHa B HEKOTOpOH
OKPECTHOCTU TOUKH Zg, KPOME, MOXKET GbiTb, camoli TOUKK Tg. Un-
cno b HasbiBaeTcs npedeaosm dynxyuu 6 mowxe xg (MM Npu T —
— Zg), ecnu gyia o6oro NOMOKHTENBHOTO £, KAK Gbl MAJIo OHO HE
6b110, MOXKHO HaflTn TaKoe MOACYKHTEeNbHOE &, YTO JAJA BCeX T #
# o, YAOBJETBOPAIOLIWX HEPABEHCTBY | — x| < 8, BhnOHsAeTca
HepaseHcTBo | f(z) — b] < €.
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SanucbiBaoT Tak: lim f(z)=»b.
i 071

[eomerpudeckuit cMbICA ITOrO ONpeaeyicHIsA: ecan Ans Jobolt
£-OKPECTHOCTH TOYKM b HalijeTcs Takas 0-OKPECTHOCTh TOMKH ZQ,
4TO AN BCEX X ¥ Tp M3 ITOM J-OKPECTHOCTH COOTBETCTBYIOLIHE
TO4KH rpacuka f(£) JexaT BHyTPH NONOCH WIMPHHON 2€, OrpaHH-
4eHHOM NpAMBIMH ¥ = b-+¢, y = b—¢. 3aMeTnM, Y10 b = zli}rréu f(=z).

0

B aasHOM ONpeseneHHH He OrOBAPUBAETCS CNOcOD IpUGIUKEeHIA

T K To: CJIeBa, CMPaBa WK Konebaach okoNo xo. BuiBator ciyqan,

YTO 3TO CYILIECTBEHHO, OITOMY BBOANTCS IOHATHE OAHOCTOPOHHErD
npejena.

Onpenenerne. Yucno &) HasbiBaerTca npedesom Pymwyus y =

= f(z)} caesa 8 mouxe 29, eciim ANs MOBOrO HaNEPEZ 3a[AHHONO

CKONb YTOAHO MaJoro € > 0 cymecrsyer

p Takoe 4ncno § > 0, yro npu Bcex x €
/ € (zq—4§, xq) BBINOAHAETCA HEPABEHCTBO
by fmmmn-- =y = f(z) If(z) - bl <e. )
i SamucusaeTes Tak: lim f(z) = by
by bemmmees 1 zze—0
/I AHAJIOPHYHO ONpPEaEserca npedes
E pyrryuy cnpass.
: ag:u . x_l)g:r)nwf(m) = by, ecin fz) = by,
Puc. 1.20. Mnmoctpanys ~ KOTAR & — Tg OCTaBasAcy Goablue o.
K OTIPENEeSIeHMIO OJHOCTO- Mpegenst GysKuMu clleBa W Crpa-
POHHYX TIPeAENOB. BA HA3BIBAKOTCA OAHOCTOPOHHUMM Tpefe-

namy. O4EBHAHO, YTO eCiH CYLIECTBYST

le f(z) = b, To cymecrByioT 068 OAHOCTOPOHHUX NpEAENa, TOXKE
E2ZTp .

paBHBIX b.
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Copaseg/mBo u 06paTHOE yTBEpXKJEHUE: €CAH CYLIECTBYIOT Ol-
HOCTOPOHHME Hpefiesibl, 003 paBHBIE b, TO CYHMIECTBYET 1 Ilm f(z),
TaK>Ke paBHbli b.

Ecnn >xe ognocTopoHHue npejenbl He paBHbl MeXKay cobol by #
# b2, TO zlLrgo f(z) ue cymecrsyer.

Ecnu dynkuns y = f(z) onpegenena B npomexyrxe (g, +00),
TO MOXCHO OTIpeAe/nTb npeaen PyHKIUM IpH & — +00.

Onpenesnenne. Yucio b HasbiBaeTea npedesom Gumwyuy npu
T — 400, eciH AaA N1060ro Hamepea 334aHHOTO CKOJAb YTOJHO
mMajoro € > 0 cymecrsyer Takoe uuciao ¥ > 0, 4yTo npH BCex z,
YJIOBJICTBOPAIOIMX HEPABEHCTBY T > [Z, BHIIOAHSAETCH HEPABEHCTBO
|f(z) — bl < &, re. zl})rllw f{z)=0b.

WnBIMH c10BaMu, PA AOCTATOYHO GONBIWHX X 3HaUeHUs! yHK-
OHK NIONAJAIOT B £-OKPECTHOCTL ToukM b (puc. 1.21).
12

Puc. 1.21. [Ipegen dyukuun npy £ — +00.

AHaJIOrHuHO onpeaensierca npeaen GYHKIMHA NIPH £ — —00.

Ecau npepentl pynkupn f(z) npu & — +00 u £ — —00 cye-
CTBYIOT M PaBHBl, TO IrOBOPAT, 4To f{&) MMeer npegen npu £ — oo,
COBIIAJAIOIMIL ¢ HUMH, 1 0603HAYAETCH Jim f(z).

Bo Bcex manHbix Bbmue onpegesneHusX GyHKUHM UMENH KOHeY-
Hble NPeie/bl, HO MOXET OKA3AThCA, YTO (PYHKUUA HOOUPAHMICH-
HO BO3PACTaeT WM yOBIBAET, (I€JOBATENbHO, HE UMEET KOHEYHOrO
npezesna.

Cpeau ¢ynknmii, umelomux npegenst (B TOUKe M HA oo) HhI-
ACNAIOT KNace PyHKUHHN, nMeromx npegen, pasnbiii 0. Takne dynk-
IHH Ha3bIBAIOTCH. HECKOHEWHO MAADMYU PYHKUUAMY U BECKOHETHO
MaJbIMK BenyrHamu. QBo3navatores Gyksamu o, 8, ¥ U T. 4.
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[TpH BEIYUC/IEHHH PEALNOB ACTIONB3YRTCS TIOHATHE d9KBUBAJIEHT-
HOCTH DECKOHEYHO MANIBIX BEIHYHH.
Onpenenenme. [Tycts az) u B(x) — GeckoHeurno Manbe. Fenu

zl«l—ra:g EEGT; =1, 1o a(z) 1 B(x) HASLIBAIOTC INGUCAACHINHDIMY,

1.2.2. OcHOBHble TeopeMbl 0 Npeaenax

STOT MyHKT MOCBSILEH OCHOBHLIM CBOHCTBaM NMpeenoB (PyHK-
UHA, KOTOPLIE NOBBOVISIIOT BHIYHCISTL NIpeieibl DYHKIH, onpeje-
JIleMbIX ajarebpanvecKuMu JeHCTBASMH HaZ nepemeHHol. B npubo-
HMMBLIX Hidke Teopemax Gyaem cuuTtaTb, uro dyskuun f(z), g(z)
HMEIOT 001YIO 06JIaCTh ONPeesIEHHs, COAEPKALILYIO TOHKY Zo, H 06-
JaNaloT NMPEACNaMHA B I3TOH TOYKE,

Teopema 1 [Tpegen cymmb ABYX PyHKIMH pases CyMMe Ux npe-
JeNoB:

Jim (f(@) +£(=)) = lim =)+ lim &(=).

Teopema 2 Tpesen nponspesenus AByX QyHKIUit paBeH pous-
BEAEHUIO MX MPeenos.

lim (f(z)-8(2)) = Jim f(z)" lim g(a).

20
Crnenpcreme. IlocTosHuBIN MHOXKHTENBE MOYKHO BBIHOCHTD 34 3HAK
npeena;

Jim (cf(z)) = ¢ Jim f(a).

Teopema 3 Tlpegen ornowmenus AByX GyHKUMHA paBeH OTHOLIE-
HHIO NTpeAenor aTux PYHKUUH, ecli NpeAes 3HaMEHATeNd OTIIHYeH
or 0;

li T
lim f (:c) 3—230 /@)
sz g(T) Jim g(z)”

Teopema 4 Ipenen nonokurenpHolt byHKIUMKM HEOTPHUATEIEH.

CdopmynupyeM HeKOTOpbie MPH3HAKH CYLECTBOBAHHUA MpeJeNa
dyHKIuH.

Teopema 5 Ec.rm dbyrkuma h{x) 3aKm04eHa MeXXAY ABYMA DYHK-
wusamu f(z) u g{x) u npegenw f(z) u g(x) npn z, crpemamemes
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K Zg, PaBHBI MeXKAy co0oii, TO xll’rg h{z) cymecreyer u copnajaer
0

¢ Humy, T.e. ecmn f(x) < g{z) € h(z)n xll’rgo flz) = z]-l»n;o glz) =

= b, 1o lim h{z)="b.
T~rT0
Teopema 6 Ecnu dbynkuusa h{z) MOHOTOHHA ¥ OrpaHHYeHa Ha
WHTEpPBaJle, COAepKallleM TOUKY Zg, TO OH4 MMEET B 3TOH TOuke

OZHOCTOPOHHIE Npefenbl.
DTH yTBEp>KACHHA CNPaBEAJINUBEI H MPH £, CTPEMALIEMCH K 00.

T

1.2.3. CneunanbHble Npepenbl

Eciv 1pn NPYMEHEHAR OCHOBHBIX TeopeM 0 npeaenaX hyHKum
(r. 1, 2, 3 B n. 1.2.2) nonyyaem Bblpaxkerus suga [0/0], [0o/o0],
[oo = 00], {0 - 00], [12°], [0°), [0c®)], KoTOpRIE HOCAT Ha3BaHMe Heonpe-
ACJICHHOCTeH, TO TpeDyIOTCS CTIelHaJIbHBIC METOABI A5 NOMy4eH s
OTBeTa (PacKpbITHE HEOTIPEAENEHHOCTH).

/1A pelenms MPUMEPOB HCTIONB3YIOTCS CEAYIOUHE NPEJesibl:

sinz

» :5% - =L (1.19)
. 1\* T Ve _ , _
Jm (14-) =lim(+a)/*=e=271828... (120)

(nepBbIft U BTOPO# KAACCHYECKHE NPEAEbI).
Hanmomnnaem (cm. 1. 1.1.5), uyTo jorapucdm yncaa & 10 OCHOBE-
HMIO € HAa3BIBAETCA HAMYPAtbHdiM A02aptudmom i obosHadaercesa In z.
[Mpu pemeHun NpHMEpPOB NONIE3HO HMETb B BUAY CIAEAYIOLHUE
PaBEHCTBA,

z

%Hlm—*i)ﬂ,“ lim £ =1 = Ing,
T X
- (1.21)
i =1
Jim — ‘

CaMOCTOATE/ILHOTO HA3BAHHSA ITH TTPeJe/ihl HE HMEIOT, OCKOIBKY
MOTyT GbITb BbIBEGHbI H3 BTOPOrO KMACCHYECKOTO TPeAea, 3anu-
CAHHOIO BO BTOPOIi popme:

H /e _
l:_%(l + ) e.
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1.2.4. NIpumepbt HAXOXKAEHNUA HEKOTOPLIX nNpefenos

1. Ha#imn lim (22 — 72 + 4).
=3

Pemenue. [pumenna Teopemsl 0 npejenax (teopema 1) u sa-
MeHAS B 8H3JIMTHYECKOM BBIPAYKEHUM T €0 NPEAESILHbIM 3HAMEHHEM,
Moy 98eM

lim(z? -7z +4)=limz’-7Tlimz+4=9-21+4=-8.
z—3 z-+3 43

2.9
2. Haiitu 11m —-—

z? — 3z’

Pewmenue, '«lncnm-enb H 3HAMEHATe/b APOGH CTPEMUTCS K HY-
MO NpH & cTpemsaweMcs K 3 (NpUHsITO MOBOPHTH, ITO HOLYHAETCS
HeonpeaenennocTs suas [0/0]). UMeem

:c -9 (m—&)(m+3)
[0]_ 3 w(z-3)

lim
z—3 22~ 32

Tax kax B onpegeneruu npeaena GYHKIMM OTMEYEHO, YTO NTpPK

OTBICKAHMH TipeAena (PyHKUWY 3HaueHus QYHKUMW B npeAebHON

TOYKE MOYKHO He DACCMATPUBATL, TO £—3 # 0, BLIEACTBHE YEro MoX-

. +3
HO pa3peNMTh YHCANTENE HE 3HAMEHATeNb U IONYYHTh h_r’lr‘;3 5 =
z—

3. Hatitn lim ve+4a-2
20 z

Pewuenue YMHOXKHUM YHCAHTENB H 3HAMEHATEDb Jp0o6H Ha CyM-
My V& + 4+ 2 (conpaxkeHnoe Boipaskenue). Bocnonsayemcs nasectr-
noit chopmynoit anrebpol a2 — b2 = (a — b){(a + b). IMonyunm

(neonpegenensocts [0/0]).

hm(v’a:-i-4 (Ve +4+2) - lim _z+4-4
z2—0 vz +4+2) :c—tDz(\/:B-f- +2)

1
= lim ——— =
.. 230 vz +442

V3z 7~ 22+ 10
4. Haifru lim
Y A VIt 13— Va1 22

(neonpegenennocts [0/0]).




< §12 Npegene < 3

Pewenue. Yucauress H 3HaMeHaTeNb APoOU Hy>KHO OJHOBpE-
MEHHO YMHO)KHTBb Ha MX CONPAYKEHHBIE BLIPAXKEHHs, T. €. Ha BuIpa-
KeHpne

(V3z + 7+ v2z + 10){(v4z + 13 + vz + 22).
[omy4aem

im V3z+7-v22+10 - lim V3z+7- \/23:+10x
23 Vg + 13—z +22 23 Az + 13—z + 22
(V32 + 7+ 2z 4 10)(vVdz + 13+ V& +22) _
(V3z +7+ 2z +10)(vdz + 13+ Vz +22)
im (Vdz +13+ vz +22) ‘
T 233(V3z + 7+ 2z + 10) 12

5. Hatiru 11_1>n " -1 (neonpenenennocrs [0/0]).

Pemwenne. Bocnonbsyemcx usBecTHOH hopmysolt asredpsl
(a—b)(a?+ ab+ ) =a® ~ b%. Monoxum & = Yz —6, b = 1,
3HAUMT, HTOOHI no.nqurb B '—mcnwre.ne pa3HoCTb KyGOoB, Hafio €ro
ymuoxuts . (3/{x —6)2 + ¥z —6 + 1). Ymuoxkas uuciuTesb
1 3HAMEHATEb HA ITY BEJIUYHHY, MOTYYaEM

lim Y201 _ iy =

=7 -7 z->7(x N @6+ Vo—6+1)
. 1 1
=hm3 3 =
=7 Yz -6+ Yr—6+1 1+1+1

22% + 2% + 5
6. Hafiru lim ————
T lim Ze (Heonpenenenuoc'rb [oo/o0)).

Pewenne. Pasgenum n ‘II/ICJIH’I'OJIB H 3HAMEHAaTe b Ha BbICIUYIO
cTenedb L, BCTPEYAIOILYIOCS B WIeHaX ApobH, a nocse 3Tore nepe-
JeM K MPeAeny:

. 22842245 . 2+41/z+5/2°

lim —p———— = lim —————— =

zo00 3z°4+2-1 z2-003+1/2°-1/2 5
lim 2+ lim — + lim —
T 0 I T—o0 —

1

iim 3+ lim iz" [im —
T=—r 00 T x—c0o

) b
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TAK KaK Mpu T — oo, 1/z — BesmunHa GeckoHeuno Manas, 1/z>
=1/z-1/zul/z® =1/z-1/x -1/ Toxe BeckoneyHo Manbie (q-ro
caeayer u3 cBoicTB GECKOHEUHO MAJIBIX BEAMYHMH), H TIpeaesbl ITHX
BEJIUMMH PABHbI HYJIIO, KOTAa & — 00, Tenepb BOBMOXHO MPUMEHHTD
TEOPEMY O Npesielie YaCTHOTO.

3 2
x 3z
7. Hairru hm 5731 et l

) (neonpenenennocTs [co —
- o0)).

Peweunne. [IpuBeaem BhipakeHue K 0OlieMy 3HAMEHATENO,
& 3aTEM Pa3AeANM YHCITITENb U 3HAMEHATE b HA BBICILYIO CTeNeHb &,
BCTPEYAIOWYIOCA B APOOH.

fim (=2 z° 3z® )= Tim 15z* + 2 — 152* — 322
z—400'5z2 +1 15z +1 goo0 (5% +1)(15z + 1)
z° — 322 . 1-3/x 1
= G D+ a1 =75
(6+ —7)(15+ 1/2)
4
8. Hatitn lim —mm 2

—————— (HeonpepenenrocTbloo/o0]).
200 /g8 4 32 + 2
Pewenne. Pasnenum YnCAUTe b B 3HAMEHATENb HA BBHICILYIO
CTerieHb T, BCTPEYAaIOULyIOcs B IPHMepe, T. €. Ha T*:

2
lim —————os Sa’_2 ——--—3_;Z -?'-—3
"’"°°x/:c8+39:+ 1+i+i L
Tt 3
s 2

9. Haitru lim(vzZ + 8z + 3 ~ Vz% + 4z + 3) (ueonpepenen-
HOCTD 00 — 00]).

Pemenne. YMHOXHM U Pa3fe/iiM PACCMATPHBAEMO® Bbipaske-
HUE Ha COTPAYKEHHOE:

zango(\/m2+83+3—\/m2+4m+3)=
=wli}n§°(\/;2+8x+3-\/;2+4z+3)x

y (V22 +8z+3+ Va2 +4a+3)
Vo2 +82+3+ V22 +4z+3
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= Bim 2*+8z 43—z -4z -3

00 /22 + 82 + 3+ V22 + 4z +3 B
4z -

- l. 40

2300 /22 + 8z + 3+ V2l + 4z +3
4

lim
2200 /1 +8/z +3/22 4+ /1 +4/z +3/z2

4
=§=2,

sin

A 4z
10. Haiitu al:n_r*no 2 (neonpeaenennocrs [0/0]).

Pewer e Vcnonbsyem I sameuarensuniit npeae.

. Ssindz . sindz
lim = lim
x40 X z—0 42

4=4,

11. Haitrs lim cos(z + h) ; cos(z — #) {(neonpeaeneHHoCTh

h—0
[0/0]).
Pewenne. [pumennn dopMyny

a+pf . a-—-8
5 X 8in—=,

cos & — ¢o8 8 = —2sin
MOy YHM

. cos(z+h)—cos{z—h) .. —2sinzsinh
lim = lim =
h~30 h h—0 h

. . sinh ]
= -=2sinz lim — = -2sin z.
a0 h

arcsin z

12. Haifrn linh (neonpegenensocts [0/0]).
L=~
Pemenne. Samenum arcsin« Ha y; ecnn ¢ — 0, To arcsinz —
= 0, y — 0 n arcsing = y, orclofa siny = .
arcsin

lim = lim -2 =1.
z—0 z y—0 sy

13. HaiiTn 1%(1 + kx)'/*, rae k — moboe uncio, He parHoe
&
HYJTIO.

3 Masnywkos U.B.
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Pewenue. [Ipoussenem 3aMeHy nepemennoit kxz = y, £ — 0,
y—0,z=y/k

k
. 1z _ kv _ |1; Uyl — ok
al:l—%(l + kx) ;%(1 +y) Ll’i_l’)!}](l +y) } e

AHaNOrHYHO MOXKHO JOKA3aTh PABEHCTBO: lim (1 +k/e)® = e".

14. Hatitu llm (2 ) (meonpepenenHocts [1%°]).

2v 41
Pemenne

lim (2::—1)2’_ lim (1—1/2:;)2“_
z—oo \2z +1 T 2o \1+1/22 -

2
_ UmOover] g o

e
} T e e €

Lll)ngo (1+1/2x) ] [
15. Hattru  lim n{in(n + 3)—Inn] (ueonmpeaenensoCTH

[o0 — o).
Pemenmue.

lim n(n(n+3)—Inn] = lim nln®*3 _
n—00 n—x n

= lim nln(1+2) = lim In(1 + -31)" =hed=3.
n=r0c0O n =00 n

16. Hairru lim ln(l:—mz) (weonpenenennocts [0/0]).
&
Pemenwue.

lim In{1 + mz)
=0 z
= 11m ln(l + m:c)lf"’ In 11m (1 +mz)/® =Ine™ =m.

= lim 1 ln(l +mz) =

. sin3x —sinz .
17. Hatitu xh_r&) Tmii3s) (neonpenenennocts {0/0]).

Pewenne.

sin3z —sinz . 2sinzcos2x

290 In(l+32) a0 In(l+3z)
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sinz
=2 lim == x Jim o X Jim cos2e =
1 2
=2x1x 3 x1l= 3
. 1-=5%
18. Haiirn lim > (neonpenenennocts [0/0]).
z301l—e :
Pemenue.
— 5% C
lim Ll = lim Ll lim 2 = Inb5.
2301—€% 250 X =z=0€° —1
19. Haitry lim 22 —1

z2—=e X —¢€
Pemenue. [lponseesem samMeHy nepemeHHolt z —e =y, ¢ — e,

y — 0, z =y + e. [Tonyyum

Iny+e
lim lna:—-lznm ln(;r,v+e)—lne=lim e _
e T —¢€ y—0 Y y—=0 v
.1
= lim hn(1+y/e) =1.
y—0 Y e
CamocrontenbHan paboTa
z? --a:+1 L 24z —12
1. lim 3 - mz—.
a-122° — 2 4 p +2 23 2z° - 97 +9
23 —22 41 .. bzt — 622
3. lim - S - M -~y
21 3 —3z+4+2 «—=042° + 22" + 2
-8 V
5. lim 2‘”— 6. lim Y28
22 2° — 62 +8 a8 x—3
. V5 2 . Ve+8—+8z+1
[ e l—w s al='—>m1\/5—x—~/7:c—3'
9. lim YZ 5 - V322 - 10. tig A¥z- Yoz 1
= \/:52 3— \/2332_19 T =0 6z )
Y1+ - Y14 a2 . V14384 —V1-2%
11. lim . 12, lim 3 3 .
z—0 /1422 — /1 —22 z—0 z+2°+ 2

3+
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18, fim S XTE SakA g, B b2
00 gl +a: +z+1 ) " 200 g —3:-]-1.

15 1 522 -z 3z2%-4
Cemw\27-8 '5317 '

2 _ 2 _
16. lim (Va?+4-vaT-49).

vz24-4

z=tc0 +2

19. lim (\/zz-i»m-l-l-\/mz—a:-l-l).
z-ptoo

17. 18. lim ((z+1)% ~ (2 - 1)*?).

20. Jinguz(@z!+l—x2/3). 21. Iim 1-cosdz

01 cos3z”
. tgz—sinz . arctgz
22. zl:l_l;l})'—-?—- 23. l]g}) ,
in(1 — 2 - L
24, tim ML) gy iy S0+ H)—sin(z - B)
x~+1/2  4z° -1 h—0 h
- 2
26. lim —24% oy i LTS24 igTT
*=0+/14+2~1 z—0D T-8ing
r sinx
- lim(1- 3% 9. li —~te22 ).
# mt-oegs 0 I (Q‘z 8 ”)
cos = ( .
: 2 sin(1 - z)
30. le—r)I’lr - y 31 ;!')l J— l .
. m{z+1) 1—casz
32. gl-';"—‘1°°8 Var1 O3 lim e e(ita-
: .1 (221"
34. w]gxgo - sin —. 35.. JL"&. (_?_) ,

x x
36. lim (1+§) . 87. lim (”"’8) .
T—$00 - T=+00 x—2

-2 2z-=1
88. lim (3“ ) . 39. lim (1 +sinz)"/",
] z=+0

3z+1
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1-10"

" . 2 1=
40. lim (1+sin®z)". 41. plm TR

@ dmiTo 4 I TS i T
4. lim olnn-in(n+2). 46, lim 20420

ar. mm 18, Jim ¢t(Ya-1) (¢>0).

49. lm}) zz:_ z. 50. 11m (i::)’:ﬂ.

§ 1.3. HenpepbiBHOCTb DYHKLUN

1.3.1. OcHOBHbIe MOHATUA K ONpeaeneHun

Paccmotpum dynkumio y = f(x), onpeaeneHnyio B HHTepBaJe
[@,8]. TycTb %o ¥ & — ABA NPOWIBOIBHMX 3HAYEHHA H3 STOrO
uuteppata. OGosHaunM £ — o = Az, oTKyAa ¢ = 29 + Az.
ToBOPAT, YTO /1A NEPEXOAA OT IHAYECHHS APTYMEHTA T( K 3HAYCHHIO
Z NMepBOHAYATLHOMY 3HAYCHMIO NpUAaHO npupamenne Az. Hpupae-
wienuem Ay Pyneyuu y = f(z), cOOTBETCTBYIOIMM NPHPAIIEHHIO
A2 apryMeHTa T B TOUKE Zp, HA3BIBACTCA PA3HOCTD

Ay = f(zo + Az) — f(z0). (1.22)

Npumep. Hafirw npupamenne bynxkuum y = 2
CTByIOLIEE NMPUPANIEHHIO AL APTYMEHTA X B TOUKE Tp.

Pemesnue. o popmyae (1.22)

(o +Ax)2—22 = (wo+ Az —x0)(zo+Az+20) = (2z9+Az)-Az.

, COOTBET-

C nonaTueM npeaena GYHKIMH TECHO CBA3AHO €LIE OAHO NOHATHE
MaTEMATHYECKOrO AHAIN3a — IOHATHE HeNnpepbhlBHOCTH (YHKUMH.

Onpepenenme. [oBopAT, uTo byHKIMa f(2) HEnpepmana 6 mosxe

o lim f(z) = £(z0). (123

F i g 71
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Onpeaenenye HENPePLIBHOCTH QYHKUMHA B TOYKE MOXKHO CHOPMYJTH-
POBaTH TAKXKe CJEYIOLINM 00pa3oM.

Ompenenenne. PyHKUMsA HA3LIBAETCS: HeNpepbIBHOW B AaHHON
TOUKe, €C/IH B 3Tol Touke DeCKOHeUHO MajIoMy MPHPAIIEHUIO apry-
MEHTa COOTBETCTBYET HeCKOHEUHO MaJioe Npupalnenue GyHKIHN, T. €.

_ AIal'g0 Ay =0. (1.24)

lMpu 3rom npeanonaraercs, yTo GeckoHeuHo MaJjiasi BeanduHa A
npoberaeT ML Te 3Ha4eHMs, Ans koTopex f{zo + Az) mmeer
CMBICIL.

Oba onpegeneHns HEMPEPHIBHOCTH (DYHKIMM B TOUYKE IKBHBA-
JIEHTHBI.

Onpezenenme. OyHkuna f(x) Ha3bIBALTCS HenpepweHol 6 um-
mepease, ecli 3Ta (DYHKUNA HeNPEPHBHA B KaXKAOH TOuKe ITOro
HHTEPBAJIA.

Jlns byHKIMH, HempepsiBHO# B nHTEpBaAe (a, b), AAs KAOKAONO
SHAUEHNs Lo W3 UHTEPBANa (a, b) Benomneno pasetcTeo (1.24). Tak
KaK Zg = zllngo T, TO OTCIOf3 TIOMY kM z&rgo flz)=7f (zli’ngo z), T.€.

ecy hYHKIUA HeNMpephiBHA, TO 3HAKH NPeAeaa H GYyHKUUN MOXKHO
MEHSATb MeCTaMM. ,

OTMeTnM, 4TO, BEIYHCSIS npegen f(), Mb MOXKEM NPHOTHKATS
Z K 2g KaK C1paga, TaK 1 CJIeBa, T. €. BLIYUCIATH

z—l»ﬁl-of (@) u xi‘éf,‘:,of (2)-

HenpepbiBHOCTh QyHKIMH B TOMKE T PABHOCHJILHA €& HEMPEPbIBHO-
CT# B 2TOi TOYKE OFHOBPEMEHHO CJIEBA M CIPABa, TO €CTh AOJDKHbBI
BbINOJHATLCA CJEYIOLIHE YEThIPE YCIOBHA HEMPEPHIBHOCTH.

1. f(z) aomxua 6bITH ONpeaeseHa B HEKOTOPO# OKPECTHOCTH
TOYKH Zg.

2. JlomXHb! cylIecTBOBATH KOHEYHBIE TIPEACb] CIEBA H CTIPABa:
li li .
Lim  f(z), lim f(z)
3. OTu npefenbl CleBa M CrpaBa AODKHB ObITh PaBHBL
w—lbl:!:r?—of(x) = a:—lgf)l-i-of(m) s
4. 3Tn npejenb! NOMKHBI ObITb DaBHbI 3HAYEHMIO (DYHKUHY

B TOYKe Zg, T.€. A = f(xqg).
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Ecnn B TOYKe Zp He BbINOIHAETCH XOTA Obl OAHO YyCNOBHE, TO
B 9TON TOYKE (DYHKUHS TEPIHT PA3DPLIB, & CAMA 3TA TOYKA HASBIBA~
€TCA TOYKOH pasphIBa.

OcHoBEBIE TE0PEMEI 0 HENPEPHIBHOCTH

Teopema 7 Eciu ase pynximn f(z) u g(z) onpenenens B ogHOM
M TOM >Xe ApOMeXyTKe H 00e HENnpepbIBHBI B TOYKE X9 M3 ITOIO
NPOMEXXYTKA, TO B TOM K€ TOUKe GyAyT HenmpepbIBHAI M (byHKINH

@) 6@, 1) 8@, L5 (e #0).

JloKka3aTeNLCTBO HEMOCPEACTBEHHO BBITEKAET U3 TeopeM 1-3 u3
1. 1.2.2 o nipeziene cyMMbl, PASHOCTH, IPOH3BEACHUS H YACTHOTO ABYX
bynkunit,

Teopema 8 Bee ocHoBHEIE anemMeHTapHbIe (PYHKIUHN HENPEPHIBHBI
TaM, [/ie OHH ONPEeJe/IeHbl.

Joxkasarenscrso. JJokaxeM A1 IpHMEPa HENPEPLIBHOCTD (hyHK-
LMY ¥ = 8in & Npu J000M 3HA4YEHHH T = To.

Ay =sin(z¢ + Az) — sinzg = 2cos (wo + %‘E) - sin -A?x-
Orciona
. . Az . Az Aa:
dimy Ay = Jim,2eos (0 + ) o0 -
Az
= Jimgcos (20 + ) - Az =

@yHKUMA ¥ = COS X OTPAHMYEHHAA, & TPON3BEACHHE OTPAHAYEHHOA
BEJIHYNHLI HA BECKOHEYHO MAJTYIO €CTh OeCKOHEYHO MAJIAA BeJIHYMHA

{eM. cBotlicTBo 3 GeckoneuHO MaLIX bYHKUMHA), U COrMIACHO NIEPBOMY

Az
sin —

3ameuaTenbHoMy npegeny (cu. (1.19)) Aliﬂo 2 —

Az
Cornacno onpegenennio 2 ¢yHKUHs y = sinxz HenpepbiB-

Ha B TOYKe Tg. [IOCKONbKY o MPOU3BObHAS TOYKA MPOMEKYTKS
(—00, +00), TO NO ONpeAENeRAI0 OHA HEMPEPLIBHA Ha BCeH OCH.

* Teopema 9 Ilycrs cnoknaa dyskups f(p(x)) onpenenena na
mHOxcecTBe X (cM. m. 1.1.4). Ecnu dynkuua U = () Henpepriena
B Touke zg € X, a f(U) HenpepuiBHa B COOTBETCTBYIOIIEH TOYKE

[
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Up = ¢(zo), T0 cnoxnaa dynxuna f(p(z)) Gyser Henpepbisua
B TOYKE Zg.

Choiicra ¢ynripii, HeNPEePLIBHKIX HA OTPE3Ke
1) @ynxums f(2), HenpepbIBHAA B TOMKE Zg H He PaBHAsA HYJIIO

B 9TOli TOUKe, coxpansier 3HaK f{2g) B HEKOTOPOH OKpeCTHOCTH 91Ol
TOUYKH.

2) Eenn ¢ynxuus f(x) HenpepsiBHa Ha orpeake [a, 8] u na xon-
12X ero MPUHIMAET SHAYEHNS PA3HBIX 3HAKOB, TO MEXKJY TOYKAMM G
1 b Haitaerca no kpafineit Mepe ofHa TOUKa ¢ Takas, uyro f(c) = 0.

STO yTBep>KAEHHE BMEET 0YeHb TPOCTON MEOMETPHYECKUIl CMBICT:
€C/IM HeNpepLIBHAH KPUBAA NEPEXOAUT ¢ 0AHOM cTroponn ocH O X Ha
ApYyTYI0, TO OHA TNepeceKaeT 3Ty oCb. UM MOXKHO NOMIL3OBATHES 4715
NpUGIHIXEHHOrO BHIMHCIEHUA KOPHEH anarebpauyecKux ypaBHEeHHMIL.

Mpumep. Hycrs f(z) = 2 — z — 1. Tak kax f(1) = —1,
f(2) = 13, To MHOrounen nMeer kopeHb Mexkay 1 u 2. Pazaennm
3TOT NMPOMEXYTOK nonojam M Halifem 3navenne f(1,5) = 2,56.
CnenoBarensHo, KopeHb JexxuT B npomexytke (1, 1,5). Hafizem
anavenue pynxuun f(1,25) = 0,19. CregopaTenbHO, KOPEHB B IPO-
mexxytke (1, 1,78). anee, £(1,39) = 1,34, cnegorarennho, Kopets
B npomexxyTke (1, 1,25); £(1,125) = —0,52, cieaoBaTeAbEO, KOPEHD
B npomexkyTke (1,125, 1,25). f(1,19) = —0,2, T €. KOpeHb B IpOMe-
xyrxe (1,19, 1,125), f(1,22) = —0,004, . e. xopens B (1,22, 1,25),
T.e. z = 1,235,

3. Ecm dynkums f(x) menpepoiBHa Ha oTpeske [a, b], To oHa
OTPaHMYEHA HA HEM, T.€. CYIECTBYeT TAKoe NONOXKHTEILHOE YUCTO0
M,uro |f(z)) < Mupua <z <b.

4. Ecin dbynkuus f{x) HenpepsiBHa Ha oTpe3ke [a, b], T0 Ha aTOM
OTpesKe HANAYTCA TOYKM ] M L3 TaKHe, YTO 3HavyeHHe pyHKumi
f(z1), f(z2) 6yayT cooTeTcTBEHHO HAMGOMBIINM H HAMMEHBLIMM
3 Beex 3Havennit pynkiun f(2) Ha orpeske [a, b].

Ounpenenenne. Ecin dynkuus f(x) He sBaAeTca HenpepHBHON
B TOYKE To, TO FOBOPAT, YTO B TOuKe Zg GyHKuMA f(r) paspmena,
4 TOYKA T HA3BIBAETCSH MouKoti paspvies DYHKUHH.

B xavecTBe KOHKpeTHOro mpuMepa YHKUMH, UMeKOWeH ToY-
Ky pa3spblBa, pACCMOTPUM U3MEHEHHe GHOMACCH MHKPOOPrAHHU3MOB,
YYBCTBUTEJLHIX K TEMNEPATYPHEIM KOASORHUAM.
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[Ipu n3smeHeHnn TeMnepaTypsl 001an SHomacca m, Kak NPaBH-
JI0, YBeINYHBAELTCA — TEIUIO CriocobeTBYeT pasMHOxKennio. OaHako
KOr/lg, TeMMNEPATYPa CJIHIKOM BBICOKA, IIPAKTHYECKH BCE KOJOHHH
rubHYT; 3HaueHHe M, CKAYKOOOPa3HO MEHSIACH, CTAHOBHTCA DABHBIM
Hymo. [Ipumepno To >xke camoe POHCXOAUT U IIPH MOHIDKEHHH TeMITe-

~

i

0 % u Iz ts t
Pre. 1.22, 3aBucHMocTs GHOMACCH! MUKPOOPTAHH3MOB OT TEMNEPATYPhL.

m

----
AT

PATYpPbl: KaK TOBKO OH8 JOCTHTHET HEKOTOPOTO HUZKHETO NpPeena,
MHKPOOpraHuambl norudaor. B peanbHpix ycnoBMSX TeMmmnepaTyps
MEHSIeTCH B 38BHCUMOCTH OT BpEMeHH, TO TTOBLHUAACH, TO TIOHMKA~
ace. TloaroMy rpaduyeckuM msobpaskeHHeM H3MeHeHus Gnomacchl
B 3aBMCHMOCTH OT BPEMEHH MOXKET ObITh Pa3pbIBHAA KPHBasd. TOYKH
pas3puiBa ¥, £z, 13 COOTBETCTBYIOT TEM MOMEHTAM BpPeMEeHH, KOTAa
TEMMNEPATYPA CTAJIA CIMLIIKOM BBICOKOH WM CIMIIKOM HH3KOH.

KnaccadBkanmg 709K pasphBa

[ycte z¢ sBAAETCA BHyTpeHHel Toukoit orpesxa [a,b]. Ecan
CYMIECTBYIOT KOHEuHbI¢ Npeaensl f(x) MpH CTpeMieHHH ¥ K g
C/IeBa M CNpaBa, HO HAPYILEHbI YCJIOBHS 3 HaH 4, TO U3 onpejeneHns
HenpepsiBHOCTH dyrKm (eM. 1. 1.3.1) TouKy T HA3LIBAIOT movwxotl
PA3PUBE NEPEo20 POJa.

Ecnu xoTa 66 0auH W3 NpejenoB CIeBa HiH CHpaBa GeckoHeueH
WiV €r0 BOBCE HET, TOTAS TOBOPAT O Pa3pmee amopozo poda.

- Jlerko noHATH, Npk Kakux obcroaTenbeTBax aasa byukuun f(z)

- B TOYKE @ CTIPaBa NOABIAETCH PAasphiB. MOXKeT iy YHThCsA, YTO, XOTS
xoueunsift mpezen f(a+0) n CyumecTByeT, HO OH He PAaBEH BHAMEHHIO
f(a). ArasioruyHo, B TO4Ke b NOABJAETCS PasphiB, €C/IM CYLIECTBYET
KoHeuHblit npegen f(b — 0}, no on ue pasen f(b).

Ecau cyluecTByloT KOHeuHble npeaesinl dyukuuu f(z) npu
CTPEMNIEHNN & K & (I€BA H CMpaBa, OHM paBHbl MeKAYy coboi,
HO HE PaBHBI 3HAYeHHIO PYHKUHMM B 9TOH TOYKE, TO BOCCTAHOBHTDL
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HEMPEePLIBHOCTH B TOYKE Zp MOXKHO, mosioxkus f(zo) = f(zg —0) =
= f{zo + 0). B aToMm ciyuse TOYKA £y HA3LIBAETCA YCTPAHHMOMN
TOYKOH paspriBa.

Ecnu dynxkums f(z) B T04Ke Z( MMeeT pa3pHB BTOPOro poa,
B 9TOM CJIy4ae, Kak 6bl JONOIHMTENBHO He ONpeleiaTh PyHKIHIO
pU T = 29, OHa Hen30e)KHO ByIeT UMeThb pa3pbiB.

NpamepsnL 9

1. ¥YkazaTh Touky paspeiea dyHkuum f(z) = Pt HaltTi
mgg:l': o f(z), onpepesnTs KaxKoro poaa paspbiB TEPNUT GYHKUMSA

B 3TON TO4Ke.
Pewenue.

f3+0)= Imlfw) w&%m 3= oo
lim(3—-0)= lim f(z)= lim —~== ~00.
B Touke = = 3 paspris }m popa.
v
1
2 1 o z
—_— -1

Pac. 1.23. I'pacduk bynkuun x npamepy 2.

z2+2
2. [TocTponuTe rpacuk GyHkimu ¥ = ]:c_i2| Kakwue u3 ycnobuii
HeNpPepPbLIBHOCTH B TOYKAX PA3PLIBA BLINOJHEHb! ¥ KAKNE HE BLINOI-
HEHBI?
Pewenne.

1, z> -2
y — .
) {1 =1 z<-2

m—lln%+0f($) =1 -x—!]—n%-—o f(m) =-1
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Koneunple npeaeis ¢JieBa W CNpaBa CynIeCTBYIOT, HO HE PaBHbI
Mexxay coboil. B rouke z = —2 paspwiB. 1-ro poga.
3. HocrpouTts rpadux GyHKuuHA

z?, |z| <1,

y= 2, l=|=1,
3, |=z|>1
H YKa3aTh TOYKH €€ Pa3phLIBa.
Pemenune,
= i = —1)=2.
Jim f@)=1, _lm f@)=3, (1)

[lpenensi cneBa u cnpasa KOHEYHbI, HO HE PABHLI MeXXy COOOH.
A ne paBHB! 3HAUEHNIO BYHKUMH B 9Tol Touke. B Touke 2 = —1
paspbiB 1-ro poaa.

AHaJIOTHYHO, B TOYKe £ = 1 pa3pniB 1-ro poga.

AY
I v '
¢ 3 1 '
o ' :
¢ 2 ¢ :
' - "
L P | 1 e,
N T
= T 3 0 2 3
Pac. 1.24. 'padux pyHKuypn Pae. 1.25. I'paduk dynkuum k npy-
K ApuMepy 3. mepy 4.

4. HabtTu. Touky paspeiBa 1 nocTpouTh rpaduk HOyHKIMH ¥ =
Y3

Pewehue.

lim 251—i =00 lim 2ﬁ =0.
z—2+40 z—2-0

B Touke x = 2 pa3psiB 2-ro poja.

e?, <0,
at+z, z2=20.
naa d)yuxunﬂ Oyaer HernpepsieHON?

5. Mycrs f(z) = Ipn kakoMm BbIGOPE HC-
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Pemenue.
' hm f(a:) hm ef =1,

z]—l+n4l-o flz)= llm (a +z)=a.

Oyniuua Gyger HenpepbiBHa Npu @ = 1.
CamocrosTenbHan pabora
z+2, 2<2,

1. Myers f(z) = { 4—azx? z>2
¢ynxums 6yaer venpeprsro#? (IlocTponTts ee rpaduk.)

Ipu xaxoMm BeiGope uncaa a

gifz _
. =26 Hccnepopars xapakrep pasphiea dyuxuan f(z) = 3711 B TOYK®
1
3. HccneaoBsath nHenpepHBROCTL GyHKINM i = -1—-1:3‘?'

4. MceneoBaTh XapakTep paspuiea Gynxumun y = 21/(-2),

5. Ycnonbaya ceoficrea HenpepwiBHEIX dynkunl, yOeauTsea B TOM,
4T0 ypaBHeHHe 70 — 4% = 1 HMeeT no MeHbIleH Mepe ONHH KOPEHb,
3aKMOYEeHHBIR Mexxay 11 2.

6| uPlccae,qosaTb HEeNnpepLIBHOCTE U NMOCTPOUTD rpadmx bynxuun
y 5 TyiT

7. Hatitu rouky paspsiea $pynknun i = 4 arctg z—42

8. HcenepoBaTs Ha HENPEPHIBROCTD hyRKUMIO B H30GpasuTh rpaduye-

1

cku f{z) = { (1 +z)*’ z# -1, rae C — NpoH3BONLHAA NOCTOSHHAS,

C, z=-1,
sing 0
9. Hecnegosats Ha wenpepbiBHocTh f(2) = fz| ’ z#0,
I, z=0.
sinz
0. fy =1 |5 20
1, z=0.
11, Onpegenntsh Touxy paspuiba chynxkumn f{z) = (l-f—:c)z H necye-

ACBATH XapaKTep dTUX TOHEK.
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2

12. Onpegenurs ToykwH paspbiba Gyskupy f(z) = — !
CHIEA0BSTS XAPAKTED ITHX TOYEK. —3z+2

13. Hccneaosary Ha HEMPeppIBHOCTL M HAPHCOBATL 3CKH3 rpaduxa
dyuxuun f{z) = /2.

14. UcenenoraTs HA HENPEPBIBHOCTL M NOCTPONTE rpadux byHKuHN
flz) =1-e2/="

15. Aeasiercs au HenpepulBHON dyHKIMA

U UC-

22, 0<
2-z, 1<z

k]

@)= -

z <
<



FAaRa 2
ANODEPEHUNANBHOE NCHUCNIEHUE

-

§ 2.1. MponzsogHan pyHKUMKN

2.1.1. 3apaum, NPUBOAALLKE K NOHATHIO fIPOUIBOAHON

" Sadana 1 (0 ckoOpoCTH ABIOKYLIEHCA TOUKH).
IlycTs MaTepHasbHan TOYKS ABHAKETCA NG NPAMOAHHEAHOH Tpa-
€KTOpuH, KoTOpYIo npuMeM 3a ock OX (puc.2.1).

Mg M,
F I d 1
0\ " - . -~ -
zg Az
Puc. 2.1. [iproxkenne TOYKH BAOJb NPAMONHHERHOH TPasKTOpHN.

ITonoxxenne TOYKH Ha TpaeKTOpHH OyeT TOraa ONpeAeIaTbCH ee
abeunccolt x, koTopaa apaserca dyHkuyeldt Bpemenn t: z = f(i)
(mocnenHee paBEHCTBO HASBLIBAETCS YPABHEHHEM JBVKEHHA TOUKH).

[Tyctb B MOMEHT BpeMeHH iy ABIKYLIAACA TOYKA 3@HUMAJa Ha,
TpaeKTopuwu noioxenue Mo v nmena abewycey g , a NO MPOLIECTBUH
Bpemeny At nepeMecTHAaCh B moamkeHHe My n umeer abeuuccy
zyp + Az. Taxum obpazoM, eciw 3a Bpemsi At Touka He MeHAna
HaTipaBsieHue ABiDKeHus1, 10 |Az| — nyTb, npoligennnilt Toukoit 3a
spema At. Ouesuzno, uto Az = f(tg + At) — f(to).

HasoBem cpedreti cxopocmvic BBHKEHUA TOYKH 3a BpeMa At
oruowmenvie Az fAE.

Onpenenenne. Mzroeerrot cxopocmavo JBYXKEHNS TOYKH B MO~
MEHT BpeMeHM {g HA30BEM NPeAeN v, K KOTOPOMY CTPEMUTCS CPeIHAA
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CKOPOCTH TOYKH 38 MPOMEXKYTOK BpeMmend At, korga Al — 0:

Az flto + At) ~ f(t) '
v= A];'-I}o At Az—»o At 1)

[Ipumep. Touka cBOGOZHO MafaeT B MycTOTE. BRIYHCANTD CKO-
POCTb TOYKH B IPOH3BOIbHbIY MOMEHT ¢.

Pewenne. YpasHenne cnoﬁo,quoro ABixenua (najeHusd)
B ITOM CITy4ae MMeeT BUJ

¥

1 .2
z= igt .
Torga no dopmyae (2.1) Haxomum

.1 .

= lim, 32 (38 + 84 - 36| = Jim, g1+ 360t) = st

3adana 2 (o npoBeAeHMH KacaTeabHON K AOCKOH KPHBO#H).

Ilycrs My — Hekoropast Touxka jauHON kpupoH (puc.2.2).
Bosbmem Ha 3TOlft KpuBOit ApY- .
ryio Touky M u mposesieM cexy- AR
myio M Mp. TlycTb Teneps Touka
M npubmmkaeres Baone KpUBOH
K Touke My no yobomy 3axoHy T
TAK, YTO PACCTOAHHE MEXAY STH-
MH TOYKAMH CTPEMHTCH K HYJIO. Mo
Ecnu npu stom cekymas MM, A -
MOBOPAMMABASICH BOKPYT TOUKN My,
6yzeT NpHOMIOKATLCS K HEKOTOPOH Pn.‘" ::l e;? ;ﬁm&fnfm‘»
npamort MyT Tak, uTO yron Mex-
Ay npameiMa M My n MyT 6yger cTpeMuTBCA K HY/IO, TO B COOTBET-
CTBHM C onpefencHAeM npsaMmaa MpT Gyaer HA3LIBATHCA KaACQMeAb-
»oti K JaHHOW KpuBol B Touke Mp.

3aMeTHM, YTO He BCAKAS KPHBA3 001a0aeT B KaxK 101t CBoeli Touxe
KacarenbHol. [Ipaman My7T GypeT kacaTenbnolt kK KpHBOH B TOYKe
My, ecnm cexyman M My Bcerpa CTPEMHTCH B YKa3aHHOM CMBICHE
K 310l eauHCcTBeHHOH npaMolit MyT , no xkakomy Out saxony Touxa M
HH CTPEMHJIACH 110 KPUBOi K Touke M.

Ha puc. 2.3 npescrasnena KpuBasi, HE WMEIOLIAA Kaca're.nbuoﬁ
B Touke My. . L s .
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3gech cexkymaa M My crpemurea K npamo# MgN, ectu M —
— My cnesa. Ecnu )xe M — M, cnpasa, 10 cexymas M My
CTpeMHTCH K Apyroit npamoit Mol

Pac. 2.3. [Tpumep kpusoit, He umetonelt xacarennbHoit B Touke M.

[TycTs Teneps B npsMOyrOAbHON ASKAPTOBOM CHCTEME KOOPARHAT
X OY 3zapgana xkpuBas cBouM ypapHenueM y = f(x).

Tpebyerca HaflTH KACATEALHYIO K PTOM KPuBOil B HEKUTOPOH ee
rouxe Mo(xo, yo) (pHc. 2.4).

4y

F(zo + Ax)

f{zo)

zg zo+ Az ;:';
Pnc 2.4. Unnwocrpauusa K 3aja49€ ¢ NPOBEICHHY KacATeALHON K Kpunon
¥ = f(z) B Touxe M(zq, yo).

Jlerko HanucaTs KCKOMOE YPaBHeHue KACATENbHOM, 3Has Yriopofi
K03 DUUMEHT Ko KACATENLHON K KpuBO# B Touke My,

Boabmewm sa kpusoit spyryio Touxy M{(zo+ Az, yo+ Ay) n npo-
BegeM cexkyuylo MMy, Ilycts ¢ — yron Hakiona sToi cekymed
K ocn OX. Hanuuue B Touxe kacareinHolt MyT, oGpasylomeis
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¢ ocsio OX yron ¢y, O4EBUAHO, SKBHBAJEHTHO DPABEHCTBY pp =
= Alirno ¥, KOTOpOE, B CBOIO 04€Peb, SKBUBAJICHTHO PABEHCTBY
T—

tgpo = lim tgyp. (2.2)
Ho
te o = PM Ay _ f(zo+ Az) — f(z0)
gy = MoP ~ Az~ Az ’
H, CIeA0RaTenbHO, hopmyna (2.2) aaer
. + Azx) -
R (23)

3HaYNuT, ypaBHEHUS KAacaTeAbHON NMPUMET B/
y — o = ko(z ~ o).

ITpumep. Berancants yrsoBo#t kosdipuuyeHT xacaTespHol
x kpusoit y = % 8 Touke ¢ abeuuccolt o = 2. HamucaTs ypasreHue
KaCaTeIbHOA.

No dopmysne (2.3) naxoanm
T (2+A$)3—28_ . 2 _
Ky = Al;r_n}0 = Al;r_n’o(n +6Az + (Ax)*) =12,

U, CNIeJOBATENbHO, YPaBHEHNE KACATENbHRON MMEeT BH]
y—8=12(x—2) (3mech yo = y{xg) = 2% = 8) mam y = 12z — 16.

SameTum, yro npegen (2.3) MeeT Ty XKe CTPYKTYPY, YTO K npe-
fen (2.1). B obonx cry4asx OTHICKHBAETCA NPEZE] OTHOWIECHHS IIPH-
pamcHds (BYHKIMH K TNPHPALICHAIO APryMEHTA, BHI3BABIIEMY 3TO
NPHUPAILEHRE, TPH YCIOBHH, YTO NPUPAILEHNHE SPTYMEHTA CTPEMHTCS
K HYJI!O.

2.1.2, floHaTHe NPOU3BORHOK

fycrs y = f{x) onpeaenea Ha HEKOTOPOM NPOMEKYTKE H MYCTh
Z9 — HEKOTOpas TOUKa 3Toro npoMexxyrka. Ilycrs Az — npupauie-
HHE K 3HAYEHHIO apryMEHTa Taxoe, YTo {zp + AT) HE BBIXOAWT 33
Npeebl YIOMAHYTOTO IPOMexyTKa, 8 Ay = f(zo+Az) — f(zo) —
COOTBETCTBYIOWEE NMPHPalleHHe (DYHKUHH.,

4 IMasnywxos U.B.
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Onpepnenerue. Ecnu cymectsyer hm %, TO STOT npezen Ha-
3bIBaETCH npouaaogﬂoﬁ oT d:»yuxl.mn y f(z) mo nepemennott

B Touxe oo (0GosHavenma: :l nan ¥L). Urak:

) _ 9y _ f(zo + Az) - f(wo)
Y2 =3z = Az—m Az

(2.4)

Ecim npegen (2.4) koHeveH, TO NMPOH3BOZHAR HA3BIBAETCHA KO-
sexnotl, ecia xKe 1oT npefes Geckoreden, To Y. — GeckoHeunas
JIPOK3BOAHASR. '

Ecnu xoreusias NpoM3BoAHas CYMIECTBYET B KaXKA0H TOUKe HEKO-
TOPOro MHOXKECTBA, TO OHA OKA3hIBaeTcsd pyHkiHell or x , 3ananHol
Ha 3TOM MHOXECTBeE.

Mpumep. Haiizem nponseopnyio y = %2 Ha OCHOBAHHHM Onpe-
JAeJIeHUd TTPOoUsBoAHON.

PeweHnne.

Ay = (z + Az)? - 2? = 22 - Az + (Az)?
Torga

Ay
! — _
Yo = Al;r*n_) A = lancm (2a:+Ax) 2z.

I‘eomerpmecxax H MeXaHHYeckas HRTEPNPETAAR TPor3BoAHR

Hcnonb3ys pesybTaThl NpeALIAYURHX MYHKTOB, MOXXHO CHopMy-
JIHPOBATb CEAYIOLIHE ABa MPEANOKERHR, COACPIKALIMe MeXanusie-
CKNH 1 TeOMETPUYECKHUI CMBICH TIPOMSBOHON.

1. Ecau 2 = f(t) ecTs ypaBHeHUe NPAMONUHEHHOTO ABHXKEHUS
TO4YKH, TO npou3sogHas f’(t) npeacrasaser cobOR CKOPOCTh TOUKH
B MOMEHT BpeMeHH ¢,

BricTpora nporekanua ¢dhuM3MYECKHX, XUMHYECKHX, Ouonoruge-
CKHX ¥ JPYITX TIPOLECCOB, HANPUMEP CKOPOCTb OXJMAXKAECHHA TENS,
CKOPOCTb XHMH4YeCKOH peakiiuM ¥ T.1., TaKXKe BbIPaiKaeTcs IIpu
noMomu npouasoxHoit. TloscauM 3T0 Ha pUMepax.

ITpumep. Tpeanomoxum, uro Temneparypa Teaa U ecTh ybul-
Baloman byukuus spemenn: U = f(2). Mycrs ¢ — duxcnposanHeti
MoMeHT BpeMenn. Ecan ¢ nonydaer npapamenune At, reMneparypa
U ymenbmaercs ga AU; Toraa orrowenne AU /At npeacraaaer
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coBoli cpegHIoId CXOPOCTh OXJaxkaeHus Teaa. Ilpenen aroro oTHO-

wekua opy At — 0, r.e. lim av f’ () sepaxkaer cxopocTs
At—0 At
OXNAYKACHWUS TeNia B JAHHLI MOMEHT £,

Taxum 06pa3oM, CKOPOCTb OXJIAXK/CHHS TENa PaBHA MPOM3BOZ-
HOI TeMInepaTyphbl Tela N0 BpeMeHH.

Mpumep. ObGo3naunM Yepes m KOIHYECTBO BELECTBa, 00pa3o-
BABIIErOCHA NIPH XUMUYECKON PEakUMyl 38 POMEXYTOK BPEMEHH t.

OueBugno, m ects Gynkuna spemenn: m = f(t). Ecim ¢ no-
Jy4daer npupawenue At, To m nonydaer npupawenne Am. Torga
orHowenue Am /At npeacrasnsier coboll CKOPOCTb XHMUYECKON pe-
aKUWHM B JaHHBIM MOMGHT {.

TakuM 06pa3oM, CKOPOCTL XMMHYECKON PeakKLMW paBHA MPOH3-
BOAHON pearupyiomweii MacCel MO BpeMEHN.

2. lIpoussoanan f'(x) dpynknuu y = f(x) reoMerpudecku npeg-
crasnsier coboli yrnoeodt Kos¢MpHIMERT KacaTeJbHOH K rpaduky
sToit PpyHKyMK B TOUKeE ¢ abCiguccolt .

Ipu 3TOM eCaH CyIecTBYET KacaTebHasd, TO CYLIECTBYeT U Mpo-
U3BOJHAs, M HaoO0poT. Ciydalo KacaTeJILHOM, He MapaesIbHON ocH

y = g(z)

ot

Puc. 2.5, CymecrBoBanne KOHeYHOA B GECKOHEYHOH NPOM3BOAHLIX: a),

6) — xoneunsie npouseoAnLle B Touke My (I — kacarensHas, ! ue napas-

nensua QY); B) — Geckoneunan npoussognas B Touke My (I||OY, ko =
= tg o = tgmw/2; ko = 00).

OY, oTBeyaeT KOHEYHaA NPOM3BOJHAA, MAPAJIIeNbHOH ocy OY —
Geckoneunas nmpoussoanas (puc. 2.5).

4%
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HAradpepenmupyeMmocts HYBKIEM B TOIKE
Oupepenense. Ecau npupamenne ykuun y = f{z) B Touke x
MO’KHO NIPEACTABYTH B hopme

Ay = AAz + alz, (2.5)

rae A He 3aBUCHT OT AT M & — GeCKOHEYHO MaJioe B Touke Z (cM.
1. 1.2}, T0 372 GyHKIiMs HaspiBacTCa AndPepeHIpyemMoll B TOUKe .
U3 nocsieaiHero paBeHCTRA CleAYeT, YTO
A

= 2% _
A Ae T

[epeiins snech x npegeny npu Az — 0, nomyanm

Ay _

A= lim (——-——a) m 2 _ fim o= lim = Ygz.

Ax—0 A 0Bz Azao Az—0 Az
Wrak, ecn y = f(z)} pudpdepeHuupyeMa B TOUKE Z, TO MPHPAILECHHE
_9Tofl DYHKLUMH MOXKHO NPEACTABHTE B BHJE

Ay = f'(z)Az + aAx, {2.6)

rje & — GeCKOHEUHO MAJOe B TOUKE X.

Orcioga cnegyer, uto ecnu pyukuun y = f(z) auddepenunpye-
Ma B TOYKE Z, TO OHa 06/1a3a€T B 3TOH TOYKE KOHEYHOH MPOU3BOJHOM.
[Mokaxxem, 4T0 crpaBegMBo ¥ 0OPATHOE YTBEPKAECHHE.

Iycrs f/(x) xoneyna 8 Touke 2. [lo onpegenennio

flz)= llm e~

Ho ¢ynxumio, CTpeMsIuyrocs K KOHEHHOMY NpPeAey, MOXHO
NPEACTABHTD B BHAE CYMMBI 3TOrO npeaena u GeCKOHeYHO Manoh
$yuxuuu. Torga n3 nNpegpIAYIIEro COOTHOMERNA CNeYeT, YTO

ay o
Az—f(x)-l-a, a—0 mpu Az -0,

M3 Yero cpaly >ke BoITekaeT (2.6), uTo 1 o3HavaeT gudepeHnupy-
e€MOCTb (PYHKIMH B TOYKE .

Yenosye audxpepeHiMpyeMocTH (DYHKOHH B TOYKE SKBHBAJICHT-
HOTO YCJIOBHIO KOHEYHOCTH nponsBogHoit f/(z) B oTolt Touke.
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Ceazp muddepenmapyeMocT 1 HEIPEPHBHOCTH

Teopema 1 (neoBxogumoe ycnopue qudpepeHuEpyemMocTy).

Ecnu dyskonna y = f(z) anddepermmpyeMa B Touke T, TO OHA
HETIPEpHIBHA B Hell.

ObpaTHoe yTBepaKaeHHe, BOOOIIE rOBOPSA, HEBEPHO, T.€. U3 He-
NpepLIBHOCTH He clepyer auddepennupyemocts. Jas noarsepxk-
JCHUA CKA3SARHHOTO PaccMOTPUM aBe YHKUuN, rpadMKH KOTOPBIX
. TMpeACTaBJcHH Ha pHC. 2.6.

X0 X0 T

Puc. 2.6. Oyuxkuuny, He nMeloLine npommaoﬁ B TOYKEe Zo: &) — Gecko-
He4HAA NPOHSBOAHAs; () — Npou3BOAHOI HeT.

vy a)

Ofe 3t GyHKUNH HenpephIBHBI B TOYKE Tg, HO He OyayT aud-
depenunpyembl B 310# Touke. KacaTeannan k rpaguxy Ha puc. 2.6a
B TO4Ke ¢ abcnuccolt T mapamiensna QY T.e. Gynkuua obnajaer
B TOUKe Z¢ HeckoneuHo#t npouzeoaHo#. Bropaa dynkuna (puc. 2.66)
He HMeeT NPOH3BOJHOMH B TOUKE Zg.

2.1.3. Npasuna auddepesunpoBaHnn

1. lNponspoaHas OT NOCTOAHHON BESIHYMHLI PABHA HYMO, T.€.
eciy=C, 109 =0:

C'=0. (2.7)
Hoxazareascrso. [To onpeaenenwio npoussoanofi y’ = lim Ay
Az Az’

Quesnguo, uto Ay = 0, cregoparensio Ay/Azx = 0; ¢’ = 0.
2. Ilpomssognasn anrebpauyeckod CyMMBbl KOHEHHOrO 9HCIA
dbynkunit pasHa cymMe IPOU3BOAHBIX CIATAEMBIX:

utv+w+..)=u+v'+u' +... (2.8)

Joxasaremscrso. Oyesnpno, A(u+v+w+...)=Au+Av+
+ Aw + ... Ocraerca nogenuTh 06 YaCTH STOTO PaBeHCTBA Ha Az,
nepefity K npedeny npr Az — 0 H BOCIONL3OBATHCA TeM, HTO
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npeaen anrebpanyeckodt cymMMmun (pyHKumP paBed anrebpandeckoit
CyMMe NpefesioB ciaraeMbix (cM. 1. 1.2).

3. TlpoussogHas npoMsBefeuus HeyX PyHKIWIt onpe,ne.nﬂe'rc:ﬁ
opmynol

(w-v) =o' -v+u-v. (2.9)
Hoxazaremscrso. [To (2.4) u Teopemam u3 m. 1.2 .
Au-v) .. {(u+duy(v+Av)—u-v _
(u ‘U) Aw—»t) Aa: - JLIP-)O Ax -
Au Av Au Av
= Jim R e Fe TR )=

. Au Av . Au Av
= Jim 20w lim B*éﬁﬂo Az

= ~v+u~v + lirlnwAum',

HO OyHKUuA ¢ gudpepeHapyeMa, a SHAYUT Henpepmsna. IMosromy
(cu u. 1.2) hm Au =0

Cosepmeuﬂo AHANOrMYHO MOYKET GHITh JOKA3AHO MPABKIO Avd-
depeHLMpOBaHNA NPOU3BEAEHUA TpeX (PyHKUMIL:

(v wy=uv-v-wtu-v -wtu-v-v

4. Tlponssoanan HacTHOTO OT JeNeHHd ABYX GyHKUHi onpeae-

Jisercst GopMyIoi
ruy we—uev
(2) = oegey, (2.10)

o v
JokasarenscTBo.

(ufv) = ]imom_ lim (v +Au)/(v+Av) ~ufv _

Az T Az-s0 Az
= lim (u+Au)v— (v+ Av)u _ im (v-Au—u-Av} ~
" Az0 v(v+ Av) Az T Az0 v (v Av) Az

= (v fimy du/aw —u- fim dv/dz) [ fimgooi b) =

= (v v~o - u)/v?

™

Yro 1 TpeBoBanoCh JOKAZATH,

k]



4 §2.1. Npowssonnan pyskuv ¢ 55

Huddepeaupposanue cnoxeolt GysKkuwu

PaccmoTpamM CNoKHY0 QYHKUMIO ¢ ORHUM MPOMEXKYTOYHBIM ap-
rymentoMm: ¥ = f(u), v = ¢(z), npeanosaras npu ITOM, 4TO
byuxkunsa y andpdepeHunpyeMa mo apryMenTy %, a byHKuua u
Audxbepennupyema no aprymenty . TpeSyeTca BbiBeCTH NPaBHIIO
auddepeHpoBaHus 3TONA caoykHol byHkumu. Ha ocHoBanuHK onpe-
JIeNIeHMST MPOM3BOJHON UMeeM '

dy Ay Ay Ay A Au

= Jim — lim = lim 2y, lim —
dz  As-0Dx  Az-0du Az Az-30 Ay Az—o0 Az’

TAK KAK NpeJIeyl PABSH NPOH3BEACHUIO NPEALIOB.

(N du
Ecan ygectp, yro lim — = — u lim Au = 0, nockonnk
Y ! Az—0 Ax dz zn*-]) u 0, Y

Beskas auddepeHupyemMast (byHKIMA HENPEPLIBHA, TO MOTY4HM,
)
d;
y l.m —————— ’
dz  Au0Au dz du dz

HIM, B JPyruX 0003HAYECHHAX,
’ ’ ’
Yo = Yy« Ug- (2‘11)
CoBepuieHHO AHAJIOTHYHO MOZKeT ObiTh BbiBeeHO NpaBuno Jud-

dbepennupopanns crokHOK GYHKIMHK ¢ JABYMA NPOMEKYTOUHDIMU
apryMeHTaMH:

’ PRI
y= y(ﬂ(u(a"))): Yo = Yu Uy " Vg

Mpumep. U3 MKWILHOTO Kypca MATEMATHKH H3BECTHBI npbm—
BogHbIe DYHKUuH;

(mn)! — nmn—l’ (ln:c)' = ;t_’ (sinx)' = cosz, (em)l = %

(n JannHeleM Mbt Bsmeneu 1M d)opmy.rm)

Haitru i, ecam: y = sin® 5z.

TIpouzeoauyio sroli cnokuoli pyHxumn 6y,neu HaXOAATD 110 Pop-
myae (2.11). MpeanonoxumM, YTO AAHHOE ¥ HYIKHO BHYHCAHTL TPH
KOHKDETHOM 3HAYCHHM I:
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Belunciienue Y HaxoxeHue npon3pogHoH
2 Hahn@ g g g % @
3. Haitru 52 g. E E § 52
A X
4. Hatitn (sin 52)@ = ar @ sin@ 5z

Taxum o6pasoM, BUAHO, YTO HAXOXKJEHWE NPOM3BOAHOM HIET
B NOpsAKe, 0OPaTHOM NOPAJKY BBIYUCICHHA (DYHKIUHA.

Torpa no dopmyne (2.11) HaM OCTACTCS NEPEMHOKHTD Pe3ynb-
TaThl, MOMYYEHHBIE HA BCEX YETBIPEX CTYMEHAX, H

(sin® 52)’ = 3sin® 5z - cos5z - 5.

MMpumep. y = Insine®*. Hatitu 3. .
JelicTRByeM B COOTBETCTBHH CO CXeMOH, TIPHBEJICHHON Bbile:

Buryncnenne Y Haxoxaenwe Y’
1.[Z] 1
()]
2.{3z] HIEHRE
3.[e}% g5 5§ [e]*
, ©oF 5 .
4.[sin]e 83 22 e

5.[In]sin %

gin 3=

1
3uaunT, ¥ = —= cosed® . 3% . 3,
411

IIporaBogaas obparnoll GyHKmAR

Tpeanonoxum, uro dynknus y = f(x) onpegenena, MOHOTOHHA
u auddepensipyema B HeKOTOPOH 06NaCTH, IPUYeM NMPON3BOJHAS
dy/dz nurge ne paBha Hymo. Haws dbynxius y = f(x) nmeer
obpaTHyto pyukumo z = ¢(y), ¥ HaM HAZO Ny YUTh TPaBUITO AAd-
pepesLmposans 310N PyHKiuK. S BbIBOAA MOXKHO BOCIONL30-
BaTHCA NpasuaoM ArddepeHUUpPOBaHNA CIaKHONR DyHKIHY ¢ OaEIM
NPOMEXKYTOUHBIM apryMeHTOM, COrnacHO NPeACTABNREHHAM O CJIOXK-
HO#t QyRKuvM DYHKIKIO ¥ MOKHO PACCMATPHBATD KaK CJIOMKHYIO
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$yHKUMIO o7 camolt ceba ¢ NPOMEXKYTOYHBIM 8PTYMEHTOM Z: Y =
= f(z), z = p(y).

Ha OCHOBAHHH NPABHI anddepeHIRPOBARHS CNOXKHOR byHK-
LMH NONY4aeM: y? =Yg - Ty,

lNockanbky y, = 1, nonyyaem npaswio aucdepeHunpOBaHNs
obparnolt GynKynn:

z =

A (212)

=

Hpoussomaas or byBExnEn, 3a5aBNol napaMerpIIecKR
Paccmorpum napaMeTpuuecks 3agaunyio dynxkumio (¢ € T')

{ z = p(t),
y = P(1).

Teopema 2 Ecith B HEKOTOPOM TPOMEXKYTKE U3MeHEHHs ¢ hyHK-
un z = @(t) sospacraer (yOusaer), bynkunm ¢ = o(t) n y =
= ¥(t) nuddepenunpyemsl, npuuem ¢’() # 0, T Ha coOTBETCTBYIO-
LIEM NMPOMEXYTKe U3MEeHEHHnA & mepemenHasn y GyJeT OAHO3HAYHON
n auddepeHumpyemoit hpyHKUUEH OT T; NPH 3TOM

7 ']
A
=t = 22 2.13
Jokazarenscrso. [TockonbKy = = o(t) MOHOTONHA B paCCMAaTPH-
BACMOM (POMEXKYTKE U3MEHEHHUA £ , TO OHA AONYCKAET OAHOBHAYHYIO

n gudxpepenunpyemyio (B cuny ycmoeus ¢’(t) $# 0) obparnyio
pynkuyn ¢ = g(z), npusem

1
g’(a:) = ‘(;,(—tj' (CM. (212)).

.

YYHTbIBaA 3TO, Ha OCHOBAHUM TeopeMhl O audrbepeHuupoBaHim
CAOXKHOM DYHKIMU HaxoAuM npoussogayo or y = Plg(t)] = f(x):

Y=g =2t (2.19)
©

41O ¥ TpeboBasoch KOKA3ATh,
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ITpumep 3.
z = Int,
y = et
" Hattpem y7.
B cooteetcTsyn ¢ opmysoit (2.13) nosyaum
Q2ty g2
-2
, —~—-t- = —— =
= i t)’ /i 2t - e

2.1.4. ipon3soaHbie OT OCHOBHDBIX 3NeMEeHTapHLIX PyHKLMIA

1. PaccMoTpuM cHaYaJIa NPOMSBOAHYIO OT dbyHKnMN ¥ = In 2:

In(z + Az} —inz _

! = .
(o) = Jim ——7%
= lim In((z + Az)/z} Yim In(1+Az/z) _
Az=0 Az T Az-0 Az o ' z‘

23

nockosKy (M. m. 1.1.2) lim W1+z) _ 1
=0z
Urak, (Inz) = 1/z.
2. PaccMOTpUM NPOH3BOAHYIO OT CTENEHKON PyHKIMY ¢ = T™.
Cueuana Jsorapucpmupyem: Iny = nlnz. Onddepenuupys
¥ TO/Ib3YSACE MPABHJIOM ,nncbd;epeuunposanuﬂ cnoxkHON dyHKIMH,

Moy YaeM
1

(ng), =3 4& = nflnz) =n- 3.

1
Oxonvarenmsho: i), =y -n-1/z=2z"-n. > = nz™L,

Urak, (") = nz""1L
3. PaccMoTpuM Npou3BOAHYIO OT NOKA3ATENbHON (DYBKUUH ¥ =

=a$

( )(;-osepmeﬂﬂo AHANOTHYHO NMPeAbIAYIUIeMY BBIBOgUTCA BOPMYa
aY =a*Ina.
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4. PacCcMOTpHM TPOM3BOAHBIE OT TPHTOHOMETPHYECKHX (DyHK-
1Hit:

NRY) . sin(z+ Az)-sinzx
= 1 =
(ina) = dim, =
. 2sinAz/2 cos(z + Az/2)
= lim =

Azx~—0 Az
= lim SnAz/2
T Az—0 Az/2

¢ yyerom | 3ameuaTennroro npegena (cM. m. 1.2) W HeNpepbIBHOCTH

bYHKIHH COS T} :

. lim _cos{z + Az/2) = cosz,
Az—0

(cosz) = [sin(;- - a:)]’ = cos(-g - z){(-1) = —sinz,

+_ (sinz\’ _(sinz) -cosz—sinz-(cosz) 1
(t82) = (o) = cos® T costz

=1+tg’z.

Umak,

. . ¢
(sinz)' =cosz, (cosz) = ~sinz, (tgz) = _—

CoBeplleHHO aHAJOPHYHO BLIBOAHTCA OpMyIa

1
(ctgz) = ~—— = —(1 +ctg’z).

TepeitaeM K H3JI0KEHHIO BONPOCA O IPOUSBOAHBIX OT OOPATHEIX
TpUroHomeTpHyeckux dbyHkuui: y = arcsinz, y = arccosz, y =
= arctg x, y = arcctg x.

OyHKkuME Y = arcsin & cooTBeTcTBYeT OOpaTHadA (YHKUMA T =
= siny npu yciosun — /2 < y < /2.

Cornacio npasuwiy (2.12) gnddepenuupoBanua obpaTHOH
bYHKLHH HMEEM

,_1_ 1 1
Vo= o T eosy T Vgt

’
¥

HOCKOMbKY cosy = /1 —sin? . {3necw nepexn KopreM BbIGpaH 3HAK
«+» TaKk Kak cosy > 0 gna y € [—-n /2,7 /2].)
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Hrak,
1

N !
arcsinz) = ———s,
{ V==
CoBeplieHHO aHAJOrHYHO Nnoyyaercs hopMyia
1
!
arcces ) = — .
( ) s
Oynkuun y = arctg T COOTBETCTBYeT obpaTHad MYHKUHA & =
= tgy npu ycnosuu —7 /2 < y < /2,

Cornacno mpaeuny auddepenuuposanus obpaTHol byHKUHMM
HMeeM

(arctg ), = L oSty = =y
* (tgy)y 1+ig’y  1+2°
1
= te ! = —_—
(arctgz) = 77—
CoBepLIeHHO aHANIOIMYHO BRIBOAMTCA GOPMYta
1

r_ .
(arcctg ) T2

CocTaBuM CBOAHYIO TAbIALY NPOM3BOAHBIX OT OCHOBHBIX 3J1eMEH-
TapHbIX GyHKIMN.

Tabmana 2.1 [Tpou3sogHLIE OCHOBHBIX MEMEHTAPHEIX QyHKIHHA

¥ | y v L Y v

1 z® nz® !l | 7 tgx - 1/cosz

2 | Inz 1/z 8 ctgz —1/sin’z
3 o= a®*Ine 9 arcsin z 1/v1— x2
4 &= e* 10 | arccosz | —1/v1-az?
5 | sinz Cos T 11 | arctgz 1/(1+z?)
6 | cosz | —sinz | 12 | arcctgz | —1/(1+2?)

log, = = Inz/Ina (dpopmyna nepexosa K APyroMy OCHOBAHKIO);

Ing 1
— , ——4 e - e—
In 6 — nocrosnnas. CneaorarensHo, (log, ) (In <) = g X

X {lnz) = “na’
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IToneswno 'IaKx(e noMunTh bopMyay aa ¥ = T, /T = z/?,

/ -1/2 1
Torpa (/) = W

2.1.5. Norapudmuyeckoe auddeperHuuposaHne -

JuddeperppoBanne MHOTHX (PYHKUMIH 3HAYMTEIBHO YTPOma-
eTCst, eC/Id UX NpeABAPHTENLHO npoyiorapudMiposarb. Ecm GyHK-
uus y = f(x) ecrb nponsBeeHNe HECKOJILKHX COMHOXHTeJeH, TO
MOXKHO CHauaa, norapudMupoBaTh obe yacTu ypasHenus Y = f(z)
(nanpumep, no ocHosanmio e): Iny = In f(z) = ¢(z), satem aud-
chepeHUMpOBaTE 06e YacTH NosyueHHoTo pasencTa: (Iny) = ¢'(z),
¥ /y=¢'(z).

Orcrona, yMHOXKMB 00e 4YacCTH NOCHEJHErC YPaBHEHHs Ha
y = f(z), nomyuynm nckomylo mpoussoghyto ¢t ¥ = y - ¢'(z) =
= f(z) - ¢'(x)

Jlorapnpmuyeckoe AuddepeHLNPOBaHHEe TIONE3HO NPHMEHSATS,
Korga 3afaHHas (YHKUUS COAESPXKMT JOTApU(MMHUDYIOIHECs ore-
paunn (yMHOXKenue, feferine, BO3BeJeHWEe B CTENeHb, U3BJEHUCHUE
'KOPHf) M, B YaCTHOCTH, ;mn AP bePeHIIPOBAHNS MTOKA3ATENBLHO-
crenentolt byuxunn y = UV, rae U n V — dynkuuu ot .

Hanpumep, nano HaltTu nponssoanbie 0T GyHKnik:

1. y=2= (z>0).
z+1-a°

vz2+1
Pemenne.

1) y = z*. Cuavama .nompndmupyem Iny = zlnz. Teneps
audepenmnpyem: (Iny)’ = (z In x)’. Ha ocrosanym dopmyst 1 npa-
BuJ uddepenuposanus nonyvaem: ' [y = Inz+z-1/z = Inz+1.

Orciopa: ¢ = y(lnz + 1) = 2%(Inz + 1).

2
2 y=2= (@>0,a#1).

2? Yz +1-a° 1
2 = ——e————Iny = 2Inz + -in{fz + 1)} + zlna -
)y Jol v 3 In(z +1)
1y (2 .y_'_E _1 I
2111(.’.'3 +1) = +3(x+1) +Ilna m-—l'.

y =2Vt e 2\/:::-{-1 - a® (
Va2 +

&
3(az+1)+lna +1)'
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2.1.6. MNpouzBoaHbLIe HEABHLIX (PYHKUMHA

HAomyctuM, 4T0 Hazpo xudepeHnuposaTh (GYHKUMIO, 3ajai-
Hyi0 ypaBHeHueM f(z,y) = 0, He pa3spelIeHHBIM OTHOCHTENLHO Y.
aa aroro cHavyana auddepesuupyioT no z 0be YacT¥ PaBeHCTBa
F(z,y) = 0, nomusa, uro y ects byHKUHMA OT T, a 3aTEM Pa3peLIAOT
NOAy4eHHOe PABEHCTBO OTHOCHTEJILHO HCKOMOH npoussoaHoit. Kak
npasuio, ona Gyaer zasncets ot x U y: ¥ = ¢(x, ¥).

Hosichum Ha mpuMepe:

2 :
1L S+m=1, =7
Audrdepernuupyem obe yacTH paBeHCTBA:

!

28 2y-y
a’+ b2

=0.

b

’ D ——v—

Orcioga ¢’ = 7y
MMpumep. IlycTs, HanpuMep, 3aJaHO ypaBHEeHHEe OKPY>KHOCTH
¢ uenTpom B Touxe {a, b) u pagaycom R: (x — a)? + (y — b)2 = R2.
HAnddepenppys ofe CTOpOHE paBeHCTBA MO MEepPeMeHHON %,

naitnem: 2(z — a) + 2(y ~ b)y’ = 0. Orcioma i’ = = r—-a

y-b
CamocroarenbHan pa6ora
1+ 2 tgx sina z
1.y=——-—-1 f ,y:—g . 3.y= —,
+2vz x x sinz
4. y = zarcsinz. S.y= arciosx.
6. y= —arctgz. T.y=z%logsz. 8.y=i.

1+ z? Inz

9., y=10":€". 10.y=§1,-. 11. y =

) In4
12-‘9=c'-:;z- 18. y=2%—4-8°. 1d.y=——.
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l1-Inz
— gl — (3 = )
15. y = 2 - 5in 2. 16. y = (= +5)lgz. 17.y TTInz
18.y=z"-lnz.  19. y = arcctgz - 3z2.
z° + 3° 2 -2 5¢
20, y = pent 2l.y= yE 22.y=m.
zsinz gini z
B Vv= it VT Fqomt ¥ Tocs
26.y =2 ¥z -arccosz. 27.y=:tfz.
_ sinz+1 _logpz o 3
28. y = I —cosz" 29, y = n2 30. y =sinz-e”.

Andpdepenumposanne caommof ymenpaen

1.y =arcsin’z. 2. y=+1-—sin’z.

' 1
8. y =ctg* 1+ 22 4.y=\/1+tg(a:+;).

1-vz
14V

z+1
—
9. y=eY"®.ginz.  10. y = Insin 3/arctge3=.

11. y = Intg® =, 12. y = In*sinz.

5. y = sin®(cos5x). 6. y = cos?

— arctg z.

7.y =cos*(4z+5). B.y=tg®

18. y =InarctgvI+2°. 1d.y= Y lnsinx+3

2

1+ 22

15. y = arcsin 16, y = mgz %
17,y = al'(:Si!’l(Sin2 53}). 18, y= arctg(z - .‘/im.

2 2
19, y = logi(z? ~ 4z +5). 20, y =2Wnz.



64 < Tnaea 2. AUODEPEHLUANBHOE NCHUCIIEHUE <

21y =sin(2*+3.¢%). 22.9=2%. 28.y=e ViT3z,
24, y = 107-%0'3% 25 y = Insin {/arctg €=

26, y=2°.22.5, 27, y=5ein°Ge’-8),

28, y=%4 arcsin vz2 + 2z. 29, y = arctg(z + 3v1 F «5).
30. y = ctg+/sin(sinz).  31. y = logy(logs(log,(z — 2))).
Jlorapapmugeckoe maddepennmposanme

lL.y=2z". 2.y=(sinbz)™=.  8.y=(z+2)*"

4. y=(n3z)". B.y=2z%¢" .sin2z. 6. y=z""

12T
7.y=(—m—-(i—)+6;;2. 8.y =+ asinzy/4 - e®.
z \° z{z? +1)
wy=|-—1 . 10. 3—-———
»v=(33) Ve
PyBKIEA, SANAHAKE HESBHO
2
1.%—-+!:?= . 2.zt 4yt —Sexy =0 .

8. y’cosz = a¥sin3z. 4. 3% 4 3¥ = 3*HY,

8. y =cos{z +y). 6. zsiny — cosy + cos2y = 0.
7.ylny=2z. B.y=1l+ze¥. 9. tg-—ftgz.
10. y=z +arctgy. 1l.z*+y’+ay=2.

12. sin(zy) +cos(zy) =tg(z +y).  18. Va2 + 3/y% = Val.
14. z — y = arcsinz —arcsiny.  15. 2 - 2zy = 1.

3

. X Yy ¥ 4

. ”= . . —— —. " . ct —— .
16.z¥ =y 17. sin = cos 18. y-arctge = 5

19, cos?z ~sin(xy) =y.  20. &% + ‘-?; = 2z3°.
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§ 2.2. Andepenunan pyHKUMN

2.2.1. OnpepeneHue

CornacHo onpejesicHHI0 Npou3BofHON oT byHkwm y = f(z)
HMeeM
' f(z +Az) — f(2) Ay
y= Az-—)l] Az Al;n_}o Az’

Ha ocroBanuu onpepenenust npegena (n. 1.2) sTo osHaxaer,
uro Ay/Az = y + a(Ax), roe A]itgoa(A:v) = (. Orciopa
I

Ay =y - Az + Az - a{Az). [TepBoe craraemoe B IpaBoli YACTH 3TO-
ro paBeHCTBa CTPEMHTCA K HYMO, Kak Az {ecmu y' # 0), a BTOpoe
cnaraemoe kpome Az copepykuT 8 cebe MuoxuTenb o Az), KOTOPBIH
‘To>ke cTpeMuTca K Hymo npu Az — 0. Takum ofpasom, nepsoe
CJIaraeMo€ CTPEMHTCA K HYJIIO MEAJIEHHEEe BTOPOIrO, H II0ITOMY €10
HA3BIBSIOT [MIABHON 4aCTHIO npupaltenns dpyukuun Ay,

Onpepnenenne. [aBHas yacTh nNpupaleHns ¢yHkuun Ay, pae-
Hasl IPOM3BECHHIO v - Az, nasmiBaercs audxbepeHnnanoM nepsoro
. nopsigka or GyHkuun y = f(), COOTBETCTBYIOINM BbIGPAHHBIM
3HAYEHHAM T U AZ.

O6osHauaercs Tak:

dy=19-Az. (2.15)

3710 Tak HasbIBaeMas nepsasi popMa 3amucu Juddepennmana.

BuisicauM reomerpuvecknit cmbica auddepenvnana. Ha cxema-
THYeCKOM rpacduke dbynkuun y = f(z) (puc.2.7) orMedeHb ABe
TOYKH: TO4Kka A ¢ abenuecodi ¢ 1 Touka B ¢ abcuuccoit ¢ + Ax.
[Iponseoanas or pynkuun y = f(x) B Touke A paBHa yrJioBOMY
koo dUIMEHTY KacaTeabHol K rpaduky ¥ = f(z) B arToii Touke.
Mockonsky CD = AC -tgy = ¥ - Az, sakmouaem, uro audde-
penupnan dy paBeH NPHPAIIEHHIO OPAMHATHI KACATEIbHO K rpadHKy
vy = f{z), cooTBeTCTBYIOIEMY 3HAYEHHAM T U & + Az,

Kaxos >xe mexannueckuit empica gudpdeperumana?

Ecnu s = f(t) ects nyTs, npolifeHHbIN MATEPHAIBLHON TOUKOH
38 BpeMA t, TO, KAK M3BECTHO, npowssogHas ds/dt ectb ckopocTb

5 Masaywxos H.B.
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10 To x0 + Az T
Prc. 2.7. Teomerpudeckuii cMbicn guddepeHuuania.

ABH>KeHHS B MoMeHT Bpemenu t. Torma dugfepenyuan nytn ds =
= f'(t) - At npubausicenno pasen nymu, npodidennomy Mamepuasd-
Hotl mouxoti om momenmae eépemenn t do momenme epesenu t +
+ At, ecnn npeneGpeyb H3IMEHEHHEM CKOPOCTH JBICKEHMSI HA DTOM
TIPOMEXKYTKE BPEMEHHM.
Kpome nepso#t ¢opmbr 3anucd gudpepeHuuana cyliecTyer
1 BTOpas. Judrbeperuuanom apryMenTa HasbiBaeTea Jiddepenun-
an GyHKIMK ¥ = T, T.€. dy = do. OAHaKo Ha OCHOBaHMH NepBOH
dopmsr gudxbepenuuana umeem dy = Az. Crenosarensno, Az =
= dz, U MBI NONYy4aeM, TaKUM 0o0pa3oM, BTOpPY0 (OpMy 3amHCH
Audpcepeniuana: . :
dy =y -dx. (2.16)

Bropas dopMa anddepentuana obnanaer cBONCTBOM HHBApH-
AHTHOCTH OTHOCUTENLHO APIYMEHTA, T. €. HE 3aBUCHT OT TOrO, SIBJs-
€TCH JIM APTYMEHT & OKOHYATeNbHbIM HIM NPOMEXyTOuHbIM. TTosc-
HHM 3TO Ha. IpUMepe.

[Tpumep. Ilycre Tpebyetca uruncnnTs gudepenyman ¢hyHk-
win g = (1 + tg z)%. D10 MokHo ocymecTBUTE ABYMS: Criocobami:

1. Halinem y'(z) no npasunam muddepernpposanns croxxHoH
dbysxipm;

oy _ 81 +tga)’
v ==
Torna
7
dy = ¢/ (z)dz = 8(—“’—25-‘9—‘14;. :

Cos" T
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2. Beepem Hopyio pynkumo U =1 + tgx. Torpa y = U8, dy =

= 8UTdU (xak audpdbepenman pynxipn y = y(u)).
Brrancim dU:

dU =ULdzr = (1 +tgz) de =

CriepoBaTebHo,

7— dz.
cos®

1
dy = 8(1 + tgz)" . ~—~— dx,
\——T’ CO:;(C

T. €. PE3YJILTAT COBNAAALT C PE3YILTATOM, BbIHCIIEHHBIM 10 TEPBOMY
criocoby. 4 '

[lepBas ¢opma auddepenunana TaxuM cBoicTBOM He 06aaaaerT.

Tlockonbky bopmanbio AndxpepeHIyan OTIMYAeTCA OT NPOou3-
BOZHOK JiMb MHOKUTENeM Az uinn dz, ero CBOHCTBA ABMAIOTCA
OTPa’KeHHEM COOTBETCTBYIOIIMX CBOHCTB NPOH3BOIHOM.

Hanpumep, d(c) = 0, d(z)” = nz" ldz, d(sinz) = cosz dz
HTA

Toaeaysce Tabnuueit MpOU3BOAHBIX, Mbl MOXKEM HAMMCATb TAGH-
1y AndxbepeHUanoB 0T OCHOBHBIX MIEMEHTAPHBIX QYHKIHI.

AHAJIOTHYHO MOTYT GbITh NMONYYeHB! (POPMYJTBIL:

d(utv) =dutdv, d(uwv)=vdutudv, d (%) _vdu—udv .

)

2.2.2. NpubanmxeHHble BbIMMCNEHMA C NOMoLLbIO AnddhepeHunana

Teopema 1 Ecym dynkuua y = f(z) anddepenuupyema B Tou-
ke z, npuyueM f'(z) # 0, ro npu Az — 0 npupamenne Ay u gud-
depenunan dy GYHKUNH ABITIOTCH SKBUBAJICHTHHIMA GECKOHEYHO
MAaJIBIMH.

Hoxazaremwerso. [To yenoeuro Teopemsr dyukuua y = f(x)
anddepeHuupyemMa B TOYKE T, T. €.

Ay = f'(z2)Az + aAz, rae a—0 npn Az —>0.

To:ma
Ay _ . fl@)Az+oldr a \ _
ATy T AT Pae . A\t f’(:c)) =5

9TO U TPebOBaIOCh AOKA3ATD,

5%
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Ha »To#i Teopeme M ocHoBaHo mpuMeHenne audxbepeHuuans
K NpHOMDKeHHbIM BhiuKHCAeHusM. HsBecTHo, uyTo mobyo u3 asyx
9KBUBAJIEHTHBIX BECKOHEYHO MAJIBIX MOXKHO TIPHO/IMKEHHO 3aMEHHTh
Apyro#t. CreposaTensbHo,

Ay = dy. (2.17)

A6cofoTHas H OTHOCHTEbHAS MOrPEIIHOCTH JITOrO PABEHCTBA
MOTYT OLITb CAEJAHH CKOJIh YTOAHO MAJLIMH NPH AOCTATOUHO M8~
aoM [Az|. Crpykrypa auddepenipana 06bIMHO 3HAMNTENBHO NPOLLE
CTPYKTYpHI Tpupallenus ¢yHKuuH, B cuity 4ero dopmyna (2.17)
HIMPOKO NPUMEHAETCH B NPUOIHKEHHBIX BbIYHCACHHAX.

Mpumep 1. Jan ky® ¢ peGpom & = 2 M. Beruncaurs, na
CKOJIbKO BO3pacreT ero obbem, ecian pebpo ypemuuurcs Ha 1 cm.
O6bem kyba V = z2; Az no yenosmo 3aaaum passo 0,01 M.

Tounoe pewenne:

AV = (z + Az)® — 2% = 32% Az + 3z(Az)2 + (Ax) =
=3-2%.0,01+3-2-(0,01)% + (0,01)> = 0,120601 »>.

Takum 06pasoM, obbem Kyba ysemuunrca Ha 0,120601 M2,

IpubanskenHoe pemieHue:

AV = dV = V'de = 3c?Az = 3-22.0,01 = 0,12 M3,
ABCONIOTHAS MOPPEUIHOCTD 3TOTO PE3YJIbTATA
idy — Ay] = 0,000601 »®,
& OTHOCHUTEJIbHAA NMOTPEHIHOCTE
dV - AV _ 0,000601

~ 0,005 (nm 0,5%).

AV 7 0,120601
[Tpumep 2. Botuuciurs npubsuxenHoe 3Hauenne In 9,9.
Pewenne. y = Inz; Bossmem ¢ = 1, Torga Az = -0,1. Uz
dopmyssl (2.17): f(z + Az) - f(x) = f'(x)Az unu
f(z+ Az} = f(z) + f'(z)A2, (2.18)
y=Ihz|,_, =0, y(z)= =1, Az=-01

Tlz=1
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ST pesysnpTaTs nopcTaBuM B dopmyay (2.18). Torga
’ In0,9==1-(-0,1) = —0,1.

Mpumep 3. [IpnGmmkenHo BuIYHCHNTS /16,02,
PaboTas ¢ popmysoit (2.17), GyaeM umertsb
1

y= \/Elzc:ls =4, Az=0,02, y'(x) = m

_1
=16 8

Toraa

/16,02~ 4 + % - 0,02 = 4,0025.

2.2.3. Npoussonnnie n auddepeHunansl BLICWWX NOPAAKOB

Mycre dynxunsa y = f(x) auddepenunpyema Ha HeKOTOPOM
npomexyTke. Toraa nponseoanas f'(x) sTo# dyukuuu Gyaer HoBoil
dyBKuHedl oT T, 3a4aHHOH Ha 3TOM NMPOMEXYTKe, H MOXKET B CBOIO
ouepeb UMETH POU3BOAHYIO. Ty MPOU3ROAHYIO HA3LIBAIOT NMPOH3-
BOJHOM BTOPOIO NMOPsAAKa H 0603HAUAIOT OHUM H3 CHMBOJIOB!

y', f(2), ¥, @)

IpousBoaryI0 OT BTOPOH APON3BOANGH HA3LIBAIOT TPETLEH Npo-
H3BOAHON M T. A.

Boob1ue,
y™ = gy’ (2.19)

ITpumep.

y =4z 4 2z - 8,

y =1222 42,

y" = 24z,

yﬂf - 24’

yV=y¥=_.. =0

OTMmeTHM, YTO BJS MHOTOWIEHA CTENERH 1 BCe [POW3BOJAHBIE
HauuHasA ¢ (n + 1)-ro HopsAKa paBHbLI HYJIIO.
Tenepb paccMorpuM auddepeHUHANbI BRICIIECTO TOPAIKA.
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Hudpdepermipan dynkipm y = f(z), rge T — HeaaBUCHMaS
nepeMenHas, onpegenserca ¢opmyaoit dy = f'(z)dz, rpe de =
= AZ — NpOM3BONLHOE NpUpAILEHUE apryMenta . 3adurcupyem
dz; Torga dy 6yaer dyukuuedt or x. Juddepensnan ot >1oit pyHk-
LI HA3HIBAIOT Judifeperyuanom emopozo nopadxe N obosHagAIOT
d?y wmu d2f(x).

ockonbky dz 3adukenposan (nocTositen), To

d*y = d(dy) = d{f'(z) dz] = [f'(z) da] dz = f"(x) d=.

Ananorndso onpeaeaniorcs Auddepenuans qas moboro n >
>2

d*y = £ (z) dz™. (2.20)

Urak, audpdbepenuman n-ro nopsaiks GyHKUEH paBeH Npon3Be-
JI€HNI0 1~ TPOM3BOAHOH 3T0H DYHKUNY Ha N-10 cTeneHb auddepen-
IM&JTa HE3aBUCHMOMH fTepeMeHnoit.

Ecmu umeercs cnoxuas dynkums ¥y = f(u), u = (), To dy =
= f(u) du, no Teneps yxe f'(u) u du = ¢'(z) dz aBanores dynx-
nusamMH ot z. [losTomy npu oThickaHUH TOBTOPHLIX Aud depesuaion
3/16CH HENIL3A BLIHOCHTS ¥ 38 3HAK TTPON3BOAHOM, a Hauo JudpdepeH-
HEpoBaTh npousseseHne. CopMyb 4aa AuddepeHIHaNoB BHICIINX
NOPAJKOB CIOXKHOM (DYHKINY OTVIAYAIOTCA OT nocaeaneit hopMyJibt,
1 gudbepeHnuans; BTOPOro M BBICIIHX NOPAAKOB CBOHCTBOM HUHBa-
PUAHTHOCTH 110 OTHOWIEHHIO K APTYMEHTY Y2ke He 00JIaAaI0T.

CamocronTenoHan pabora

Mpunoxenra aqaddepenunana K TpRGINKEHABIM BETHCICHEAM

1. Hairru npupamekue GyHKImn y = 22, COOTBETCTBYIONIEE IpUpAIE-
HHIO Ax HesasucHMoNR nepemehuoli. Burmenute Ay, ecnm e = 1n Ag =
=0,1.

2. Hafite npupamerue Av ofbeMa v mapa NPy A3MEHeHHU PaJHyca
R=2na AR =0,1.

3. y = 2342z, Haliru 3Ha4enus NDAPAMEHKA H €10 NUHEHHON raBHOM!
YACTH, COOTBETCTBYIOUINE H3MEHEHKIO £ OT £ = 2 0 = 2,1,

4. Hatitn npupamenne u auddeperunan bynkunn y = 22 — & NpH

= 10 n Az = 0,1. Betuucnurs aGCOMOTHYIO M OTHOCHTEMbHYIO OITHOKH,

KO‘l‘Opre noAyaI0TCA BPY 3AMERE MDUPAIEHHA Juddepenauanom,

5. /4,041 » ?
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6. Cropona keajpara paska 8 cM. Ha ckonnko yeesmumeaerca ero
NNOIIAAb, €C/IH KAXKIYIO ero CTOPOHY YBeauuuTs Ha 0,1 cm?
7. Beruacnurs 3ravenne auddepennnana GyHkuumy:

a) S { HIMEHEHRN & OT = 0611r
V= (tg:c+1)2np 6 " 360°

6) y = cos? @ npu usMerennu ¢ ot 60° go 60°30'.

8. y =37 +1/22* 1 6V%, Beuucaurs dy npu z = 1 u dz = 0,2.
9. sin60°18' ~?  10. arctg1,02 ~?

2 _
11. / %—;—g ~?  12. arcsin(0,4983 ~?
? .

13. f(z) = ®1*0-2) £(1,05) ~?

Nostopuoe maddepermpEponanme

l.y=22-32+2, y" =7 2.y=arctgz, y"(1)="7
" B.y=(+1)%, ¢"=7 4. y=cos?bx, y" =7

5.y=2%Inz, y'V=7 6.

z’ v =

T.y=e¥"1, y"(0)=? B.y=(1+zYarctge, y'(z)="7
=In{z + VI +2?), y'(z) =?

10. /1 — 22 arcsinz, y"(z) =7

§ 2.3. MpunoxxeHuna NPoU3BOAHON

2.3.1. KacatenbHas U HOpManb K NNOCKOW KPUBOH

Ecan nutockan kpusast, siBNstionasics: rpacgpuxoM dynxuun y = f(z)
B JEKAPTOBOH CHCTEME KOODAHHAT, uMeeT B Touke My (xo, f(zo))
KACATEJILHYIO H HOPMaJIb, HX OJHA 13 KOTOPHIX He NapaJuleibHa OCH
QY , TO HX YPABHEHHA, COOTBETCTBEHHO, HMEIOT BUJ

y ~ f(zo) = f'(o)(x — mo), y— Flzo)= —f,—(lg)(m - o).

HanpasiieHne KpuBo#t B Kaxk 108 TOUKE ONPEAENAETCS HATIPABIICHHEM.
KaCcATeJIbHOM K Hell B 3TOl Touke.
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PaccuoTpymM npamepsl.

CoCTaBHTh YPABHEHUS KACATEbHOK U HOPMAN!

1) x napabone y = z2 — 3z, rae & = 1;

2) x okpy>xHocTH 224y — 2z +4y 3 = 0 B TOUKAX NEpeceyenus
ee ¢ ocvio O X.

Pewmenne,

Ny=22>-3z.Ecmz=1,Toy=1-3=-2,9 =2z —3z.
Broukez =1y =2—-3=-1.

YpasHenue kacaTenbtol: y+2 = —1-(z -1}, smz+y+1 =0
ypaBHeHHe HOpMAIH Y +2 =2 — 1, mmH y -2+ 3 =0.

2) 22 +y% — 2z + 4y — 3 = 0. B TouKax nepeceyenns ¢ ocbio OX
y = 0, 3uaunt 22 ~ 2z — 3 = 0; 2, = —1; x2 = 3. Hailgem yrmioBnle
KO3(XPHIHERTb! KACATEIbHbBIX:

26+ 29y -2+4y' =0, z4+y-¢y 142 =0, y’:ilz.
B touke (-1, 0)
ro 141
¥y =— =1.

YpaBHenne kacateabol: y = (z+ 1), um ez —y+1 = O
ypasHenue Hopmau Yy = —(z + 1), umz+y+1=0
B rouxe (3,0)

Yparnenne KacatenoHoit: ¥y = —(z — 3), mu z +y -3 = O
ypaBHenne HopMas ¥ = (z — 3), wm z -y -3 =10.

*

2.3.2. CxopocTs N3MEeHeHNA NepPemMeHHOoR BennHb).
CKOPOCTb U yCKOpeHWe NPAMONNHERHOTo ABIWKEHNA

Ecau z ecTs GhyHkuus BpeMenn £, TO CKOPOCTb €€ M3MEHEHud
onpejessAeTcsa Npou3BoaHo dz/dt.

Ecnu Touka aBIDKETCs NPAMONTUHEHHO, TO €e CKOPOCTb V' H ycko-
penvie W onpeaensnorcs nepeoit W BTOPOH NIPOM3BOAHBIMH OT HY'TH
S no Bpemenn i:

V= W= =%
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TMosicHnM 9TH MONOKEHUsT MPUMEpaMy.

1. Touka aesxercsa no xybudeckolt napabone y = 2°. Kaxasn us
€€ KOOPARHAT U3MeHsieTcs: ObicTpee?

Pemenne. Ecmy = o(t),z = 1{)(;:) — NaPAMETPUYECKHE YPaB-
HEHHA KyOu4yeckol napaboan y = 2°, COOTBETCTBYIOMIME 3AKOHY
JBIDKEHHA TOMKH, TO:

dy o 202 dy dz _, 2
7t = 3z ry orciofa = 3z°.
. 1 dy dz dy dz
Ecmn o)< ABTE R <1, e 5 < —7, M, SHAMNT,
afcuucca & U3MeHseTCs GhICTpee OPAMHATHI Y.
1 d d d d
Ecmu |z| > 7 TO df’: - Hi:- > 1, re. .d'% > Egti’ U, 3HAYMT,

OpAHHATA § U3MeHsteTCs GbicTpee aGCLUHCCHI Z.

2. 3aBHCHMOCTb KOMYECTEa () BELeCTBa, MOYy4aeMoro B X¥Mit-
YecKoit peakuMK, OF BpeMeni L onpegenserca dopmynol Q = a(l+
+ b - e~™¢). OnpeaeauTsh CKOPOCThL PEAKI(MH.

Pemenune. CkopocTh peaxunu eCrb MPOU3BOAHAS
%% =a-b(—m)e~™ = —abme ™",

3. CxopocThb NPAMOAHHEAHOTO JBKEHMS TE/1a MPONOPIHOHAb-
, H3 KOPHIO KB&APATHOMY 43 npoiieHHoro nytH. JlokasaTh, 4TO ABY-

»KEHUE IPOUCXOANT NOA ACHCTBHEM IOCTOSHHOR CHIIbI.

Pemenne. [lo3akony Heiorona cuna I, BEI3BIBAIOIIAS ABHNKE-

HHe, NPONOPUHOHAIBHA YEKOPEHHIO:!

d’s
F d k_(t?fc
ds
CoracHo ycnosmio - = AV S. Orciona
&8 A dS A A2
@ awsd s VT

C it cT0 £8_F re £ = L
Apyro pom'dtz_k”'k_z'
22k
ST0 3HAYMT, YTO AcHCTBYIOWAA CUA3 F NOCTOsTHHAA ¥ PaBHA. -5
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CamocrosiTenbHas pabora

1. Haitri ypapHeHHS KACATEABHEIX M HopManelh K runepBone
y® — 222 =1 B TouKax, rae z = 2.

2. Touka asmxercs no napabone ¥y = 5 ~ 2 Tak, urTo ee abcuucca
U3MEHAETCA C TeYeHUEM BpeMeny ¢ N0 3aKoHy ¥ = a2, C Kakolf CKOPOCTHIO
H3MEHSAETCHA OPAUHATS TOYKNT

Paccmorpum Temeps eile jBa BaKHLIX NPUACKEHUA NPOUIBOA-
Hoii: ,

1) npasnao JlonnTansa (BeIYMCIIEHHE MIPEJEIOB ¢ NOMOLILIO NPO-
UBBOAHBIX );

2) nccneporaine GyHKUUY ¢ BOMOUIBIO NPOR3BOAHBIX ¥ NOCTPO-
eHue rpacdukos GyHKumii.

2.3.3. Mpaewno Jlonutans

[TycTb TpebyeTcs BHIYHCAHTS NTpeaes }:l_lg f(z). Ecnu f(z) —ane-
MeHTapHaA DyHKUKA W G NPHEAAJIENCHT 0OJaCTH ee ONpeieeHHs,
TO JJIS1 BBIYHCIIEHHS 9TOTO NPE/ENa HY)KHO NepeliTH K Npeaeny noj
3HakoM dbyHKuuu f(), 470 NpuBOANT K moacTaHoBKe B f{2) BMecTO
Z MPefeNbHOrO 3HAYCHNA Q:

lim £(z) =  (lim =) = f(a).

Ecnu ke @ He NPUHALNEKNT 00NacTH ONpeReieHns (PyHKLUM
f(z}, To popmanbHOC NPUMEHEHHe NPABUIT NpeJe/bHOro Nepexoaa
DPHUBOAXT K OHOMY MX CJIEAYIOLIHX CHMBOJIOB:

[g] [g] [0-00], [oo—o0], [0%, [%, [1°].

B 310M cniydae roBOpAT, YTO B TOYKE G HMEET MECTO Heonpege-
JICHHOCTb COOTBETCTBYIOIIErO THNA, 3 BHIYHCICHHE NPEAENa B 9TOM
Clyyae Ha3bIBAIOT PACKPHITHEM HEONpPeAeEHHOCTH.

Teopema 1. Ecau bynkumu o(x) n g(z) auddepeHumupyeMbl
B HEKOTOPO# OKPEeCTHOCTH TOYKM &, HPH & — G OAHOBPEMEHHO
ABAsIoTCA GeckoneyHo MaubiMu U g’ (x) # 0 B JaHHOH OKPECTHOCTH
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(ncxomouast, Moxer GuiTh, CAMY TOUKY @), TO

p(®) ¢'(z)
lim 255 = lim 505 221)
NPY YCJIOBHMH, 9TO TIpejea B npasoit wactu (2.21) cymecreyer (3a-
METHM, UTO @ 37eCh MOXKeT ObITh UHCIOM WJIH OAHMM U3 CHMBOJIOB:
+00, —00, 00).

U3 nauHOl TeopeMbl BLITEKACT Clleflylollee PaKTHYeCKoe Npa-
BHJIO PACKDBITHS HEONPEAGIEHHOCTEH NIEPBBIX ABYX TUIOB, HA3LIBa-
emoe nipabuniom Jlonutans:

Has packpeiTusi HeonpejeneHHoctedl Buga [0/0] nm [00/00]
HY>KHO OT Mpejesia OTHOMUEHNA ABYX (PYHKUUN mepefiTy K mpeje-
Jly OTHOWEHHS NIPOU3BOAHBIX. Ecnu oTHOEH e NTPOU3BOANEBIX CTpe-
MUTCS K HEKOTOPOMY nipegesty {koneuHomy Witin GecKOHEYHOMY), TO
K 9TOMY 7K€ IIPEAETY CTPEMITCH ¥ OTHOWEHHE (DYHKLMIA

Mpumeps.

Ilmx—5m+6 [_]_lim2w—5
‘2222 — 8+ 2 0] " 25220 -3

2. lim .13."2.-[9.9]__1 1/9:
T=+00 T o0 S0 1

=-1

MOoKeT CTy4HTBCA TaK, YTO OTHOWIEHUE IPOH3BOAHBIX CHOBA, TIPH-
BeJeT Kk HeonpeaeaenHocty suga {0/0] uun [0o/oo]. Toraa, paccmar-
pHBasd MMPOU3BOAHLIE KAK HCXOAHbIE (DYHKIHM, NepeiiieM K npegeay
OTHOLUEHHS! BTOPbIX MPOH3BOAHBIX H T. A.:

olz) _ o/ J) _ 100 _ . ¢'(a)
Jim 255 = foofod] = 4 70 = ool = 4 g7 =

Ecau Ha HeKOTOpOM I1are MBI NOJIYYHUM NpeAelt, TO ero 3HaveHue
1 OyAeT HCKOMBIM NPEASIOM OTHOWEHHA HCXOJHBIX DyHKUuMI.

. 32442+ 22 -5 o0
3. lim = = [—]:
z—o0 Hz*+8x—1
— lim 92 +8:c+2_[9£]_ fim 18z+8_[9£]__
x—wo 2023 +8  lool zoo 6022 Llool
18
= lim ——-—O

z~ro0 602
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4. llm cos5:c [0] x_’ 5sin5z= [g] -

z—0 a: 0 2z
= tim 5cosbz - & %
:c—)(l 2 2°
[Ipn npumenenun opmyist (2.21) MOXKET OKABATLCA, YTO ITPeAe
B MPABOit ee YaCTH He CYLIECTBYeT. JTO rOBOPHT JIHILL O TOM, YTO
npaswio JIONMTANA HENPUMEHHMO M HY>KHO BBIYHCIIATbL MCXOAHBIN
npeaen KaKuM-anbo JpyruM cnocobom.

5. lim M = [Q] = lim 2z sin(l/z) -oos(l/a:)'

x—0 sinz z—0 COsST

SToT nocne U Npefen He CyIIECTBYeT, Tak Kak cos(1/x) npu
z — 0 He crpeMUTCA HH K KaKOMy npegesy (koHeuHoMy Mau Gecko-
HEYHOMY), OYTOMY NpaBuIo JIONHTANR HENPHMEHUMO.

Brruscanm npeges HHLM cnocoGom:

2 .
2% gin — 2
. z 1 2
lim Z = lim (—— sin ) TaK Kak Jim —— = 1]
z=30 &

#—0 sinz sine x40 §in T
: & — GeCKOHEYHO MAJIaA
= lim (xsin—) =0 | npuz =0,
z—+0 x 1
a smn ; - ol‘paunqeua.

K Heonpenenennoctu Buaa [0/0] nau [oo/c0] MokHo nerko cee-
CTH H JpyTrHe BHAbLI HeonpeaeaeHHocTe:

(2]
: m(z)
imh(m)m(x):[()-m]:

Jim 2 = ] =

L k@

T. €. HeoNpeAeNeHHOCTh BHAA [0 - 00] MOXKHO NpUBECTH K OAHON U3
CTRHAAPTHBIX HeonpegeneHHocTel AnA AaIbHEHLIEro NpUMeHEHHs
npaeuna Jlonurans.
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. T o -
a) lim (1-z) tg 2= =[0- oo]

. l-z 0 . -1 . 2 .97z 2
= lim =[—]=hm-———=hm—sm —_——= -,
g1 AT a1 w1 z-= T 2 w
2 2sin2E
2

6) tim [k (z) — h ()] = oo — oo} =
1

llmk(:n) h(z)- [h(:c) -&E—)]=[O-oo].

8) Heonpenenennocrn sunoe [1%°), 0], oo®] packprisatores ¢ no-
MOIijblO OCHOBHOTO JIOrapuHMIIECKOTO TOXKAECTBA!

lim f (z)§@® = lim M FEE® _ i gE@)inf(z) fim g(@)in(z)
G T4 z—a

Ji1s BCEX TpeX PaccMaTpPUBAEMBIX CJy4aeB BbIYHCIICHYUE NPeAeas
:rl.ll;r}z g () f (z) cHoBa NpMBeaeT K PACKPBLITHIO HEONPEAENCHHOCTH
Buza [0 ¢0], 0 KOTOPOH MBI FOBODHIH B MyHKTe (a) HacTOALIEro
3aMEYaHHS!.

. /22 _ -
7. alcl_r>n0 {cosx) [1°] =7

i o : 1722 ) 1722)1 .
lim (COSSB)I/Q = lim eln(cosa:) 1= = lim e( /2%) ncocw‘
z—0 z—0 230
Boraucienue nocnesHero npefiedia CBENACh K BBIMUCACHHIO Mpe-

A8 OT €ro nNOKa3aTeJIAa:

lim {1/2")1n cos= —-exp(llm —in oosx) =[0-00] =

z—0
Incosz 0 . (—sinz)
=ex ( lim ) ( ) =exp | lim £ =
20 z° =0 2z
exp( xl',‘(}“ 2z 0 =exp xl’,ﬁ“ cwostz-2) ¢

[Mpasuao Jlonutans 4acTo HCNONB3YETCST PN OTHICKAHUN ACHMIT-
TOT MAOCKUX KPHBBIX.
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CamocronTennHasn pabora

Npapeao Jlommrana

. " +e -2 , ¥ +1
L lim ————. 2. lim ———.
a0 sin“ o z——1 sm(a: + 1)
. Vl+azsinz-—1 . l4xsinz —cos2z
3. lim ——u——. 4. lim —5 .
0 es ~1 z—0 sin“
2/ 2 -z * .
. z“(e® —e™7) . 8in2z —2sinz
5. ll_rff) B o 6. ll—% zlncos3z
— 2 1 —
7. lim 1 c082.93+tg a:‘ 8. lim sina —cosz
20 xsin3z z—nj4e  Intgz
sin2z _ _sing — ® _
9 lim=——° 10. lim . lim 222
z—0 tgz z—1 log, z—=1 Ing
3=+l _3 1-sin®z
12, lim ——M8M——. 13. lim ———.
z~0 In(1 + zV1 + ze*) 23 Cos’Z
T—e 1 -1
14 lim ——"— 15, lim —5
=-+1 gin(z* — 1) =43 tgaz
i+1 1
16. bim LEMZ gy i EEUVE
z—+01—1/z 0 . /o + 1/
Insin 3z . gi/=
18. z=40 In tg{r/2—z)’ S xl—l»n-llo logs =’
X
20, tim 82 31 hm 2CF3D op w2
z=2+0/2 8 8 * z-+—2/3 3 o0 g
tg—=x
4
Insi 1 10
23. lim 0% oy fim 8T g fim &
z=+0 Inz z—+0 ctgz x—+oo 10
2 2 5, .3
.z . In(z®+€%) . x4z
B ME M MneTres M MTEs
In si —- /2
29. nsinz - ogo him SEE=/2)

amto 1 [z x—n/2  tg3z
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2.3.4. OTbiCKaHVe aCUMNTOT NAOCKMX KPUBLIX

IMycre kpusas spaserca rpacdbuxom pyuxund ¥ = f (x). Iycrs
NpH X — +00 {Z ~» —00) 5Ta KPHBasi HEOTPAHHYEHHO IPUGINKAET-
€1 K HeKOTOpoit npamoit y = kz + b. B srom clydyae fauHas npsiMas
Ha3bLIBASTCS ACHMIITOTON KPHUBOM, npudemM npu &k # 0 — HaKJIOHHoﬂ
acuMnToToll, a npu k = ( — ropH3OHTANBLHOM.

Ay Ay

flz)—kz—b

flz) —kx—b
% -3
a) 6)
Puc. 2.8. Hakionubie acHMNTOTE! KpHBO#: a) npu T — -+oo; 6) npu
T — -0,

Onpepnenermme. Ilpsmas y = kz + b waseiBaeTca acumnmonmotd
xpusod f(x) npu & — +00 (T —+ —00), ecan
. ll)rpboo [f () — kz — b} =0. (2.22)
{z = —o0)
Mycrs xpusas y = f(z) uMeer acumnrory ¥ = k2 + b npu
z — +00. Toraa, cornacHo ONPEAENCHUIO, MMEET MECTO PABEHCTBO
(2.22). Pazgennm (2.22) na z:

lim [-f—g)-—k_g]=0’

T—++00 &
HJ/IK
im £2 g gim S,
Trtoo & z—-Po0 T
OTKY A3
k= him 1@ (2.23)

>+ &
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Ws (2.22) creayer, uro

b= xEToo[ f(z) = kz]. (2.24)

Taxum obpa3som, eci¥ KpHBasi UMEST aCMMNTOTY ¥ = kz +
+ b npu z — +00, TO cnpaseasuBbl paseHcTBa (2.23), (2.24), 1
HaoBOPOT, eC/IH BHIMOJHAIOTCS paBeHcTBa (2.23), (2.24), To KpnBas
HMeeT acuMnToTy ¥ = kz + b,

Te e caMble PacCy>KACHNASA CTIPABEANKBE PN T —> —00.

3amernum, 4TO eciu Mo KpalHeit mepe ofMH U3 npexesios (2.23),
(2.24) ne cymecreyer nim GeCKOHEUEH, TO KPMBAA HE HMEET ACHM-
NTOTLI NPH & — 400 (¢ — —00).

HpuMmep. y=ze™",

Haxomum acuMnToTy npn £ = +00:

. T . . 1
k= lim — = lim —4— = lim == 0,
zo+00 X z—+o00 € - & z—+00 €

. . x
b=l [£(e) - kel =t [ -0-2] =

l fore) BOCHONB3YyEMCA 1

= lim — = lim < =

Zz~++00 e“ [ ] TipasuaoM z—+o0 €%
Oﬂm

CnenosarenbHo, KasHas DYHKIUST UMEET MOPH3OHTANLHYIO {TaK
kak k = 0) acumrrory y = 0.
Haligem acuMnrory npu & — —00:

k= tim 2% hm L= e,
=00 X T—=—00 €

T.€. MPH & — —00 4CUMITOTHI PacthiK HEe HMEET.
2

-1
3aech
2 -~
1
k= lm o= lm == =[2]= lm ;=1
z—+00 (z—1)-2 z—+oo T—1 00 z—+oo 1

(2 = —oc) (z = —c0) {z =& —c0)
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. x? . -2tz
b= ]lm -1l-z]= ]lm ———
2—+o00 \z—1 & — +00 -1
(x = ~o0) (z—)-oo)
o0
= lim []— lim —=1.

z— +oo & - z—>+oo
{z =+ —o0) {(z = —o0)

Hrak, k = 1, b = 1. CneposaTrensto, rpacpnk UMeeT aCAMIITOTY
¥ = ¢+ 1, npudeM KaK B clIyqae & — +00, TaK H B CJIy4ae & — —00,

Iycrs @ — mekoTopoe unciao. Ecam kpusas y = f(z) neorpann-
YeHHO NMpHOMDKaeTeA K BEPTUKANbHO) npamoll ¢ = a npa = — a,
TO ¥Ta NpsMasi, NapanienbHad ock OY , HA3BIBAETCA SEPMUKAALHOL
acumnmomoti (eM. puc. 2.9)

AV
\1

2) 6) 5
Pac. 2.9, Beprukansubie acHMIOTOTH: ) Npu & ~ a; 6) npa 2 = a — 0;
Byupu & = a+0.

WUTak, npAMast £ = @ Ha3bIBAETCA BEPTHKAILHON aCHMIOTOTON
Kpusoh ¥y = f(x), ec/iH BHINOTHACTCA OHO U3 TPEX YCnoBult:

lim f(:c) =00

Lim f(z) = oo,

lim x) = 00.
s—m+0'f( )

CnepoBaTesbHO, AR OTHICKAHEA BEPTHKAJILHBIX ACHMIITOT HY XK~
HO Ha#TH TOYKR X1, X2, ..., BOJH3HN KOTOPBIX f(2) HeorpawuueHHO
BO3pacTaeT no Moayio. Toraa npaMble £ = T, & = Tg, ... OyayT
BePTHKAIGHBIMH ACUMIITOTAMH. '

6 Nessywwos U.B,



82 < [Inasa2. OAUODOEPEHUMANBHOE UCHACNEHWE <
2
z

Npumep. y= -1
Touka ¢ = 1 ne BxoAuT B 06MaCTHL
L g ompeJeNcHUuA AaHHOK (PYHKIVIK.
Borumcoam npepenst:  lim  fx) =
z—+1-0
. >
- im
1 T z—$1-02 — 1
2

= —oou I 1) -

= +400. Caegosarens-

lim
z+1+0 2 -1
HO, & = 1 — ypaBHeHHe BePTHKMILHOH
Prc. 2.10. Bepruxannrasn ACHMITTOTHI, TpHYeM BOMH3H TOYKH & =

aCAMITTOTS dyskums ¥ = = 1 dynkuus Gyaer Bectn cebs, Kak
= z'/(z - 1) )(mm'f""e' noKasano Ha puc. 2.10.
CKH ).

CamocTtosiTenbHan pabota

PackpurTh HeonpegeaeaHocTs (0o — o0

. T 1 " 1 1

1. i*ﬂ(z_rm)' % i’-‘!i(m"z--l)‘
/11 {1 =

. illf}) (;— e"’-l)' 4. ll—?l(lnz_lnz)'

(1,
5. lm}) (22 —ctg m).

»—!

Packprirts neonpeaenentocts {0 - co].

. . . x
1. =ll.g},(:tgz'z:-a.rcsm:c. 2. }m(x—w)-tgi.
3. lim lnz(e/~1). 4. him ™% .22
400 T30

5. lim {r/2-z)tg=z.
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PackprTh Heonpeaenensocts [1%°].
" 12 . Inz
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8. lim (tg(x/4~ )E
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H ctgx
6. zBT/z(tgz-'-l) .

§ 2.4. [pumeHeHe NPOU3BOLHOM K UCCITIEAOBAHUIO
yHKUMN

2.4.1. MpusHak noctoaHcTsa ¢hyHKuMK. TTpUsHaKn BospacTaHus
¥ YObIBaHMA (HYHKUWIA

Teopema 1. [lyia Toro arobut dyukuua y = f(z) 6bu1a nocroaHHa
Ha HEKOTOPOM NMPOMEXYTKe, HeoGX0ANMO U JOCTATOYHO, YTOGBI HA
aroM npoMexxytke f'(z) = 0.

Ipeanonoxum Teneps, yro y = f(z) # const.

Toraa MOXHO BHIIC/INTS HHTEPBAJLI, B KOTOPHIX DYHKIHA BO3-
pacTaeT uin ybrsaer (cm. m. 1.1).

Teopema 2. (Heo6xonumpilt mpu3Hax MOHOTOHHOCTH. )

a) Ecm y = f(z) anddepenmpyema 1 BO3pacTaeT Ha HEKOTO-
poMm mpomexyTke, To f'(z) > 0.

6) Ecu y = f(2) auddepennupyema u yObIBacT Ha REKOTOPOM
npomexxyTke, T f'(x) < 0 ua sToMm npomexyTke.

Joxasarenscrio. [[ycTh £ — HeKOTOpas TOYKA PACCMATPHBAEMO-
PO MPOMEXYTKA, & AT — BeIHYMHA HACTONBKO MAJIAs MO MOAYJIIO,
4TO T + AZ TAKXKe NPHHAANEKHT ITOMY NPOMEXYTKY. Bocnoabay-
eMCA ONpeAeICHUEM NTPOU3BOAHOMN:

fl(a)= lim LEF0D) =)

Az—0 Az

Ecma f(x) Bo3pacTeer Ha pacCMATPUBAEMOM IPOMEKYTKE, TO
flz+Az) > f(x) mpu Az > 0u f(z + Az) < f(z) npu Az < 0
(cM. puc. 2.11.).

6*
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f §/] Y
= f
f(z+Az) iy =)
H f(x + Az)
f(=) ) '
4; a; z+‘Aa: {; T x
a) 6)
Prc. 2.11. I'pacpuku Boaspacratomed ma {e,b) dynxwm: a) Az > 0

6} Az < 0.

Takum obpasom, Apobb NOA 3HAKOM NMpeeNa B ONPeJeNeHHH Npo-
U3BOAHON NONOXkHTEIbHA. Ho NpefesoM fOS0KHTENLHON BeMYHHDI
MOXET ObiTh MO0 NONOKUTENLHOE umMcho, iubo Houmb., [losromy
fllz)=0.

AHaJIOTHYHO MOXKHO JIOKA3aTh TeopeMy A/ chaysas yObIBasus
dpynkunu y = f(z).

Teopema 3. {JoCTATOUHbI IPH3HAK MOHOTOHHOCTH.)

a) Ecan na nekoropom wmrepease (a b) f'(z) > 0, 10 f(z)
Bo3pacraer Ha (a, b).

6) Ecm f'{x) < 0 na nexoropom unrepsase (a,b), To f(z)
yObIBACT H& BAHHOM HHTEPBAJE.

Han#yo TeopeMy npHMeM Oe3 JOKA3ATE/ILCTBA.

Pasiee Mbi OCTaHABAUBAINCH HA FEOMETPHYECKOM CMBIC/IE TIPOH3-
BopHoM. Vicxops 43 91010 yTREpIKAeHNA TeopeMbl 2 H 3 MOTYT ObITh
TPOWLTIOCTPHPOBAHBI reoMeTpHuecKH. B aoboit Touke mpomeskyTka
Bo3pacTanusa dynkuun y = f(z) xacarenvHas x ee rpacuky ob-

v by
v=1(e) V=1
tge >0 tge >0
/( @ 0<p<n/2 0<p<nf2
z z
a) 6)

Pac. 2.12. Casb MeXAY MOHOTOHHOCTBHIO DYHKLUAH H YINOM HAKJIOHS Ka-
caTesbHo#: 3} Ana nospacTaomel pynkunn; 6) ans yosisaomeli byHKIuK.
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pasyer ocrphiit yron ¢ ¢ ocbic OX (puc.2.122), Ha npoMexyTke
yObipanns ¢yHKLHN yroa ¢ Tynoii (puc. 2.126).

TaxkuM o6pasoM, NpoMeKyTKY Bo3pacTauna dyHkuuu f(z) co-
oTBeTCTBYeT caywalt tgy = f'(x) > 0, a npomexxyTKy ybnBanua —
cayysit tg @ = f'(z) < 0.

NMpumep. y=2%2—2z 4 1.

ObaacTb onpefeneHns AaHnol GyHKUHU: & € (—00, +00).

Haigem ¢ = 2z — 2 = 2(z — 1). CneaosarensHo, ¥’ < 0 npu

‘z<1luy >0npuz > 1.

Taxum ofpasoM, Ha MHTepBane (—00,1) dbyHkuua yGniBaert,
anpu ¢ € (1, +00) Bospacraer. B Touke 2 = 1 yGuiBanue nepexogur
B BO3pacTaHHe.

2.4.2, 3kcTpemymbl pyHruun, Heobxoaumoe ycnosue
aKcTpeMyMa

Dyuxuna y = f(z) MoxeT yObIBATE MM BOSPACTATH He BO BCel
cBoeit obnacTH onpefesneHAA. DTa 0BJACTb YaCTO PACNajaeTcA Ha
NPOMEXXYTKH, B OAHNX U3 KOTOPLIX (YyHKUMS yObiBaeT, B Apyrux —
BO3DACTAET.

Touka zp, oTAensowas MPOMEXKYTOK BO3PACTAHUS OT MPOMe-
XXKyTka yObIBaHUS ¥ NpUHagAeXKawas obracTu onpeaenenus Gyrk-
11K, Ha3LIBAETCA TOYKOH 9KC-
TpeMyMa.

Toukn skcrpeMyma OhlBa-
10T JABYX THIOB: TOYKH MakK-
cHMyMa QyHKUuHn, rge yHK-
UHA NEePeXOAHT OT BO3PACTAHMS
K yb6oiBanuio (puc.2.13; Touxu
T1 M T3) M TOYKH MHHUMYMa (CM.
puc.2.13; Touku xy ¥ Z4), TOE > 3 @ =i
dynkuns nepexoput or y6uisa- Pac. 2.13. Toukn akcTpeMyma.
HMA K BO3PACTaHHIO.

B Toukax Makcumyma Bemnunra f(z) Gonplue, 8 B TOYKAX MUHH-
MYM8 — MEHbILE, YeM BO BCEX COCEAHNX JOCTATOUHO BIIM3KHX TOYKAX.
Taxum 06pas3omM, JOrMYHO BBECTH CIEAYIOL e ONPEeNeH s,

Onpencnenme, Touka 2y HA3BLIBAETCA MONKOT MOKCUMYME
dbynkuur y = f(z), e gas moboit TOYKH T, npHHAAAEXKaLLeH

4}3
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JAOCTATOTHO MAJIOH OKPECTHOCTH TOYKH Zg,

f(2) < f(=o) (2.25)
H g — MOYKE MUNUMYMA, ECJIE B MAJIOH OKPECTHOCTH 3TOI TOUKHU
f(=) > f(=o). (2.26)

Onpegencame. 3Ha4YeHHsT PYRKIUHMM B TOMKAX MAKCHMYM2a B MH-
HAMYM2 Ha3bIBAIOTCH, COOTBETCTBEHHO, MAKCHMMAJbHBIM H MHHH-
MaJIbHbIM 3HA4YCHHEM d)YHKuHH.

OTMeTuM, YTO peuyb HAET
0 JIOKAJIBHBIX 3KCTPEMYMaX, T. €,
max M wMoxer OLITh Membile
minm {puc. 2.14).

Takum ofpa3oM, MaKCHMYM
¥ MHHEMYM (DYyHKUHH — 9TO He
HaubO/bLee U HAUMEHbIleE 3HA~
yenue GYHKUUE BO Beelt obna~
CTH ONpejeseHNs, & TOMLKO Max
WM Min 3Ha4eHust GYHKUMH O
CPABHEHHUIO CO 3HAYEHHUAMH (DYHKIUH BO BCEX COCEAHMX, GAM3KMX
TOYKEX.

Teopema 4. Ecniu y = f(z) anddeperunpyema B T04Ke T
1 UMEeT B 9TOH Touke SKCTpeMyM, To f'(zg) = 0.

Joxazareancrso. [Tycrs B Touyke Zo PyHKUUA MMEST MAKCHMYM.
Torga mo onpeaenehuio (2.25) Ais NPOUBBOALHOIO JOCTATOYHO Ma-
Jioroe no Moaymo Az byaer

f(xO-Az)—f(xO) <0 npH Ax>0
Az
" (2.27)
f(zo + Az) — f(20)
Az

Ipu Az -+ 0 o6a 3TH OTHOIIEHAA CTPEMATCA K 001IeMy npeaesy
f'(z0), oTkyna cnepyer, uto f'(zo) = 0.

Ecmn zp — Touxa MMRAMYM, TO, BOCNIONIB30BABILICH ONpejee-
aueM (2.26), MOXKHO MPOBECTH GHAJNOTUYHOE AOKAZATE/BCTBO,

D1y TeopeMy MOXHO NCTOJKOBATH NeOMETPHYECKH, HCNOAb3Ys
BHOBb CMBICJI NPOM3BOZHOM: €C/IM B TOYKE IKCTpemyma rpaduk

Ay

8y

Prc. 2.14, Touku 3kcTpeMymMa.

>0 mpu Az <0.
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dyHKunK ¥ = f(Z) HMeeT KACATENBHYIO H T2 KACATEAbHAA He Na-
panneabsa OY (xak aas Touku T3 Ha puc. 2.13), TO 918 KacaTeNbHas
obs13aTeIbHO napasnenbHa ocn OX (Toukn 2 W T3 Ha puc. 2.13).

Kpome Tovek skcrpemyMma, rae dhyHkumsa audpdepeHmupyema
M I8, KaK 1oxa3aHo sbiute, f'(zp) = 0 (rouxw &1 u zg Ha puc. 2.13),
MOTYT GLITh TaKMe TOYKH SKCTpeMyMa, Fae ¢ynkums f{z) neand-
Gepennppyema.

B Touke x3 Ha puc. 2.13 — MakcHMyM (KacaTeJabHas napajienibHa
ocu opauuaT, f'(zg) = ), B Touke T4 — MuHUMYM (KacaTenbHast
K rpaduKy BooOLIE HE CYIIECTBYET).

U3 Bcero ckasaHHONO BBIMIE CIIEAYET MPAKTHYECKOE MPABHIIO:
TOUYKH, B KOTOPbIX (DYHKUMA HMEET SKCTPEMYMbI, HAMJIEXKAT UCKATD
CpeAin TO4€K, B KOTODBIX:

1) f'(z) = 0 nmubo

2) f'(z} = co aubo

3} f'(z) He cyuiecTByeT, NPUYEM NPEANONATAETCS, YTO TOYKH ITH
NpUHaAAEXKAT oONacTu onpejesieHna GyHKuuH. ToukM YKa3aHHBIX
THIOB HA3BIBAIOTCH KPHTHUECKHMH TOY-
xamn I poga.

Y
OTmeruM, YTO HE B KAXKIOH Kpu- V(0) =6 s
THYeCKOH TOYKe (PYHKLHKS HMELT IKCTpe- N\ y=a

\ T

MyM. 0
Mpumep. y=z3 /

Her
y, = 332. IKCTPEMYME
Paec. 2.15. KyOudeckas
Touka z = 0 Gyper gasa gaHHOM yHK- napabona.

IHMN KpHTHYecKoil Toukoi | popa, Tak
kaKk ¥'(0) = 0. Opnako B 3TOH TOUKe SKCTpeMyMa HeT (puc. 2.15).
Kak ke pelrnTs BONpoC 0 HaJMYMK IKCTPEMYMa B KPUTHYECKOH
TOuKe?
Otser Ha 3TOT BONpPOC MLI HAlJEM B CiieAyIoleM naparpade.

2.4.3. /loctaTouHOe ycnoBue 3KkcTpeMyma (no | nponssoaHon)

Teopema 5 Ilycty zo Gymer kpurudeckoit Touxoit 1 poga ana
dbyuxipu iy = f(z). Toraa, ecnm B OKPECTHOCTH TOYKM Tp Gyaer
MEHSITBCS 3HAK MPOM3BOAHON, TO TOUKA T¢ -— TOUKA SKCTPEMyMa
NPHYEM, €CTH 3HAK MEHHETCH ¢ «+» Ha «—», TO B TOYKE Ty —
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MaKCAMYM, €CfIH € <—» Ha «-+», To MUHIMYM. MHave, eciu

1) 2¢ — Kpurnyeckas Touka I poxa,

2) ff(x)>0npuz < xom = T — TOUKE MAKCHMYMBa,
3) f'(z) <Ompuz > xp
ecu
1) ¢ — KpuTHYECKas Touka | poaa,
2) fllz) <Onmpuz < zgm = Zg — TOYKS MHHHMYMa.
3) fi{z)>0npuz >z
f{z) >0 max j'(z) <0 F(x) <0 min f{z)> 0
+ - 3 = y x
z0 Z0
Prc. 2.16. CxeMa BAXOXKISHHA Puc. 2.17. Cxema naxoxierus
MaKCHMyMa. MUHUMYMa.

Jdoxa3arensCTso 370l TEOPEMB! BEITEKAET U3 Teopembl 3 m. 2.4.1
{Tax, ecu npu & < 2o PYHKUHA BO3PACTRET, & IDH T > Zo yOLIBaeT,
T0 B TOUKe £g DYHKINA NEPEXOAHT OT BO3PACTAHHA K yObIBaHHIO, T. €.
Lo — TOYKA MBKCHMYyMa).

Ay
y==*
¥ >0,4(0) >0,y =322
0 %
y' >0 P 2 o
0
i
HeT akcrpemyma
Prc. 2.18, CxeMa, WUHOCTPHPYIOLIAs OTCYTCTBUE IKCTPEMYMa y KyGuue-
cKoii napabons.

3aMeTHM, YTO eCIM NpH NEPEXoAe Yepe3 KPHTHHECKYIO TOYKY
f'(z) ne meHnsier 3Haka, TO B KPHTHYECKOH TOUKE DKCTPEMYMa HET
(cMm. npumep ¢ KyGnueckoit napaGosoht).
2
T

Mpumep. y= pragt
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Qyukuus He onpeaesieHa npn & = 2.
y Z-4r z(zx-—4)
y= 5 = R
(z-2) (z—2)
yY=0mpuz;=0uzz=4
Harecem nHa oce OX TOuKH, He npuHaanekawue ofIacTH onpe-
Aenenns GYHKUNA, 8 TaKe KPHTH4YeCKHe ToukH | poaa:

z T2
T - = n

0 p) 4 T

Toraa ock pazobpeTces Ha 4 WHTEPBANA, B KAXKAOM H3 KOTOPLIX
NcCheAyeM 3HaK y'.

PaccragyM 3TH 3HaKn HAJL NETepBanamu. Torga, corsacHo Boime
u3noxeHHo# Teopuu, f(z) Bospacraer mpu z € (~—o0, 0} U (4, +00)
u youiraer npu z € (0,2) U (2,4).

Tak Kak B OKpeCTHOCTH TO4KM Z) = 0 3HaK y’ noMexsca ¢ <+»
Ha ¢—», TO 2] = (0 — TOUKA MAKCHMYMAa, & B OKPECTHOCTH TOYKH T3 =
= 4 3HaK i’ HIMEHHJICA ¢ «—» Ha <+», H, CACAOBATE/BHO, T3 = 4 —
TouKs MEHIMYMa. Toraa Ymin = f(4) =8, 8 Ymax = f(0) = 0.

Mpumep. [aHo ypasHeHue NPAMOIHHEAHOTO JBHIKEHUA TOTKH
x = 6t2 - t3 (¢ — B cekynpax, z — B merpax). Haittu HanGomburyio
CKOPOCTD TOYKH.

Peumrenne. Cropoers Toukn v = z'(£) = 12t — 3£2. Hcenenyem,
KOTHA ¥ = Umax. UTaK, Hy>kKHo HaiiTi HaubonblIee 3Hauenne PpyHK-
wnu v{t) = 12t — 3¢ npu ¢ € (0, +00).

Ha pannom npomexxyTke v(t) auddeperunpyema n v'(t) = 12—
—6¢. Haitnem xpuruaeckue rouxyu I poa: v/(t) = 0, T.e. 12—~6t = 0,
oTKyaa £ = 2.

Tax Kak B OKPECTHOCTH TOYKH t = 2 HaMeHwusca 3Hax v'(t), To
B TOUKE } = 2 -— DKCTPEMYM, pHUEM H3MEHEHHE 3HaKa NPON3OILIO
€ «+» HA <—», H, CTEJOBATENbHO, t = 2 — TOYKE MAKCHMYMA.,

Toraa v(2) = 12-2—3-22 = 12 (m/c) — MakcHMaIbHOE 3HaYEHHE
CKOPOCTH.



90 < nasa2. IMOOEPEHUMANBHOE UCHUCNEHWE <

2.4.4. BbinyknocTb ¥ BOrHYTOCTb KPMBbLIX

Kpuas, ssaaoiascs rpabukom byskuun ¥y = f(x), Hasw-
BAETCS BbIMYKJOH Ha HEKOTODOM TMPOMEXKYTKE, €CAM OHA LEINKOM
_ JIeXKHT N0 KAacaTeNbHol, npoBefennoN x Hel B moboli Touke sTOrO
npoMexxyTka (puc.2.19a).
KpuBas Ha3bIBAETCH BOTHYTON H8, HEKOTOPOM IPOMEXKYTKE, €/
QHA, HEIHKOM JIEXKUT HAJ, KACATeNLHO!, TpoBefeHHOMN K Hel B nioboit
TOUKe 3T0r0 NpomexyTka (puc. 2.196).

W

flz+4z)
f(=)

:;: Iz + Az ?:
2) _ 6) .
Pac, 2.19. XapakTep BhINYKJIOCTH KPUBbIX: 8) — KPUBaA BRIMyK/Ia; 6} —
KPHBaA BOTHYTA.

'Ecnu rpaduk BeIyKIBIE Ha IpoMexXyTke, To Ay < dy, a ecou
BOrHYTHIH, TO Ay > dy B mobol TOYKE £ ¥ JLIA NPOU3BOJILHOIO
Az # 0, HACTONLKO MAJIONO TIO MOAY/IIO, YTOOL! TOUKA & + AZ He
BBIIILIA 33 APEJebl PACCMATPHBACMOTO TPOMEXKYTKA.

Teopema 6. Ecim dynxius y = f(z)asakam subdepeniupye-
MA HA HEKOTOPOM HPOMEXKYTKE U HA JaHHOM npomexyTke f”(z) <
< 0, To rpaduk PyHKuuy BEMYKABLE, ecan xe f7(z) > 0, rpadux
GbYHKURY BOCHYTHIN Ha JAHHOM NPOMEXYTKE.

Mpumep. y =23,y =322, y" = 6z.

y">0 mpu >0, ¥'<0 nmpn z <0

CrefoBaTebHo, COMVIACHO Nocheanel Teopeme, ¥ = f{z) Boinyk-
Jga gas £ < 0 u BoruyTa puist z > 0.

2.4.5. Toukn nepernba rpacduka GyHKUMW

Ipaduk dbynxopuu y = f{x) MoxeT GLITH BLINYKIBIM WY BO-
THYTHIM HE 8O BCel obaacTu onpegeneHus sroll pyHxkuun. Obaacrs
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onpegesieHns1 (PYHKIMH YACTO PACAAAACTCA HA IPOMEXKYTKY BBIMYK-
socru ¥ BorHyTocTH (1 1 11 Ha puc. 2.20). Touku, oraenmoupe apyr
OT ApYra NPOMEeXKYTKH BHITYKJIOCTH ¥ BOTHYTOCTH, Ha3bIBAIOTCA TOY-
KaMu nepernba bynkuun. eoMeTpUIecKy 3TO 3HAYHT, YTO KPUBas
JIEXKHT HAZ KacaTeJbHOl ¢ 010l CTOPOHBI OT TOYKH neperuda i nozp
KacaTeabHO# ¢ Apyrofi.
*  ABHaNoOrnyHO ONpefie/IeHNioc KPUTHYECKOH TOUKM TIEPBOTO POAa
MOXKHO BBECTH ONPEAEICHHE KPHTIYECKO! TOIKH BTOPOTO poAa.

Touxa zp, NMpuHAAMEXKawast 0ONacTH onpeaenenns yHKIMH,
Ha3bIBAETCA KPUTHEECKOH TOUKON BTOPOro PoJia, €CiiM B ITOR TOUKE
BLINOJHAETCA OAHO U3 3 YIOBHIL:

1) f*() = 0 mbo

2} f"(xp) = oo nubo

3) f"(xp) ne cymecTsyer.

Touku neperuta cnegyer UCKATHL Cpeai KPUTHHECKMX TOUEK BYO-
poro poga. Ho He BCiKag KpuTHYECKas TOYKA BTOPOrC POa SBAAETCS

f 4

Q)

Pre. 2.20. Touky nepernfa Kaxk rpaHHubl ONPOMEXKYTKOB BLITYKIOCTH H
BOTHYTOCTH.

TouKo# niepernfa. OAHaKO €CIH L — KPHTHYECKAs TOYKA BTOPOTO
POZa M B €€ OKPECTHOCTH H3MEHAEeTCS 3HaK BTopoit npou3BoaAHOM, TO
TOYKaA Lo — TOYKa Tleperuba.

Ecnu g — xpuTHdeckas TOYIKA BTOPOrO POAA M B &€ OKPECTHOCTH
U3MEHWJIICA 3HAK BTOPOH NPOMU3BOAHON, TO TOYKA L¢ — TOUKE mepe-
ruba.

4z -1
NMpumep. y= 5 2 € (—o0,0) U (0, o0)

f_(F224+1)-2  —4z42
y xs - xs ?
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”= 83_6

2:4

y" =0, esiu z = 3/4 — KpuTHYECKAs TOYUKA BTOPOrO poja.
Ha oce OX nanecem z = 3/4 u BbikoNeM Touky z = 0 (z =
=0 ¢ O0®).

[} 4

0

e

B kaxxaoM u3 nomyYMBIOHXCA TPEX KHTEPBAJIOB HCAIEAYeM 3HAK
BTOPO# NPOM3BOAHOH ¥ paCCTABHM HAZ HHTEPBAIAMH COOTBETCTBYIO-
1Me 3HAKH.

B oxpecrHocTH Touku £ = 3/4 uamenwnca suak y”. Cneaona-
Te/ILHO, 3TO TOYKa NMeperuba. .

Hrak, B nynkrax 2.4.1-2.4.5 M paccmoTpenu 3afayu o6 uc-
creposanuu PyHKIME o neproli U BTOPOI npoussoaHoHi. Temeps
o0befMHUM 3TH 3HAHHS, YTOOH CTPOUTb rpadukn dbyHKumit.

2.4.6. MonHan cxema WECNeROBaHNA (PYHKUHH C NOMOUILIO
NPOK3BOAHLIX ¥ NOCTPOSHMA rpacukos

3uanue npoMexyTKoB BopacTanus (ybbiBatus) QyHKuMH, Npo-
MEXYTKOB BBIIYKJIOCTH (BOrHYTOCTH), TOMEK 3KCTPEMYMa, Nieperu-
6a, a TaKIKe ACUMITTOT MO3BONSAET HMETh BOCTATOYHO MIONHOE TIPEA-
CTaBJICHHE O XapaKTepe nopeieHns GyHKIIHA, YTO JaeT BOSMOXHOCTH
MOCTPOUTD €€ rpacpuk.

L. SnemenTapHOE HCCheNOBaENE
Jlaa nocrpoennsa rpaduka yaoGHo mposecTh cnegylou;ee Heene-
JOBaHUE;
1) Ycranosuts obiacts onpeneneHus GyHKIuH.
2) Hatitu Touku nepecedeHns rpapiKa ¢ OCAMU KOOPAWHAT.
3) Ucenegopath yHKIUUMIO Ha YETHOCTh, OTMETUB KaKylo-nubo
CHMMeTpRIO rpaduKa (ecy OHA CYIIECTBYET).
Hanomuum, uro rpadpuk ueTHolt dyRKIUH CAMMETPHYEH OTHO-
“cureabHo och OY, a rpadux HeyeTHOH (DYHKUMU — OTHOCHTEIBHO
HaYaJ1a KOOPAHHAT.

II. Haxoxpenne acEMuToT rpadaka
Cwu. puc. 2.21.
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00

zZER

% £ 2o

BepruxkanbHpix
ACHMNTOT Her

=% —
BEPTHKANBHAN aCHMINTOTA

HaxoxaeHue HAKJIOHHBIX H I'OPHIOHTANLHEIX ACHMIITOT

Boiuncnenue

K= lim &=
=300

Haknonuex

H 'OPUBOHTAIBHBIX

Bryucnenue
b=_lim [f(z)—k]

Bepruiaanusix
W HAKAOHHBIX
ACUMITTOT HET

= kx + b — acumnrTora
k = 0 — ropusonTansHas,
k # 0 — naruontad)

Puc. 2.21. Cxema BHMHACTCHUA acUMOTOT PpadukoB dyHKkoum.
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II1. Hccnenoranne GyHKnpu 0o NEpBoi Mpor3BoaHoi (HpoMeXyTKH
MOHOTOHHOCTH, IKCTPEMYMBEI)

1) Hatit o' (z).

2) Hanttu kpurayeckue Todku [ poaa.

3) Ha oce OX HanecTH TOUKH, He TIPHHALNEXKALUME 00JaCTH
onpefeaerna GYHKIMH (BBIKONIOB HX), & TAKXKE KPUTHYECKHE TOYKH
I pona.

4) Torga ock O X pasobbercsa Ha paa uHTepBaoB. B kaxkaom u3
HHTEPBAJIOB ONpeAeanTsb 3HaK ¥ (x) (Ans sToro A0CTATOMHO HAWTH
3HaK 3 B N1060# TOYKE KAXKAOTO MHTEPBAa, TOCKOILKY BHYTPH JTI0-
60ro MHTEPBaNa 3HaK Y’ (2} He MEeHsIeTCs1) 1 OTMETUTDb NoyYeHHble
PE3Y/ALTATH HAJ COOTBETCTBYIOMIMMU HATEPBAIAMH.

[lycts, Hanpumep, f(Z) HMeeT NATHL KPHTHYECKHX TOWEK nep-

BOrO POJIA %1, 22,...,%5, & B TOUKE Ty (PYHKUHA He ONpeAeeHa
(pme. 2.22).
¥ = + = + + -
T z2 z3 To T4 z5 -

Pre. 2.22. Cxema ans ncenefosanus ¢ = f{z) no g'.

3aeck «-+» osnavaer, uto f'(z) > 0,a «—» , ur0 f'{z) < 0.

INo 3naky y'(z) HatiTn urrrepeabl BO3PAcTAHAA U yObIBaHM (Ha
pHC. 2.22 CUMBOJI «™» 03Ha4aeT yObBaHHe PYHKUUH B SAHHOM
WHTEpBAJE, & «~—"» — Bospacrauue f(z)).

Tak, dynkuusi y = f(z), paccmorpennas Ha puc. 2.22, peger
cebs cregyomuM obpa3oM: OHa, BO3pacTaeT A & € (—o0,z1) U
U(z2, 23)U (o, 24)U(£4, 25) n yOuiBaer npn & € (21, 22)U(£3, 2o)U
U (x5, +00). ‘

5) Haiitu Touxu skrpemymos cdbynxumu (npu nepexose uepes
TaKHe TO4KY ' (z) Mensier 3uaK). OQHAKO 3aMETHM, WTO TOMKH IKC-
TPEMYMa — 3TO TOYKH, KOTOPbIE 003aTEIbHO NPUHA/IEKAT 001aCTH
onpegeneHns GyHKLHH.

Tax, Ha puc. 2.22 TOUKM Z1, X2, £3, £y — TOUKH SKCTPEMYMOB,
NPWYEM TOMKH Xy, &3, &5 — TOMKH MaKCHMyMa (TaK KakK B MX
OKPECTHOCTAX 3HAK ' MOMEHANCA ¢ ¢+ Ha ¢—»), & TOYKA Ty —
TOUKS MEHUMYMa (3HAK ¥’ B OKPECTHOCTH ZaNHO# TOUKH M3MEHWICH
€ «~» Ha <+»). B OKpEeCTHOCTH TOMKH T TAK)KE MEHAJICH 3HAK
NPOH3BOAHOMN, HO 9Ta TOYKA He SIBJINETCS: TOYKOM SKCTpeMyMa, Tak
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KAK OHa He BXOAWT B ofacThb onpeaesienus ¢pynxiuun. Touka x4 He
ABJISETCS TOYKOH SKCTPEMyMa, TaK KaK B CieBa, ¥ CTpaBa OT Hee
3naK ¢ oMH 1 TOT ke (<+»).

6) BryucmuM 3HaueHus (QYHKIMH B TOYKAX IKCTpPeMyMa:
My(z1, f(z1)), Ma(xs, f(zs)), Ma(xs, f(xs)) — maxcumyms,
u m(zg, f(20)), m(z2, f(22)} — MuHEMYMbL.

1V. Mccnenosanme ¢GyAKmEM IO BTOpol mPOH3BOAHOA (XapakTep
BBINYKJIOCTH ¥ TOIKH mepernba)

1) Haitru ¢ ().

2) Haiftu kpuruueckue Touku Il poga.

3) Ha oce OX Hanecty TOUKH, He NpUHAj/EXAe obnacTh
onpezeNenNs, a Tak)Ke KpUTHdeckue ToYkHM 11 poga.

4) B KaKJOM M3 NONYYMBIIMXCH UHTEPBAJNIOB ONMPEAEIUTD 3HAK
v’ (z). llycrs, Hanpumep, f{z) umeer 3 kputuueckue Touku I poga
Tg, &7, Tg, 3 B TOUKE To DYHKIMA He ONpeeseHa, H 3HaKH " pac-

U n U U n
T = ¥ ¥ = .
T 2o Tea T8
Puc. 2.23. Cxema pna uccnegopannst y = f(z) no y”.

NpeJeJIUANCH 10 UHTEPBAJIaM KAaK MOKA3aHO Ha pHC. 2.23. SHaxamu
«U» ¥ <«N» 3JeCh NOKA3AHO HATPABICHHE BBIMYKJIOCTH:

«U» — dyukuus Borryta {f"(z) > 0),

«N» — pyakuus emykaz (f7(z) < 0).

Kak ciegyer us Puc. 2.23 y = f{z) ssnykna gnst 2 € (27, 2o}V
U (@3, +00) 1 BeIrHyTa A01s & € (—00,27) U {0, zg) U (w6, 28) U
U (x4, z5).

5) Haittu Toukn neperuta (Toukn, B OKpecTHOCTH KoTOPbIX ()
MEHSIET 3HAK).

Kak sugno us puc. 2.23, rouxams nepernGa dyayT: ©7, ¢g. Touka
To HE SABJAAETCA TOUKOH nepernfa, TaX KAK OHA He MPUHALACHKHUT
ofnacTy onpeAenenus, & TOYKS, £ — TAK KaK B €6 OKPECTHOCTH 3HAK
BTOPO MPOU3IBORHOMN TTOCTOSIHEH.

6) BoruncnuTs 3ra4eHns GyHKUMH B TOUKAX neperuta.

(Mi(=7, f(z7),MMa(xs, f(2s) — nepernbui pynxuymu).
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V. O0beapEeHRe Pe3yNbTaTOB NyHKTOB 3 I 4

OueBnaHO, YTO eciin, Hanpumep, PyHknua f{z) Bo3pacTana B He-
Koropom nHTepBasie (a,b) u Gbina BOrHyTOH, TO ANA MOCTpoeHMA
rpacduka B JaHHOM HHTEpBaJIe HY>KHO B3ATb aHAOr NPaBoil BeTBH

napabonel (prc. 2.24a).

# z
p— S | e i | /
a b - a b J
/ - /
L) .
‘
r—d \\ / l—-—; /
a b N -3
\ - \

B, T,
Prc. 2.24. Cxema ans mecnegopanua y = f(z) mo y”. Obosnauenus
B TEKCTE.

Ecau e ¢ynxkuua sospacraer Ha (a,b), HO Bhinykna, Gepem
aHanor NieBodl BeTBH Mapabonbl (cM. puc. 2.246) U T A

VL Hocrpoenne rpaduka o pe3yabraram nHcciesopanns 1-5
OTMmeTHM, YTO HHOCAA A5l YTOYHEHHS BH/la rpadhKa, ueiecoos-
Pa3HO BBIYHCINTH AOFINIHHTENBHO EHIE HECKONbKO 3HaueHul dyHK-
UMM B ¢OOBIKHOBEHHBIXY TOYKAX,
UznoxkeHRy10 CXeMY NPOHJUTIOCTPHPYEM CEAYIOLMM MPUMEPOM:

1-2z

y= 22—z2-2
[. SaemenTapuoe ucenenosanne
1) Jannas cdbyHxuus npeacrasiaser coboi Apodhb, a 3HAYMT, OHA
He ONpe/ieJIeHa, eC/I 3HAMEHATeNb 2% — & — 2 = 0.
Ha#tnem xopuu 3uamenarens ; £y = —1, 23 = 2.
CnenoBarenibHo, 065acTh onpegesienns GyHKUHH HMeeT BUE

z € (—00,z — 1)U (-1,2) U{2,+00).

2) Onpeaenum TOYKHM nepeceveHus PyHKIMN ¢ OCIMIA KOOPANHAT.
Mycre z = 0. Torpa y = —1/2, T.e. Touka (0, ~1/2) — Touxa
nepeceyeHus rpacuka ¢ ocsio OY.
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Eciw y = 0, 70 1 — 22 = 0, 1, ciegosatensho, ¢ = 1/2. Touka
(1/2,0) — nepeceuenwe rpaduxa ¢ ocvio OX,
3) Paccmorpum ysKumMIo Ha aprymente (—2):

_1-2(~-z) _ 142
f-2) = (-2)*-(~2)-2 2*+z-2

Kax eugno, f(—z) # f(z) n f(—z) # —f(z), a ssaunt, y =
= f(z) — bynkuus obmero BuAa, u rpacduk ee He OONAfALT CHM-
MeTpHel HH oTHOCHTeARHO ToukH O(0, 0), Wk oTHOCHTEALHO OCH OY .

II. AcuMnToTHl

Tak xak Touku z = -1 0 T = 2 He npHHagnexxar 0baacTn
onpeeneRus (PYHKUMK, TO CIEAYET PACCMATPUBATh npejen (pyHK-
UMK TPK CTPECMIICHMH APTYMEHTA K JJAHHBIM TOMKAM CfeBa H CTpaBa
OT HHX.

HTax,
1-22
—!ll.?+0 fa) = —»-14-0 (z+ 1)(m 2) %
sal-0? ¥ a=—>-1—0 (z+ 1)(9: 2) oo

Torma nmo onpeaeneHMI0 ypPaBHEHWE BEPTHKANLHLIX ACHMMTOT
HMeeTBUA T =2u o = -1

1-2z
Ao = IR e =
1-22
l'm f(z) xaz-ﬂm e

Teneps paccMOTPHM BONPOC O CYULECTBOBAHHU HAKJIOHHBIX (ro-
PH3OHTAJILHBIX) ACHMIITOT.

Beruncaum
k= lim f&) _ lim #=0
=400 & 2-r4o0 ¥ — 2° — 22
(no npaeuny Jlonwrans).
Torga
. 1-22
b= zly-ir-loo [f(z) = ka) = -I-:'-f—loo zt—-x-2 =0

7 Rasaywwos U.B.



98 < [naea 2. AUDDEPEHUUANBHOE UCHUCIIEHUE <

Urak, npu £ — 400 Mul monyunm: & = 0, b = 0, u, cregora-
Te/IbHO, CyIMECTBYeT FOPH3OHTAIbHAA acuMnToTa y¥ = 0.

AnanoruyHbiM o0pasoMm, npy £ — —oo k = 0, b = 0, a 3navuT,
y = 0 — ypagHeHHe rOPUBOHTBILHON ACHMITOTH H NPpY & ~ —00.
Haxnonnsix (k # 0) acumnror ser.

III. Uccnegonanne pynxunu no y'(z).

Beruucnum ' (z) no npasuny guddeperuupopanust gpobett:

y(z) = (1-2z)(z® z(z 2-). & (1 2)22.1:}(:1: @ — 2)
Y 2) (1 —2z)(2z - 1)
- (@F-—z-2)
_ ~2af -z -2+ (2z- 1)2
- (2% — 2z —2)%
_ —2z? +2a:+4+4a: —4z+1 _ 22°-2z+5
- (@ -z-2)° R

Ipupasusem ypasuenue y' () « Hymo. Torga 222 - 22 +5 = 0.
Ho AUCKPHMIHAHT IT0ro ypaBHEHHA OTPHUATEIEH, H, (NEA0BATE/b-
HO, KOpHEH HeT. 3Ha4HT, KpUTHYECKHX Touek I poAa HeT, W Ha och
OX uaneceM TONBKO T€ TOYKH, KOTOPbIE HE MPHHAANIEHAT 06/18CTH

onpegenerins GHyHKIMH:

NN,

-1 2

B kaxKI0M M3 MHTEpBaJIOB PAccMOTpuM 3HaK ¥ (zk

ENCTNT

- 2

Taxum 06pazom, B KAXKAOM U3 MOy HHBLIHXCA UHTEPBAAOB DYHK-
LIHA BO3PACTAET, & TOYEK IKCTPEMYMA HET.

IV. Hcenenopanue bynkunm no ¢’ (z).

1) Beraucsmum

"(a:)—( @ -—::::;)5)
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_ (4z-2)(z?~2-2)* - (22" - 22+5)-2(z’ -2 —2)- 2z -1) _

(#*-z—~2)*
_ (2-2) (2’ —2-2-222-22-5) (4x-2)-(-2*+2-7)
- (z* - z - 2) - (@ —z—2)°

2) Haiigem xputuaeckue Touk Il popa. HajigeM kopun ypashe-
mns ¥ (z) = 0

(4z - (—2?+x —T7) =0,

Wi
(2x - 1)(z* ~x+T7)=0.

Mepsas ckobka paBHa Hymo, eciu & = 1/2, a BTopas B 0 He
ofpalaeTca, Tak Kak AUCKPHMMHAHT 3TOT0 KB3APATHOTO YPpaBHEeHHUA
MeHbLIe HyJs.

Wtax & = 1/2 — xpurnyeckas Touka Il poga.

3) HaneceM 3Ty TOuKY, & TaKxKe TOUKH £ = —1 u £ = +2 (ne
npuHaexar obnacty onpeaenenns byHkunn) Ha ock OX.

B xaxkAOM M3 NOJyYeHHBIX NHTEPBAJIOB OnpeAesuM 3nak 4" (),
8 TAK)Ke HANPABNEHHE BLIMYKIOCTH:

-1 2 -1

wh=

1
3

Wrax, dynkuus sorsyTanpu x € (—oo, —1)U(1/2, 2) v Bemnyksa
npu z € (=1,1/2) U (2, +00).

Touxn ¢ = —1 1 & = +2 He ABAAIOTCA TOYKAMH neperuba, a ¢ =
= 1/2 — Touxa nepernba.

4) Ha#tpem f(1/2); 11(1/2,0) — Touxa nepernba.

V. O6veanunmM uccnenosanna nyuktos Il n 1V,

VL. [Tocrpoum rpaduk y = f(z):

7
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¥
t [}
] 1
[} 1
) }
' :
| (
: :a:=2
‘ ;
1 n_- Y y=0
-1*: -2471/2 1 jz T
' )
3 [}
z=-1} g
{ ‘
] )
t [}
CamocrositenbHaa paGota
Hocrponrs rpaduk dynkuun:

22 . 22
Ly=g—g 2y=VI-2 Sy=5—
4 _3zt+1 5 = z? : -1

—F Sy=gaop Sv=Tgo
2 3
z°+4 1-22 4—2z
7.y— pn Sy—- xz Qy—-—;;—
2z? z?
10. y = . 11. y = .
V=71 V=vd
z+1)(z+2) «?
12, y = —— 55—, 13. 4y = .
4 z* V=TT
2 z° (z - 3)?
14, y = . 15. ¢y = . 16. y =
Y et vE R 6.y 4z -1)
3 2 _
17 y=2t~6s2. 18 y=tE tTE-3
2z

2 2

2z —-z-1 z¢—-6x+13
19. y = . . Y= .

y m2_2x my :B-3



raaeq 2
OYHKUNA ABYX NMEPEMEHHDbIX

§ 3.1. MoHATHE (PyHKUMK ABYX NepeMeHHbIX

TlycTe 3agaHb1 B8 HenycThiX MHoxecTBa D € R2 u E €
€ R. Ecnu kaxxpaoti nape sHavenuit (z,y) uz gannoit obnactu D
COOTBETCTBYET BIIOJIHE ONpefeSIeHHOE €AHHCTBEHHOE 3HAYEHHE 2 €
€ E, To nmepeMeHHas z Ha3bIBAETCA (byHKuUMEH 2 NEpEeMEHHbIX, & &
M Y Ha3bIBAIOTCA HE3ABUCHMBIMHU TIEPEMEHHLIMH HJIM APTYMEHTAMH.
O6nacts D naspiBaeTcs o6NacTbIo OnpeaeneHns (hyHKUUH, MHOXe-
ereo E = {z = f(z,y),(z,y) € D} — MHOxecTBOM 3HAYEHMIt
$ynxnuu, O6osnauenue pyHKiun 2 nepemenHnx: z = f(x,y), Hau
z=F(z,y), wm z = z(x,y).

2

z = flz,y) Mo(zq, Yo, 20)
/ M(z,y, 2)
W ; T !

§ ]
% Po(xoy yﬂ)
z P(z,y) D

Puc. 3.1. Haobparkenne GyHKIMH ABYX MEPEMEHHBIX B TPEXMEPHOM Mpo-
CTPAHCTBE.
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Yacrubim 3HaueHweM QyBkimME 2 = f(z,y) Ha3LIBAIOT YA,
COOTBETCTBYIOIEE KAKOK-In60 onpesieNIeHHo# nape 3HadeHult apry-
MEHTOB.

Anst o6o3HaveHUs: YacTHOrO 3Ha4YeHus dyukuun z = f(z, y) nps
T = 29 ¥ Y = yo ynorpebnsercs cameon f{zg, yo), HIH, YTO TOXKE
camoe, zo = z|;_,>. Kaxpas napa smasenuit aprymesros (z,y)
reOMeTPUYECKH OnpeaensaeT TouKy P Ha miockocTH 0y, a 3HAYEHHE
¢ YHKUMH B 3TOH TOYKE 6CTh ANMNKATA 2 NPOCTPAHCTBEHHON TOYKH
Mz, y, z). TeomeTpuyeckoe MeCTO BCeX TOYEK M €CTb NIOBEPXHOCTS,
B33MMHO OJHO3HAYHO NPoeKTHPYoWanca B obnacte D Ha naockocTn
zOy (puc. 3.1). DTa NOBEPXHOCTb CJYKUT FeOMeTPUIECKEM 1306pa-
>kernem (rpacuxom) dynkunn f(z,y). MHorga ncnonesyor sanucek
z= f(p).

INepemennan BesmunHa U HaswpiBaeTes QyHKUHEN HE3ABUCHMBIX
MePEMEHHLIX Ty, X2, . . ., Zn, €CIIN KAXKAOH cHcreme 3HaveHuh (1,
T2y ..3Tn) ITHX NEPEMEHHLIX M3 JAHHOH 06/1ACTH MX U3MEHEHuS
COOTBETCTBYET €JUHCTBCHHOE 3HaueHue Beamuunbt U/, OBosnavenue:
U= f(zy, 22,...,25) win U =U(x1,22,...,2p) 071 .

B cnyyae ¢ynkuun 3 nepemennsix mimyt U = f(z,y, 2); Kax-
Aast cucTeMa, (2, ¥, 2) 3HAYEHU APTYMEHTOB ONPEAEIAET HEKOTOPYIO

TOuKy M TpexMepHOro NpoCTPAHCTBA.
[Ipumep 1. Beipasurh 06beM KpyroBoro
KkoHyca V' kak dyrKumio ero obpasyromedt x
z H PagHyca OCHOBAHHSA Y.
Pewenne. ObbeM XpyroBoro KoHyca
(puc. 3.2) paBer 0fHON TPeTH NMPOH3BELEHUS
nroland ocHoganna S Ha Beicoty h. Tak kax

1
Puc. 3.2. Kpyrosoit S = ’792, h=+ z2~y2, 0V = §1ry2 X

KOHYC. X /22 — y2. D10 U eCTh UCKOMAs PYHKUHS.
Npumep 2. Haktn vactHoe 3HaveHue bynkunu f(z,y) =
2zy
B Touke P(2,—1).
Ty &=
Pemenue.
2:2.(-1 4
f(27 _1) = ( ) =

Z+(-1)2 T F
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§ 3.2. ObnacTtb onpegeneHus yHKLUMN

Eciu ¢pyHkuns 3a5aHa aHAINTHUECKUM BbhipaxkeHHeM (opmy-
aoh) Ge3 KaKUX-AH60 AOMOIKATENBHEIX YCIOBHIA, TO Mof ee 061acTbio
onpeAeneHHA NMOHUMAIOT ofIaCTb CYLECTBOBAHUS AHAIUTHUECKOTO
BBIPAXKEHMH, T. €. COBOKYTIHOCTb BCEX TOY€EK, B KOTOPBIX JaHHOE aHa-
JTUTHYIECKOE BHIpaKeHHE OMpefesieHO ¥ MPHHUMAET TONILKO AeiCTBH-
TeabHble 3Ha4YeHuA. O6nacTs D HA3LIBAETCA 3aMKHYTON, €Cau OHA
BKJIIO4aeT B ce0d BCE CBOM IDAHMIIBI.

QO6nacts onpegenenns pyHKUMY 3 NMEPEMEHHBIX MPEACTABJIAET
cobo#t HEKOTOPYIO MPOCTPAHCTBEHHYIO 0GJIACTD, B YACTHOCTH HEKO-
TOPHIt 06bEM.

[Ipumep 1. YxazaTs obsacTs onpeaeseHus byHKUUN, BbIpa-
xKalole#t 00neM Kpyroeoro konyca V uepes obpasyouyio & u paguyc
OCHOBaHHMSA ¥.

Pemenne Qynxkuus, Halifennasn B npumepe 1 (n. 3.1), Beirus-

1
awr Takc: Vo= §1ry2\/a:2 — y2. [lo cMbICTy 33134 NMepeMeHHble T

H Y MOTYT NPHHHMATD TOJILKO M0JI0HKY-
TeJIbHbIE 3HAYEHHs], U IPU ITOM BCErja
T > ¥y, TAK KaK TUMOTeHysa Oonbine
katera (puc. 3.2). Cnegosarensno, o6- ;
JacTh onpefenenus D 3anaercsa Hepa- =y X
BeHctBaMu ¢ > 0, y > 0, x > y, ne.

® 7
COCTOUT M3 BCex TeX Touek Pz, y) ne /'\
( ’y) p- ,\\

AV

BOlt yeTBEpTH Ha MAockocTH Oy, Ko- N

TOPbLIE JIKAT HIXKE OUCCEKTPHUCH & =  Pge. 3.3. K safaye O Ha-
= y (puc. 3.3). 'panuuamu obnact D  xoxpaenun obnacre onpe-
ciyKaT npaMele y = 0, y = z, KoTOpble AeJeHUd.

camu B oOacTh D He BXOAAT, TaX YTO 3Ta OOJACTH HE3AMKHYTAs.
[pamep 2. Halitn obaacTe onpegeneHuss GyHKUuH z =

S IpER

Pemenue. [MockoNbKy HAKAKHX AOMOMHHTENBHBEIX OrpaHHYe-
HHIf Ha apryMeHTHI T M ¥ HE HaJIOXKeHO, o0J1acTb onpeaeseHua D
6YAET COCTOATEL U3 BCEX TeX TOYEK IUIOCKOCTH, [Jisl KOTOPBIX AaHHOEe
AHAJINTHYECKOE BHIpAXKEHHE NPHHHMAET JeCTBUTENbLHbIE 3HAYCHMS.
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Hnsa 3Toro nogkopesuoe BhipaXeHue JOMKHO ObITh HEOTPHLATEb-
HbIM, T.e. 22 — g2 > 0, wiu z2 > ¥,

Ecnn octaBuTh 34ech TOJBKO 3HAK PABEHCTBA, TO NOMY4MTCH
ypaBHenne rpasnie obnactn D: o2 = y® wan ¢ = y. Dra rpanuua
COCTOHT U3 JABYX OHUCCEKTPUC T =Y U & =
= —y KOOpAMHATHHLIX yros. [na BHy-
TpeHHHuX Touex obnactn D aomkHO co0mo-
BaThCA HEPABEHCTBO £ > Y, HaH [z > |yl.
CnepoBaTe/IbHO, 9TH TOYKH PACTIOIONKEHb
Mexxay OuccekTpucamu bimke k ocu O X,
Tak xax {y| — paccroanne Touxu P(z, y)
Jo oci OX 1 OHO MEHbINE PACCTOSHMSA
[z Touxu P po ocn OY. Taxum obpasom,
obsactb D cocTONT M3 Beex Touek 2 yIiioB
MeXAy OmccekTpucamn x = Ly, sakmo-
galoumu BRyTpy cebs ocb O X {puc. 3.4). O6nacTb 3aMKHYTas, TAK
KaK BKJIOYAET B cefs 00e CBOYM IPaHMIShL.

3ameyanme. XOTs aHATHTHYECKUE BLIpasKeHna PyHKUUH B NPH-
Mepax 1 m 2 oauHakoBble, ux obnacTi onpegesenus pasuwie. Ha
nepeMeHHBIE & H ¥ B npuMepe 1 ObLIN HANOXKeHb! JOTNONHHTE/bHbIE
ycaoBua ¢ > 0,y > 0, 2 > y, BurreKalonine 13 UX reOMETPAYECKOrO
CMBICJIA.

Mpumep 3. Hatitu obnacrs onpepenenns yHkupum 2z =
_Z+y
T 22—y

Pemenue. Bripakenne, croauee cnpasa, Tepaer CMbICA BPH
TeX BHAYEHMAX & M Y, NMPH KOTOPLIX 3HAMEHATENb ODPALIAeTCs
B syas. Orciona ofnacThio onpejaese-
HUs Hausel DYHKIUMN ABAACTCA BCA IJIOC-
KOCTh, M3 KOTOPOH BHIGpOILEHa npsAMas
y = 2z (puc.3.5).

Ipumep 4. Haiitn obnacTs onpeae-
nenus bynxmn z = /{2 - 1)(y + 2).

Pemenue. HJna Toro urobel keag-
paTHuil KOpeHb MMes BemecTBennbie PHC: 3.5. Obaacts onpe-
3HAYEHNs1, ero MOJKOPEHHOE BbIpAXKeHHe Hoocund Pymeum 2 =

=(z+y)/(2z-y).
BOmKHO 66T HeoTpHUATEILHBEIM. Pemras

Puc. 3.4. O6nacts onpe-
genenun yHKUun 2z =

T 2 /o3
sV Ve -
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nepaBencTRO (z — 1)(y + 2) > 0, Haxoamum, 4To Mmbo { :-:; ig'
_ - ?
;’ N ; 2 g’ Pelennem nepeoit CUCTEMBbI HEPABEHCTB ABJIS-

ercas 2 1, y 2 —2. YUrobm nonyunts m3obparkenne HCKoMol
0G/1acTH Ha KOOPAWHATHOMN IIOCKOCTH, JO-
CTATOMHO IIPOBECTH ABe NpsaMble & = 1 "
uy = —2. Obnacrb cocrout U3 2 KBaj- /
pauToB ¢ obuiefi BepiumHOH B Touke (1, —2) o 1 ®
(puc. 3.6). 5 4
[Ipumep 5. Haitru obnacrey onpepe- \\\\ Y
newns Gynkunu z = In(9 + 9z — y2). p
Pewenne. Jlorapubm onpegenen Puc. 3.6, O6nacrs onpe-
TIBKO NpY NOAOKHTENHLHOM 3HAYMEHNH - ASICHHA dyRkusH 2 =
ero aprymenra, mostomy 9 + 9%z - =+(z-1)/{y+2).
-y > 0, wm 9+ 9z > y2 Yrobu
n300pa3uTh reoMeTpryecku obnacTe D, RalineM cHauana ee rpaHuLy
949z =y, umy? = 9(z}1). ITonyuennoe ypasHeHue onpeaeser
napaGony, BeplIMHA KOTOpON pacnoiokeHa B Touke O(—1,0),
& OCb HAMpaBlleHa B MOJNOKHTENbHYI0 CTOpoHY ocn OX. Touxu
nepecedeHHs napabovinl ¢ ockbio OY nmomyyaiores u3 yoiosud ¢ = 0,
otkyna y® =9, r.e. y = £3 (puc. 3.7).

¥

Pnrc. 3.7. O6nacts onpezenenus pynkouu z = In(9 + 9z — y2).

[apabona geAHT BCIO IIOCKOCTb HA ABE YACTH — BHYTPEHHIO
M BHEIUIHIOIO MO OTHOWEHHIO K mapabone. das Touex ognoli us srux
YacTelt BHINOVIHAETCA HEPABEHCTBO Y2 < 9(x + 1), a gna apyroit
y? > 9(x + 1) (ra camoii napabone y* = 9(z + 1)). Yrobsi yera-
MOBHTD, K&KafA M3 STHX 2 4acTel ABiserca of/acTbio OnpeaeaeHus
RanHol byHKuUMn, T.€. yAoBneTBopser ycnosuw y° < 9(z + 1),
AOCTATOYHO IIPOBEPHT ITO YCIOBHE ANt KaKoi-HHOy AL 0AHOMN ToUKH,
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He nexxawel na napaGone. Hanpumep, Hauano woopgusar (0,0)
JIEXKHT BEYTPY Napabosisl ¥ YAOBJIETBOPAET HYKHOMY YciaoBHIO () <
< 9(0 + 1). CreporaTennHo, paccMaTpupaemas obnacts D coctonr

3 BHYTPeHHHX Tovek napabonbl. Cama napabona B ofnacrs D

BXO[MTh HE MOXKET, TAK KaK i TOYeK mapabomsi 9 + 9z — 2 =

= 0, 1 JorapudM He onpeaeseH.

CamocrosTenbHas paborta

1. Bripa3suTs omaap TPEyroJIHHKA ¢ ZAHHBIM NEPHMETPOM 2P KBK
byHKUMIO AJIMH ABYX €ro CTOPOH X U .

2. Baipasurh 06beM NPABHABHON HIECTHYTONLHOM NMHPaMHZALI KAk
dbyaxkumio ee BBICOTH & u GokoBoro pebpa .

8. Hatrru £(0,5; 1) m £(2; —1), ecawt f(z,y) = /22 + 2 + 1.
Haliru obnactu onpegenenna dyHxumit:

1
4.z=m. 5. 2 =In(2?+y2 - 1).

6.2=1+z2-92+/1-z—y%
7. z=z+y In(y? - 2z%).
8. z=/sin7(x® +¢?). 9. z= arcsin(y/z).

2 Z 2z
A
12. z = zy. 13.z=m.

4. z=+/—z+5. 15 z=y/=.
16. z=/Z+y. 17.2=+/ysinz.
18.z=/2— Jy 19.z=In(z?/9-y2/4~1).

2 2

*+2z4+y
20. u=1 . 2L =«——————-—-—
© = In(zy2) z -2ty

22. z = arcsin(z/y?) + arcsin(l — ). .
23. Yxa3aTh 0NIACTD ONpeAesieHus by Ky, BHpaKalomeli naomans
TPeyTILHHKA C JAHHLIM NePHMETPOM Yepe3 JJIHHLI JBYX €r0 CTOPOH.
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§ 3.3. YacTHble Npou3BoOAHbIE U NOJNHDbIN
AavdpPpeperHuman

3.3.1. Yacribte npoussoHble

Myers (x,y) — npousBonbHas (PUKCHPOBEHHAA TOUKA U3 0Gaa-
cTn onpeaenenns z = f(2,y). Paccmorpum npepen

lim f(a:-i-A-"c,y) f(x)y)
Az—0 Az

AroT npegen (€M OH CYIECTBYET) HA3KLIBAETCHA YACTHON NPOU3BOA-

Ho#t (1-ro nopsaxa) AaHHOH (QYHKIMM 2 NO MEPEeMEHHOH# Z B TOUKe

(z,y). TIponsBoanas 0603HAYAETCA OAHUM U3 CHUMBOJIOB: 9z 9f

' 7 7 %’ %,
Zgs [z f2 (2, 9)- A 9

Anajtornuso, l’i,m0 flz,y+ Ay; ey _ ay = 8; = ; =
= tl_ fy(m3y

acTHbIe pon3BofHble hyHKkumy z = f(x, y) caMu npeacTaBas-
10T coboii HexkoTopbie hyHKUMH nepeMeHHbIX z H . [loaTomy, ecam

HAC MHTEPECYIOT 3HAYEHHsA HYACTHBIX MPOM3BOAHBIX B KaKOH-1MGO
8z 0Oz

8z’ 9y’
a3aTeM NOACTABUTS B 10/ydeHHbIe (DyHKIHY KOOPAMHATHI TOUKH Fy.
SHAUEHHS YACTHBIX MPON3BOAHKIX B TOYKE Py 0603HAYAIOTCA OAHUM

Touke P(z,y), Hago cHayana no obwM NMpaBuiaM HalTH ——

Loz _0f(xy)| _ f(z,y)
W3 CHMBOJIOB: 3:8|P0 =3z Ip " zm[m, wm —— o)
f(z, df(zo,
= féi- v g=zp = ‘“““-“_‘f(g; o) _ Fi(zo,¥0), n aHanOrMYHO — AN

y=vo
NPOU3BOAHBIX MO Y.

Taxkum o6pa3oM, yacTHas npou3eouas Gysxkuun 2z = f(2, ¥) no
apryMeHnTy & ecTb NPOM3BOXHAS s'roﬁ (QYHKUMHA [0 & NPU NOCTOSH-

HOM 3HAYeHHH ¥. AHAJIOTHYHO, — 2 ectn Npou3BoAHAs! PYHKLHY 2 =

* By

= f(z,y) no y B NpeaAnoaoKeHNH, YTO & SIBJASETC KOHCTAHTOMN,
YacTHbie npowsBoAHble (YHKUHM HECKONbKMX INepeMeHHBIX

ONpEAeNMOTCS KAK NpPOU3BOZHBIE 3ITOH YHKUMM 1O OZHOMY

U3 HUX NPH YCJIOBHH, YTO OCTAJLHbIE MEPEMEHHbIE CYHTAIOTCA
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nocrosinibiMu. Hanpumep, npoussoguas dynxunu v = f(z,y, 2)
no x onpenenserca Ghopmynod

du li fle+ Az, y, 2} - f(2, ¥, 2)
— inl .
xr  Ax—0 Az

lMpumep 1. Halttu yacTHble npoussoaubie GyHKUMH z = 23 +
+ 33 — 3azy. Beruncants ux 3navenns B rouxe Py(1,1).

Pewenne, CUHTAs I MOCTOAHHBIM, HAXOANM %5:
‘—;2 = (2% + 3 - 3azy), =32%+0- 3ay -1 = 32% - 3ay.

bi73
TIpn naxoxaenuu 3y duKcupyercst apryMmeHT &, T. €.

gj;- = (z* + 4* — 3azy), =0+ 3y* + 0 — 3az - 1 = 3® - 3az.

3HaueHsl NPOU3BOARKIX B Touke Py(1,1) cregyiompme:

0z 0z
hdd =3-3 2=
¥z la,p) Y By |<1

Hpumep 2. Haltty wacrHbie nponssoaHble GyHKUNH 2 = e~ 2,
Pewenue. HaxoguM yacTHLIE NpoU3BOAHbIE, MCITONL3YS ¢oOp-
Myny AngbepeHHPOBaHHS Ch0XKHEOK DyHkuun (e*) = e¥u'”:

8z - - - -
o = (7Y, = e~ V(~ay), = e™V(~y) = —ye~Y,

g_: = (e7)y = e~ (~2y), = e "V(-z) = —ze~".

Mpumep 3. [dokasaTs, uto dynkuus z = In(z? 4+ zy + y?)
YAOBJETBODSIET YPABHEHHUIO
dz 8z

xa +ya—y=2.

Pewerne. Haxoaum 4acTHbie NPOU3BOAHBIE:
0z 1 2z+y

2 224
— = g—(z*+ 2 = g
9z 4zy+y (@ +2y+v): 2 +ay+y*
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9z 1 2 2 z+ 2y
_——_— D X _— —a— .
3y a:2+zy+yz( +zy +y°), P ST
0z 0Oz
NoacraBnsan y 3y B JaHHOE ypaBHEHHE
2z +y T+
=2,

z =
z? + oy + y? 2+ oy +y°
TOMYYHM TOXKAECTEO.

3.3.2, Nonubid anddepeniinan

[lycrs P(x,y) — nanuas Touka, a P/(z+ Az, y+Ay) — Gnnskan
TOYKa, OTBEYaloWasl npupaueHuam aprymenroe Az u Ay. Iloa-
HbiM npupainennem dyssamn 2 = f(z,y) B Touxe P Ha3bBaeTCA
pastocts Az = f(P') = f(P) = f(z + Az,y + Ay) — f(z, ).
Ecnn npupamenue Az MOXKHO MpeacTaBuTh B BUAe Az = AAzx +
+ BAy + ¢, rae € — GeckoHEMHO Manas Hojlee BLICOKOTO NMOPS/AKa
10 CPABHEHHIO ¢ paccrosinueM p = y/Az? + Ay? mexay Toukamu
Pu P (re.cecf/fp—+ 0upup — 0}, 10 yakuua z = f(z,y)
Ha3biBaeTes: AuddepeHMpyemMoil B Touke P, a rnaBHas JvHeAHaA
qacTh ee nmpupawenus AAxr + BAy = dz Ha3bIBaeTCs NOSHLIM
MuddepernnastoM GyHxuun B Touke P. OyHkuus, uMmeromas qud-
depeHuan B KaKROH TOUKe HeKoTopoit obmacrih D, Ha3bIBAETCA
audbepennpyeMoii B 910k obnacry.,

Ecmu dynkuua guddepeHnupyeMa, T0 Heo6x0aUMO, 4TO6LI BbI-
NONHSJIMCh PABEHCTBRA:

Oz 8z
A= T2 B = By

HocrarounsM yenoBneM auddepeHHpyeMOCTH SIBASETCA HAMH-
YHe HENMPEpHLIBHbIX YACTHHIX IPOH3BOAHBLIX. TAK KaK NpHpalieHHs
HE3aBHCHMBIX NIEPEMEHHBIX COBNAJAIOT ¢ HX AN (DEepEeHINAIaMH, T. €.
Az = dx, Ay = dy, To anddepenunan dynkuun z = f(z,y)
BbIYHCAAeTCA No popMysie

0z

0z
dz = 5;dm+ a—ydy. (3.1)
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Mocnegnss ¢opMyna ocTaercs CHPaBeSMBOR TAKXKE M B TOM
CITy48€, KOTZA. & ¥ Y B CROIO O¥epeb SBAAIOTCA DYHKIMAMHA KaAKUX-
w60 ApyrHX apryMeHTOB (CBOIHCTBO MHBAPUAHTHOCTH IOJIHOTO ZH-
cepeHnnans).

II pumep. Haltru nomumit gudxbepenupan dynkuwu z = oy —

P emeHne. Haxogum vacTHeie NPOH3BOAHBIE:

8z '
92 2 020V = 9pu 0 OF o (22h — Y = 2
z = @y—vr) =2ny—yt, oo =(2y-y'n), = 2"~ 2uy.
Ho dopmyae (3.1) umeem
dz = (2zy — y*) dzx + (2* - 2zy) dy.

3.3.3. Mpumenenve auddeperyynana K NpuSIMIKEHHLIM
BbIYWCIEHUAM

Mpupamenne dbynxumy Az u ee noanbit auddepenuman dz
CBA3aHLI paBeHCTBOM Az = dz'+ g, rae € — HeckoHeuHo Maas Gonée
BBICOKOI'O NOPSIZIKA MAJIOCTH 110 CPaBHEHMIO ¢ p = /Az2 4+ Ay?; npu
AOCTATOMHO MaJIbIX MPHUPALCHUAX APTYMEHTOB MOYKHO BEHINHON €
npeHedpedb U CUNTATH Az =~ dz. 9’1\0 TNIPHBORHT K NPHOINIKEHHOMY

paBeHcTBy Az & dz = 3— 2 dz -l- By ® dy, wm {(noppobHo):

fla+Az, y+Ay)—f(z,y) = df (z,y) = "ff;;’ D pod f;”’ Y ay.

(3.2)

Droit GopMy IOl MOKHO NOAL30BATBCS ANS PHOIIDKEHHOTO Bhl-
yHoneHus 3navenua f(z + Az, y + Ay) 00 U3BECTHBIM 3HAYECHHAM
dyskumu z = f(z, ¥} ¥ ee YACTHBIX NPOMBBOAHBIX B AAHHON TOUKE
P(z,y).

Mpumep 1. BuuucanTs npubmukenno umcio (1,04)%0,

Pewenne. Paccmorpum pyukumio f(z,y) = z¥. JauHoe ync-
JIO €CTh NPUPALIEHHOE 3HaYeHHe IToH PyHKuUU B Touke Py(l, 2) npu
Az = 0,04, Ay = 0,03. Nuddepennuan sanHol dyHKumun

f- A:c+afAy y-zv¥ . Az+z¥.Inz. Ay.
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Ero 3nauenne B Touke Py(1,2) npu mmubix NPHPALICHAAX
dfl,z=2-1""-0,04+1%-1n1.0,03 = 0,08,
rosToMy 1o dopmye (3.2) umeem
£(1,04, 2,03) & f(1,2) + df](; 4 = 1% +0,08 = 1,08,
r.e. (1,04)29 =~ 1,08.
Tipamep 2. Buruncauts npubmmxenno +/(4,05)2 + (2 93)2.

Pewenue. Pacemorpum dynkumo f(z,y) = /z2 + y2. Jau-
HOE M0 €CTh NMPUPAUIEHHOE 3HAYEHWe 9TOH (PYHKLUMM B TOUKE

Po(4,3) npu Az = 0,05, Ay = -0,07. Quddepenunan aaunoi
PyHKIAH

2z 2y
2/ 2% + 2 222 4+ 2 v

Ero 3nagenne B Touxke Py(4,3) npu ZaHHLIX IPHPaLICHASNX

4 3
d = e < 0,05 + ===
Yo = Jars Ve
nosTomy no dopmyse (3.2) umeenm
£(4,05, 2,93) = £(4,3) + (df)|(4.5) = 5+ (~0,002) = 4,998,

1aK Kak f(4,3) = V& ¥ 32 =5.

Hrak, 1/(4,05)% + (2,93)2 ~ 4,998.

Mpuamep 3. Bbl‘lBCJIPlTb npubauxkenso arctg(1,97/1,02 — 1).

Pemenne. Jlannoe yucao ecTb NpupalieHHOe 3HAYEHHE ITOH
dbynxunu B Touke Po(2,1) npn Az = -0,03, Ay = 0,02. Hajigem
4acTHbIE MpousBoAHLIe (yHKuMM f(z,y) M ux 3HadeHus B TOY-
ke Py(2,1):

- (—0,07) = —0,002,

8fy _ 11y l 1

dzlp,  1+(zfy-17|p 2’
af| _ __(==/¥) =1
dylp, 1+ (z/y—1)7 '

3nauenne bynkuun 8 Touke Fo(2,1) pasno
F(2,1) = arctg(2/1 = 1) = arctg 1 = 7 /4.
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[Togcraasist HaliaeHHbIE 3HAYEHUA (QYHKUMH H YACTHHIX POU3-
BOAHBIX B popmyay (3.2), nomyyum

arctg(1,97/1,02 — 1) ~ 1 /4 + 1/2+ (~0,03) + (—1) - 0,02 ~ 0,75.

CamocroaTenpHas pabora

HaitTy 4acrhble NPOH3BOAHDLIE CACAYIONINX hYHKIMI:

1. z = 22%y + 3zy? + 25, 2. z=zy—§.
3.z=(m2+y3)3. 4. 2 =2 - 3siny. 8. z= i .
VZt+y

8.z=tg % T.z=In(x®+y). 8. 2z=In/a%+y2

T
& )/} T Yy

9. z = sin — cos —. 10. z =y /2 + —. 11.z=(—) .
y w WET T T

12, z = (sinz)**¥. 18.z=1In tg%.

14, u = 1—(“”"
zy

2
) + arcsin :c-;y‘

T
15, z = —e*¥,
y
. . . y
16. TokazaThb, wro dbynkuns z = /T - sin s YAORJIETBOPAET ypaBHe-

i)
M0 27— + 2y~+y = 2z.

oz
Hairru noansre guchdepenunans! bysaxuuii:

17. z = /22 + 4% 18. z =sin®y + cos? z.

2 _ .2
10 2= 2FX¥ 20 z=ew. 21.,=2 YL
Ty z°+y
2.2 Ty
22. z = ln(z* + y*%). 23. z = zyln{zy). 24.z= arctgm.

25. z=zsiny + ysinz, 26. z = z¥ +y~.
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BrruncanTs npuGimnKkeRRo cefyiomme JacIa:
27. (1,03)292, 28, (0,97)%92. 29, 1/(6,03) + (8,04)2.
30. cos31°-sin28°. 81, 4/(1,02)% + (1,97)°.
32.5in29° - tg46°.  83. /7,01 + (3,02)%.

. {5,02
34.z_arcsm(ﬁ-5-—- )

§ 3.4. ivdpdepeHunpoBaHne CNOXHBIX U HEABHDIX
hyHKUUIA ABYX NepeMeHHbIX

3.4.1. CnoxHas byHkumn

Mycts 2 = f(z,y), rae z = (1), y = y(t) (npu sTOM cunTaercs,
uro f(z,y), «(t), y(t) — auddepenuupyemere bynkunn). Torza
cnoxHast bynkuus z = z(t) = f(z(t), y(t)) akxe auddepenun-
pyema, & ee NPOH3BOSHAsE HAXOAMTER NO hopMmyne

de _0:ds  udy
dt ~ 9z dt ' Bydt

Ecan z = f(z,y), a GyHKuus y 3aBUCHT OT apryMeHTa : y =

de

(3.3)

= y(x), Toraa B popmyse (3) Hago nonokuts ¢ = x W yran 1,
H TOTHASA NPOH3BOAHAT gg BbluUcAseTcs: o GopMyJie
dz _ 0z  8zdy (3.4)

dr ~ 9z dydz’

Ecay ke T M i 38BUCAT 0T HECKOVILKAX MEPEMEHHBIX, HANPHMED

z=z(u,v), ¥ = y(u,v), TO POPMYNIBI YACTHBIX NPOUBBOAHBIX
cnoxcuol pyukuuun z = z(u,v) = f(z(u,v), y(u,v)) umetor Bug,

Jz 920= 028y 3z 0z0x  9z38y

ﬁu—8z8u+8y8u’ av-—&c&v—}-ﬁyav' (3.5)

Npumep 1. Haitrn %2, ecm 2 = @ 2 + 2y + 9% rae x = 2

y =13,

dt’

8 [Tasaywxos U.B.



14 < [(nasa 3. OYHKUMWA ABYX MEPEMEHHLIX <
Pemesnne. [To dopmyne (3.3) nmeem

dz _ dzdxr  Ozdy _ 2 __
E‘azﬁi‘*%dt = 2z + y)2t + (¢ + 2y)3t° =

= (2t2 + £%)2¢ + (£2 4 2%)3¢% = 4% + 5¢* 4 61°.

Tor e pe3yAbTAT MOXKHO NONYYHTb M HHbIM NTYTEM: CHavdaJja
BLIPA3WTE SIBHO 4Yepes i, a 3aTeM HafATH NPOU3BOJHYIO MOAYUEHHOH
dyHKIHE:

z=2(t) = (22 + 1234+ (t3)% = A+ 3485, f‘g- = 4834544645,

Npumep 2. Haitn g—g 7] ?, e 2 = arcsin%, ay =
=1+ 22,
Pewenue Umeem
8z ( 1 1
— = arcsm =——— .=
dz f 22 Y
1-—
. S
V-2
Tlo dpopmyane (3.4)
dz 8z 0z dy _ 1 1 z) 1 _
dz 8m+6y dzx \/yz_mz-"\/ 22 ( v’/ o1+ a2 2z =
1-— _ .
"
1 z2

TV -2 g/ -aVl4a?

Mockonsky ¥ =1+ 22, Toy? ~22=1n
dz=1 z? z? 1

dz Vi+z2/1+ 22 1+2®  1+2°

[Mpumep 3. Halir yacTHble NPOM3BOHBIE CAOKHON DYHKUMH

2 %
z=zx lny,m=;,y=uv,
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Pemenne. Yactuele npou3BoAHbie AAHHRIX GYHKUME HMEIOT
BUA

O g 952t 921
F i oy vy' Ou v
9z _ v Oy _ %y _
v v Bu G ¢
o ropmyre (3.5) HaxoauM NPOU3BOAHBIE OT CIOKHOH DYHKUHMU:
oz 1 z2 u 1« 1 u
5; = 22-in y;v-+-!;-v = 2;'1“(%@)';-}-”_2';5'9 S ;—2'(1-}-2 ln(uv)),

8z u z> u :
50 = 2z-Iny- (—;5) + Mhda —2-- In(uv) -

3.4.2. HesiBHan PyHKLUUA OAHOW NEPEMEHHON

®yHxuua y Ha3biBaeTcs HesiBHOM (byHKuUHeH OT z, ecyiM OHa
33/IaH3 YPABHEHHEM
F(z,y)=0, (3.6)

He Pa3pelieHHBIM OTHOCHTE/IBHO Y. IT0 03HAYALT, UTO MPH KAXKAOM
SHAYEHUM & = Zq, TPH KOTOPOM HesiBHas1 DYHKIINS onpesesiena, OHa
NPHHUMAET TAKOe 3HAYEHHE Yo, A1 Koroporo F'(zg, yo) = 0.

Ecnu F(z,y) — andpdepenimpyemasn byHKius NepeMenHbx ©
vy, u Fi(z,y) # 0, o onpeaensiemas ypasnenuem (3.6) Hespnas
dyHKUMA UMeeT NPOU3BOAHYIO, KOTOpasl BLIYKCAsETCH Mo dopmyJe
@ — F, :._(:B, y)
dz ~  Fy(z,y)
Hot AesiBHON (yHKuUMM ObLT IpHBEAEH B 11. 2.2).

Mpumep 1. Oynxuma y(zr) zaasHa ypasHeHHeMm 1 + zy —

— In(e®¥ + e*¥) = 0. Haittn %

Pewmenne. B gannom cnyqae F(z,y) = 1+ ay—In(e*¥+4e~2¥),
MO3TOMY

(asbTepHATHBHBIN CNOCO6 HAXOXKACHMAA TIPOUSBOA-

1
e*V + e~V

2ye™™¥

. (eazy _ e~zy) Ly = g

Fo=y-

8%
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2ze=
Fl=g— ot (e = V) g = 2

eV + e~ e + e’

3.4.3. HeaBHas hYHKLIUA ABYX NepeMeHHbIX

QYHKIHA 2z HA3LIBAETCA HEABHON (DYHKLUER OT Z M Y, eC/IM OHA
3a7laHa ypaBHEeHHEeM

F(z,y,2) =0, (8.7

HE Pa3pelleHHbIM OTHOCHTENILHO Z. DTO 3HAUMT, YTO TPH MOBHIX
T = T, ¥y = Yo u3 obnactu onpejesieHnas PyHKUUH OHA OPHHH-
MAET TaKoe 3HaueHme zp , A1s koToporo F(zo,y0,%0) = 0. Ecan
F(z,y, z) — anddepennupyemas GyHKINS TPEX NEPEMEHHBIX Z, ¥,
zu Fi(z,y,2) # 0, To onpegenseman ypasuerneM (3.7) dynkups
z = z(x,y) TaKxe auddepeHIHpYEMa U ee YACTHbIE TIPOM3BOTHBIE
HaxoaATcea no GopMyaaM

0z _  Fy(z,y,2) 8z - F( z, Y, z)

8z~ Fllmy,z) Oy Flia,yz) (38)

Mpuwmep 1. Haiirn z g d nonHeit gudpeperuman (byux-

wi z = z(x, y), 3aaHH0H ypaBHerneM 2% — 3zyz = 10.
Pemenne. 3zecs F(z,y,2) =28 ~3zyz —10u

F,=-2yz, F,=-3zz, F,=32"-3zy.
o dopmyne (3.8) HaiiaeM YACTHBIE NPOU3BOAHbIE:

8z yz 3z zz
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CamocrosTenbHas pabora

Haiiru dz/dt:
2 2
1. z=¢e¥ ~% g =cost,y =sint.

z
2. z=Insin—, z =32, y = V2 + 1.
N y

3. z=2Y z=sint,y=2L

4. z=e"-In{z+y), =3 y=1-1¢%

1 Vit

_ 2 _ == g= 2t
B. z= COS(22+4$ y),x t:y int

Halitn dz/dz:
6. z = arctg x7+1—, y = e(1+2)”,

7. z=In(e* + e¥), y = z°.
Haiitu 8z/0u v 8z/0v:
8. z=e¢"¥ 2 =2u~v,y=2utv

. 1
9. z=a:smy+ycosa;,:c=;,y=uv.
10. z = zyarctg(zy), z =u?+ 1,y =
11, 2= 2¥ +9°%, 2 =u? + 02, y = u? - v2

x .
12, z= arcoos;, T = usiny, §f = COSV.

; 3
13. z=sin2(x+y),x=f§,y=v+1.

Haiira dy/dz:

z2

2
232y = A A
14. z° - 3zy“ =6. 15. 3 + i

16. In+/z% + y? = arctg g-

17. e*siny —e¥Ycosz =0. 18. y=1+y=
19. z2—~1+coszy=0. 20. z+y=e*"v,
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21, 8 + 4y - 322y =1, 22. 7% +2zy.
Hafite 02/0x n 82 /8y weapunix dynxumii:

28, 22 +y*+22-22z2=1.
24, 5(z® +y? +22) ~2zy +yr +22) = T2
25. 322z + 2% = 2zy. 26. zyz=x+y=2z.

27. cos’z +cos’y+coslz=1,

28. z=ye*¥, 29, zln{z+2) - ff- =0.

30. z+y+z=e @Hrta), 33, ; =1

«© |8

§ 3.5. NpoussoaHble U guddepeHumnanst BoICLLMX
NOPARKOB

HacTHLIME NIPOH3BOAHBIMH BTOPOTO NOPAAKA (PYHKUMH 2z =
= f(z,y) Ha3BIBAIOTCA YACTHBLIC MPOUSBOAHBIE OT €8 MEPBBIX NPO-

W3BOAHAIX az az, T. €.
2 2
%{—%(%): 325;3%(3—3)
2
b= oy (32)0 55 =3 ()

Yacrhsie HPOW3BOAHEIE BTOPOrO NODAAKA 0603Ha4AI0TCS TAKKE

cumBonami: fro(z,y), fly(2,y), fia(=,y), f,j’,,gz,y)- Yactusie
9z 3z

MPOH3BOAKbIE BTOPOFO MOPAAKS BHAD & 3; M By, MasHiBMoTCH

CMelLaHHBIMH NPOU3BOAHbIMU. OHU He 3aBHCAT OT nopsaaka qudde-

PeHLUPOBaHUA, T. €. PaBHbl MEX /Ly COGOM, ec/Iy BHINOIHAETCA YC10-

Bue citefytomeit Teopemns ([Isapua): Eciu bynkuua z = f (m,y)

onpegesneHa B HeKoTopol obaacTu D 1 ee YaCTHBIE NPOUIBOAHBIE — 8 R

82 62 322 L
By’ 9xz0y’ dydx ofnpeJieNieHH 1 HeNPepbIBHLI B 9ToH oGnactn D, To
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3HAYEHHA CMELIAHHOM IPON3BOJHOM HE 3aBHCAT OT nopagka qudde-
Pz _ 9%z
8z0y ~ 8ydz’

AxanornyHo onpegensniorcss M 0603HAYAIOTCH YaCTHbIE NPOH3-
BORHbIe GOnee BLICOKUX NOPAAKOB.

HuddepeHupnant: BToporo, TpeTbero U 6o/1ee BoICOKUX NOPsiAKOB
or dynxuun z = f(z,y) onpeaensiorca dbopmynamu dz = d(dz),
d3z = d(d?z) n BEIpaxKaOTCH Yepes YACTHbIE TIPOU3BOAHBIE CIIEAYIO-
wyM obpazom:

PEHLUHMPOBAHHA, T. €.

2
d?z = (d )i+ 25 & oy ey + ;;(dy)z, . (39)
- 6 832 9 83 2 3
d3z = -é—(da:) +3m(da:) dy +3-— 5y zdz{dy)* + 3 (dy)

(3.10)

HTA
[pu 37oMm nipnpaitiennu dx u dy paCcCMATPHBAIOTEA KAK NOCTOAH-
HbIE U OCTAIOTCA OAHHMH M TeMH YK€ NPH nepexoje oT AudxbepeHum-
ana nepporo nopajka K audeperuyuany 6onee BHICOKONO NOPAIKS.
pumep 1. Hattrn sacTnbe NPOUSBORHLIE BTOPOro NIOPAAKA

8%z 8%z
— 2 2
dynxunn z = In{x 4 y*). Véepurncs, uro 920y — Byoz"
P ew e n ne. Haxognm cHauana nepeeie NPOM3BOAHMIL:
9z 2z
o = n(a® + 42, = (@ +9) = s,
9z 2, .2 2v _ 2y
3y = (=" +99); = —z-;';?(x VN =gy

Hudxbeperunpysa Kayaylo U3 noJMydYeHHbIX GYHKUMA MO T U ¢,
HONYYHM BTOPbIE YaCTHLIE MPOU3BOAHBIE:

8z @ oz _( 22 \_ BP+yi-z-22  2y’-2P
oz~ oz (%) - (a:z +y2)z_ (:z:"’+yz)2 T (2% + %)%
8%z d (82) ( 2z )' 2z dzy

Sydz 8:; z2 + 42 v T @+ ) TE+ )

7

3%z (Oz) ( 2y ) _ 2y oy = — dzy
3z8y ~ 9z \By 2y, (Bt+yi) @B+
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?_’*_z___(‘)_(az) ( 2y )' 2?2497~y 2y 2x* -y
dy* ~ 8y \dy a+y? @+ @)’

2

z
Orcroaa BUAHO, YTO CMEIUAHHbIE YACTHHIE TPOHIBOLHBIC Pady
8%z

n Pyon paBHbl. IHTEpECHO OTMETHTD, YTO AnA AaRHOH yHKUHH

3%z 9% 9z

NPOU3BOOHbIE Fy U —a—y-z- OTJIHYAIOTCA TOILKO 3HAKOM, T. €. oy +

2
+ 37 = 0. 310 ypasHeHHe Ha3bIBAETCs ypaBHeHueM Jlannaca. Mu
noxasam, 9ro ¢ynkmusa z = In(z? + y?) ecrs ogHo M3 pewennit
ypaBHeHus Jlanaaca.

[Tpumep 2. Haitru auddepenuman sroporo nopsaaka Gpyukuun
z=32%y - 22y +y* -1

Pemenne. Haxoaum yacTHbIe IPOU3BOAHBIC NEPBOTO H BTOPOTO
NOPS/IKOB:

9z _ 9z, 2
-8-;—6:53/—2'9, 3y = 3x° - 2z + 2y,
8%z 8%z 8%z
2= gy =02 Fa=2

Cneposatensuo, no gpopmyne (3.9)
d’z = 6y (dz)* + 2(6z — 2) dzdy + 2(dy)*.

ToT 3ke Pe3y/ILTAT MOXKHO NONY4MTh U Apyrum crnocobom. Haii-
ZeM CHavana nepsbiit audpdepenuyan faunol HyHKIHE:
dz = 3d(z?y) - 2d(zy) + > — 1) = “

=322 dy — 6xydz ~ 2x dy — 2y dx + 2y dy = -
= (bzy - 2y) dz + (3z% — 2z + 2y) dy

Beps auddepennuan ot dz, HalzeM d2z, npu s1oM dz 1 dy Hazo
CYHTATH NOCTOSHHBIM:
d?z = d|(6xy — 2y) dz + (322 — 2z 4+ 2y) dy] =

= {6z dy + 6y dr ~ 2dy)dz + 6z dx — 2dz + 2dy) dy =
= by(dz)? + (12 — 4)dzdy + 2(dy)*.
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CamocrosiTenbHas paborta
HaiiTu BTOpHE YaCTHEIE NPOH3BOAHBIE cieAylomnx pyHKunit:
1. z=2%y -y’ +3. 2. z=zy—%.

3. z=(z%+¢%)% 4. 2=z - 3siny.

2z + 3y
= ln(z? = )
5. z=In(z* + y). 6. 2 pram
7. z2=+/2zy+ y* 8. z=arctg leﬂ;”y'

9. z=(sinz)*sY, 10. z =In+/z% +y2.

T
11, z=(%) . 12, 2z =lntg%. 13. z = arctg /ZTy.
Haditu d*2z cregytownx dyHKuumii:
14, 2=z +zy. 15, z=¢" tV°, 16. 2 = e®cosy.
17, z = zsin’y. 18. 2z =2+ 3% — 3zy(z - p).
19. z=2zIn % 20. z = arctg,/Ty.
Hairmn d3z crepyroutnx dynKipsit:
21. z=x2%+y. 22. z=eYcosx.



[4ARN 4
HEONPEAENEHHDLIA UHTErPAN

§ 4.1. Npocreiiuive MeToAb! MHTErpupoBaHns

4.1.1. NoHaTve HeonpepeneHHOro nHYerpana

MNpu n3yqennn auddepeHuambsHOro HCHHCIEHHA PacCMATPHBA-
NaCh 3a]a4a HAXOXKACHHA TPOM3BOAHON HaH AuddbepeHunasa no
3aaHHON byHKUMH ¥ = F'(x), T. €. HeoOxoznmo 6bu10 Hadh f(x) =
= F'(z) wm dF(z) = F'(z)dz = f(z)dz. Moxao nocrasurs
o0paTHYI0 3834y BOCCTaROBUTS npogudibepenumposannyio bynx-
UMIo, T.e., 35an nponssognyo f(z) (wm auddepenuman f(z) dx),
HaliTH Takyo dyHkumio F(z), urobnr F'(z) = f(z). Haupumep,
NyCTb M3BECTHA CKOPOCTDH flepememiednsd ToYkn v = vu(t), a nago
HalTH 3aKkO0H ee nepememerust § = S(t), npuyem S'(¢t) = v(t). Dra
38/1a48 OKA3bIBAETCS 3HAUMTENILHO Hoslee TPYAHON, yeM 3az1aua aud-
depeHumpopanua. Jas pemeHns nogo0HbIX 3284 BEOAATCA HOBhIS
NMOHATHA W JeHCTBNuA.

Oupenenenne 1. Juddepenunpyeman dbynxkums F(2) wasnipa-
erca nepsoobpa3noi aas yuxoun f{x) wa (a,b), ecm F'(z) =
= f(x) ua (a, ).

Hanpumep, gna f(z) = x? nepsoobpasnas F(z) = z%/3, ax
kak F'(z) = (23/3) = 2% ana f(z) = cos z neproobpasnoti Gyaer
-F(x) = sin z, notomy uro F'(x) = (sinz)’ = cos'z, uro cormagaer
¢ f(z).

Beerga nn. cymectByer nepsoobpasHas Ans 3afaHHOW dyHK-
wiu f{z)? Oreer nonoxuUTeNeH, ecu 918 MYHKIMA HenpepbiBHa
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Ha (a,b). Kpome Toro, neppoobpasHbix GecuucieHHOE MHOM<ECTBO
M OT/IHYAIOTCA OHU JPYT OT APYTa TOABKO MOCTOAHHLIM C1AraéMbIM.
HehereurensHo, sinz + 2, sinx — 2, sinx 4+ ¢, — Bee it PyHKuuu
SyayT nepBoOGPa3HbIMH -Ajisl COST (MPOWSBOJHASE OT NOCTOSHHON
BE&JINYMHBI paBHa 0).

v
y=sinzr+2
NG AT

/'y:sin::‘
NS z

\//'\/y-—.sinx—-2

Puc. 4.1, IIpamvep cemeiicTea HHTEMPANBHBIX KPHBBIX.

Oupegenerme 2. Bupaxenue F(z) + C, rae C — npoussons-
HasA NOCTOSHHAR BEIMYMHE, ONPEJENAIOonIee MHOKECTBO NepBooGpas-
Hbix A5 GyHKIEK f(2), HASHIBACTCS HEOTPEAEIICHHBIM HHTETDAJIOM

u 060GHAYAETCS CHMBONIOM If(a:) dz, T.e. I f(z)dz = F(x) + C,

rae 3HaK I *- 3HaK HeonpefgeseHHoro murerpana, f(z) — HasbiBa-

eTcsi NOALHTerpanbuoil yuxnued, f(z)dx — nogmHTErpaILHBIM
BbIPaXKEHHEM, T — NEPEMEHHON MHTerpUpOBaAHUA.

Onpegenenne 3. Onepauus HaxoXeHnst nepsoodpas3Hoil no 3a-
JaHHOM NpOoN3BOAHON M AHddepeHINaANY HA3BIBAETCA HHTErPUpO-
BaHHeM 9Tol YHKLNH.

Wnrerpuporanue — geficteue, obpaTHoe gucbdepeHIHPOBaHHIO,
€ro MOKHO TIPOBEpHTs AndrpepenumpoBanneM, npuyeM auddepen-
LIMPOBaHHE OJHO3HAYHO, & MHTETPHPOBAHHE JAET OTBET ¢ TOUHOCTBIO
Ao nocrogHyuoi. [IpugaBasa nocrosuHo#t Benuunne ¢ KOHKpETHbIE
sHadenns Cy, Cy, C3, NoniyduM pasanvHbie hYHKUNH:

(@) =F(z)+Cy, ya(z)=F(z)+Cs yslz) = F(z)+Cs,

KK Aas M3 KOTOPBIX 33JaeT Ha KOOPAHHATHON NJIOCKOCTH KPHBYIO,
Ha3biBaeMyl0 MHTerpaibaoi. Bee rpadmkn nHTErpaIBHBIX KPHBBIX
CABMHYTbI OTHOCHTENBHO APYr Apyra Baoab ocu OY . CuepoBarens-
HO, PEOMETPHUECKH HEONnpeAeACHR I HHTerpas npeacrasaser coboit
CeMeHICTBO HHTErPaIbHLIX KPHBbIX.
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ATak, BBegeHbl HOBblE NOHATHSA (nepsooGpasHofi n Heompepe-
JIGHHOTO MHTErpania) ¥ HOBOE ACHCTBHE (MHTEIPUPOBAHNE), HO KAK
BCE-TaKH HaXOAMThb nepBoobpasHyio? YTobp /erko 6buio OTBETHUTH
Ha STOT BONPOC, HAAQ B MEPBYIO OYEpeAb COCTABUTH M BBIYHMTH
Hau3yCcTh TAOAALY HeONpeje/IeHHbIX HHTErpajoB OT OCHOBHBIX 3J€-
MEHTAPHBIX (yHKumit, OHA MONYYAETCH B PE3Y/bTaTe OOpALLEHHS
COOTBETCTRYIOIMX dopmyn auddepenuuposanus. Hanpumep, ecan
(sinz)’ = cosz, o Icosa:da: =sinz + C.

O6b14HO B TaONMHLY BKIIIOYAIOTCA U HEKOTOPbIE HHTErpaJibl, IIOJIy-
YeHHbIE NOChe NPUMENEHRS NPOCTeHINNX METOJOB KHTCTPUPOBAKMUS.
311 popMysibi SyayT nomeveHsl B TAGNMIE CUMBOJIOM <*» U A0Ka-
3anbl NPK AaJbHEeM H3JI0KEHNH MaTepHaNa.

TaGnuma 4.1. TabnHua OCHOBHBIX HEONPEAEIEHHBIX WHTErPAJIOB

n+1
1 Jz"d:c: +C,
n+1 91"Itgzdz=—ln|coszl+0
(n#-1)
dz 3
2. -5-=1n|:c}+6" 10% Ictgmdm=ln|sma:|+0

3. Je‘dz=e‘”+0 11.]%=srcs'm:c+0
-z

dr T
12’.“]—-—-—=arcsin—+0
Va2 — 22 a
e#1,a>0 a-e ,

~

5. |sinzdz =—-cosz+C 13. J‘-—diz-=arctg:c+0
1tz

dx 1 z

g * —_ hoid
6. |coszdzr =sinz 4 C 14.] T o2 aarctga+C
dz dz 1 e+z) -
7 Jcosﬁm_tgm 157 jaz—xz 2aln a—z|t

oo

16*] .
d Yl oem—=
J-.—;:—=—ctg:n+c 2+ m
s
=Injz+VzZ+m|+C
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®opmyna (11) MOXeT UMETL BHA j o __ arccosz + C,

1—-2?
TaX Kak arcsin  + arccos = 7 /2. AHanOTHYHOE 3aMeyaHne ¥ 1o

nosoxy ¢opmyast (13):

dz
J T —arcctga + C.
4.1.2, CBONCTBA HeONpeAeneHNbLIX MHTerpanos

PaccmorpuM npocreifitine CBORCTB2 HEONIPEASIIEHHOTO HHTErPa-
J13, KOTOPHIE NOBBONIAT HHTErPUPOBATD He TONBKO OCHOBHbIE J/IeMEH-
TapHblie GYHKUMH.

1. Tlpou3BoAHast OT HEONIPEAEJIEHHONO HHTErPANa, PaBHA MOAbIH-
TerpaiabHoit GyHKLIIH:

(J f(z) dm)' = (F(z)+C) = F'(z) + C' = {(z).

2. [Juddepenunan oT HeonpeJeNeHHOrO MHTErpasa paBex
TMOABIKTETPATLHOMY BbIDAXKEHHIO:

d (J f(@)dz) = d(F(z) + 0) = F'(z) do = f() de.

3. Heoupegenenuwiit uererpan or auddepeHunana yHKIUH
pasen Yol pyHKNUN, CNOXEHHOH ¢ TPOUIBONBLHOM MOCTOAHHOM:

Id(F(:c)) = J F'(z) dz = J f(z)dz = F(z)+C

Mpumep 1. jdm: z+C.

Ipumep 2. Jd(e‘) =e*+C.
4. NocToAHHBIN MHOXHTENb MOXKHO BLIHOCHTS 38 3HaK MHTErpa-
aa:

jkf(a:) do =k J f(x)dz = k (F(z) + C)

5dz dzx
Mpumep 3. J—a:— = SJ? =5In]z|+ C.



126 < [nasa4. HEOMPEQENEHHLIN MHTEIPAN ¢

5. HUnrerpan or anrebpanveckoit cyMmbl AByX (PyHKIMI paBeH
ajirebpan4ecKoli cymMMe HHTEIPAJIOB OT 3THX (PyHKIH:

j( £1(@) £ fol)) dz = Jfl(x) do + J fal=) do

NMpumep 4.
' 3

5, sinz _ 2 sing , 2" 1
J(3:c+ > )dz-J3a: do;+J 3 dm—33 I2cos:c+0.

@opMy/a MHTETPHPORAHMA OCTAETCS  CNpaBeAdMBol, ec-
JU NepPeMeHHast WHTETPHPOBaHMA sABJAAeTcR (byHKuuell: ecuH
If(a:)d:c = F(z)+C, Tojf(u)du= F{u)+ C, rae u = p(z) —
HPOV3BOJIbHASA (DYHKUHMSI, MMEIOIasl HENPEPHIBHYIO NPOU3BOAHYIO.
370 CBOACTBO HA3LIBALTCS WHBAPHAHTHOCTBIO.

Mpumep 5. Je"' dz = e® + C, nosromy

Je"’"z d(z%) = e +C, Je"“ dltgz) = e'8% 4 C.

822

CpaBHuTb ¢ Je’ d(e®) = -+ C.

B uHTErpaNbHOM HCUHCIEHAN HET YHHBEPCANLHONO CNOCO0a HH-
TerpupoBanus. [IpuMeHeHre pa3sIHIHbIX METOROB NPHBOAUT AAHHBIH
HHTErpaJ K TabAHYHOMY, KOTOPbIl HaR0 Y3HATH C Y4eTOM CBOMICTBA
HHBApUAHTHOCTH, [loNe3Ho npoynTaTh TabNUuHbIA MHTErpan, obpa-
a5 BHEMAHME Ha TO, I7ie HAXOAUTCA JlepeMeHHan uHTerpupoBanna
(B nokasaTesie cTeneny, B 3HaAMEHATENIE, [IOA 3HAKOM CHHYCA M T. A,).

4.1.3. HenocpeacreseHHoe UHTErpupoBaHNe

STOT METOJ, 3AKINIOYAETCH B IPAMOM HCTIONIB30BAHUA TaBIMYHBIX
HHTErpajioB H CBOMCTE.
MMpumephL.

1. J(6m5+ s’gx —10) dx.—-ﬁjm"’ dm+%lsinmdm-—

6
—10]da:=6%——%cos:c—10x+0=x6—%cosa:—lﬂa:+ C.
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3 1 2 _ 1 2
2, J(—z—u+e)dz—3tga¢ 4ln]:c|+e z+C.

cos™

3. j. (sin®z + 1) d(sinz) =

z +sinz + C.

3
= Jsinz zd(sinz) + Jd(sin x) = su;

ditgz) _
4.I v =In|tgz|+C.

1
5. j '?(znz) = —ctglnz + C.
sin®Inz

4.1.4. MeToa pasnoXeHnA

DTOT METOJ 3aKAI0YAETCS B Pa3lIOKeHHH MNOABIHTErPaJbHON
dyuxuuu B uueltnyio xoM6nHaLHMI0 Hosee MpocThIX GYyHKUMHA ¢ HC-
TIO/Tb30BAHHEM M3BECTHBIX dJopmle

INpumeps.
I.J(ggﬂ)dx=1(x3—l+§+%) dz =
23 1
.-?—a:+ln|:v|-;+0.
dzx sin° z +cos’ x
2. Jsin’x-ooszm_] sin® z cos? & dz =
1
—J(cwzz sin® :c)d:c-—tgz—ctgm+0
o2&, _|l=cosz , 1, .
3. Jsm 2dm—j 5 da:—z(:c sm:c)+C’
2*-1 —pot2 1 (1N\® 1\?
4‘] 10° d‘”‘J(E(E) "25(5) )d‘”'
i) =6)
~{= 95 { =
2\5 ' 2 25 i
=5 -1 tC=Fm iEms ¢
In— In-

5 2
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4.1.5. MeTtop noasepeHna nog sHak guddeperumana

Jas npueegeHHs JAHHOrO MHTErpasa K TabIHYHOMY 6bma.e'r

yaobHo caenaTh npeobpasopanua auddepeHuuana.
a) [Mopsenenue nop 3uaxk anddgepenuuana anHeltHolt dyaKnua

d(az + b) = adz, drmo,ua dx = ld.'(a:t: + &), a # 0, B uacTHOCTH
de = d(z + b), dz = - d(a:z:) T. . Audbepenymnan He MeHseTcA,
€CJIM K MepeMeHHOH npu6anrb WU OTHATD TIOCTOAHAYIO BEIMYMHY, .
a eCJIH TIEpEeMEHHAS YBeJIUYUBACTCA B HECKONBLKO pas, TO gmdxbepen-

LHAT YMHOMKSETCA Ha OOPaTHYIO BENWYHHY.
Npumeps ¢ pemwieHUsIMH.

1. J(x+1)"dx=j(x+1)17d(x+1) +C.

sin{z — 3)dz = Jsm(m 3)d(z-3)= --oos(a: 3)+C.

dzr _ fd(z+7)
a:+7"J z+7

Azl gy — %J et glaz 4 1) = i et 4 0.
dz 1 J d(2z)

(:c + 1)1

1 od

b .
[ SRR STV DU S S S S— S—

=h|le+T7+C.

4.

5 =1 arctg2x + C.

1+42® ~ 2)14(20)* 2
6. \/%_——9';2:5 x/% Sarcsin3z + C.
7 1+d::)sa: j 2oosdzc/2) = eigfzf/)z) =tg5 +C.
RCI T AR
9. v,%;:% \/3% -Ini2x+m]+c
10. jcos(i’m: +2)dz = 5 Icos(Sx +2)d(5z +2) =

= gsin(5:c +2)+C.

Hoxaxem dopmyant Ne 9% 12*% y 14* uz Tabauusl yHTErpaos,
UCTIONb3YA METOH NOABEZEeHNA 1o 3HaK andybepennuuana:
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tha:d:c: %:-J%ﬁ%-—-—lnlmzl{-a
dz _ d(z/a) .
J\/aﬂ—zﬁ‘JJI—(x/a)2—MCSlnG+C’
dz _l _d(zfa) _1

4TO U TPeGOBAIOCh JOKA3STh. A
6) [Noaseaenue nop 3nax gudxbepesnaia OCHOBHLIX SNEMEHTAP-
HBIX bynkumin:

e®dz=d(e®) a%dz= dlg:la) cosz dx = d{sinz)
. dz dz
sinz dz = —d(cos x) - = d(In{z|) et ~d(ctg x)

dz dz
- =d(tgn) = = d(arctga)

cos™ X
d(zz) 2:2 dr = d(ms)

dx

m=d(mmz) zdz = 3 =3
dx dx 1
Z=2Wa)  F=-d(5).
[Ipumepsl

J V/aIl-_da:—-J(:c +1)2 d(z? +1)

-5 (a? +1)2+C——(9: +1)WaZ+14C.

2. Im2Vx3+ldx= —I(x3+l)5 d(z®+1) =

1 2

m»-
OOIRO

(:c3+1)§ +C= -(a: + 1)V +1+C.

wl

3. J Si:l{_f dz = 2J8in\/a_:~ d(vZ) = ~2¢o8 VZ + C.

4. J:B . e"‘"z dr = —-;—Jehxz(dxz) = _.;.e—:c‘ +C.

8 Marnywxos U.B.
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1
5. Jzzj tg(@® + 1) dz = 3 Itg(w3'+ 1) d(z®+1) =

= —lgln jcos(z® + 1)) + C.

6 J az — J dz -
. V(3 + arcsinz)(1 — 22) V1—2%- /3 +arcsine

d(3 + arcsin x)
T = 2/3 C.
J V3 + arcsinz 2V3+arcsing +

7. Isin"’a)-oos:tdx:jsinszd(sinx]=jisin“:c+C.
8. Jcosa:c-sin2xd:c=2jcos4x-sin:vdm=
=—2Jm‘xd(cos:c) =~§ cos® z + C.

. 3
9. JMM = I(MCtg x)? darctg x) = %(arctg z) +C.

1+ 2%
dz . -3 .
10. j = J arcsinz)® d(arcsinz) =
(arcsin )*4/1 - z2 ( )l )
_ {arcsinz)~? | 1
- -2 +C= 2(srcsin z)?
11. [ Jd(l“g“}—z\/utgw-rc
cos’x\/_+tga: Vitigz . '
_ d(l+Inz)
12. ,[ a:cosﬂ(l +Inx) cos?(14+Inz) . tg(1+Inz)+C.
13. J e*(sine®)dz = Jsin e® . d(e®) = —cose® + C.
14. J Jd(arcsin:c) = Inlarcsinz| + C
V(11— mz) arcsin z “arcsinz |
*de  [d(e®+1) .
15. je +1‘J FHD Cinge +1) 4.
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coszds J d(sin z)
J V1+4sin’z V1+sin?z

lnlsm:z:+\/1 + sin :::l+C

17. | "% .cosz dx = J SinZ disin x) = e¥°% 4 C.

J

160

[ xdz a1+ 93:2) 2
8. |2, = 18J Lt 0e) = S +92%) + C.
3amevanus
1. Gopmyaa 16* B pamrax yueOHOH mporpaMms! giis hapManes-
THUECKOTO (DaKybTCTA JOKA3ATENBCTBY HE NOIJEKUT, HO 11POBEPA-
erca aupdepernyupoBanmem:

2z
(nfe 4 VP tm]) = o (L o) =

z+vVzZ4+m

1
B z+vat+m)vVa2+m C Vzrem'

2 3TO ¥ €CTh NOABINTErPaAbHAA DYHKUUA W3 popMyabi 16*.
2. ©opmyna 15* Gyzer goxazaHa NpH U3N0KEHHH HHTETPUPOBa~
HUS APOOHO-PALMOHATbHLIX QYHKUHIL.

4.1.6. MeTop sbieneHus MIONHOre KBagpara U3 KBagpaTU4HOro
TpexuyneHa

dx
[Mpu wuHTerpupoBaHun BbLIpazKeHuil TUNA j—— W
b pup P ax? + bz + ¢

z
J ————————— BHIJIEflCHHEM NOJIHOTO KB3JPAaTa U3 KBaJPATHOrO
vari+bzr+c

Tpexunena ax? + bz + ¢ yAaerca cBecTH UX K TabmudHbM 12%, 14%
15* unm 16%:

aw2+bm+c=a(m2+§x+£)=

mo((rr e () ) - ) +5) -

o¥
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B ofwem Buge 9712 onmepanMst BRIIVIAJUT CJIOXKHEE, YeM HA Ca-
MOM Zene.

Hanpumep, nazo BbLIIETHTL MOMHBIA KBAAPAT U3 KBAPATHOTO
TpexuaeHa £l + 62 + 5 = (2 + 6 +9) -9+ 5= (x + 3)% -

Torza, ucnionb3ys MeTox noaBeAeHUS NoA 3HaK AuddepeHnMana,
MOXKHO BEIYHIHTD CleAYIOLIHe HHTEMPAJIbI

IJ' dz _ dz _J dz+3) _
" lattex+5 (z+3)2—4— (:1:+3)2—4—

(x+3)-2 z+1
|(z+3)+2|+c | |+C
2.J’ dz _J dz -
244z +5 | (@ +4x+4)-4+5
d(z +2
-(m—_f_?2—)2-.*).—1=arctg(z+2)+0.

dx dz
5 Jms-m2-2x=J—__¢:mT?)=
j dz ____)__J‘ d(z+1) _

V-(E®+2+1)-1 Vi (z+1)?
::arcsin-{%l+0.
4 dz dz
) \/4x2+m-—6= z 6 =
\/4(x2+—-—)
4
dz

»/4((x2+%+(-)2)—-3-%)

o(c+3) W v}
j EOE

Ha saxmiounrensHoM stane UHTerpupoBalns Ghlna HCIONB30BA-
na popmyna 16*.

—--ln
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4.1.7. OCHOBHbIE METOfb! UHTETPUPOBAHUS

Taxnx MeTOZOB ABA: METO 38MEHEI NIEPEMEHHOR W/IH NIOACTAHOB-
K& H MHTErPHPOBAHUE MO YACTAM.

MerToz 3amens nepemensosi
Cymectpyior Ape ¢OpMYJBl 38MEHBI TIEPEMEHHOR B Heonpeae-
JIEHHOM UHTErpaJe:

1 [flz)da = [ £ [e®) @' (¢) dt, rae o = o(2);

2. If () @' (z)dx = If(t)dt rze o(z) =t.

3aech x = @(t) u t = p(x) cyTL MOHOTOHHLIE ,qncbd)epeﬂunpye-
Mble (DYHKLUH CBOMX NEPEeMeHHBIX.

- MlexyccTBO NpHMEHEHNs METOAA COCTONT, B OCHOBHOM, B BriGope
by z = @(¢) wm ¢ = () TaK, YToOB HOBBIE MHTErpPaIbI
SABAAAMCH TAOAMYHLIMH UM CBOOHAMCH K HUM. B okoHvaTenbHOM
OTBETE CNeAYeT BEPHYTLCS K CTApOH nepeMeHHOM.

3ameqamme. [loaenenue nop 3Hak anddepenuyuans ABAAETCR
YAaCTHBIM CY4aeM 3aMeHbl NMEPEMEHHON, TAK KAK BHIIOJHAIOTCH Te
XKe AelCTBMA, TONBKO He BBOAHTCA HOBAs NEepeMeHHast. DTo npoua-
BOAMTCA B YMe€.

IIpnMepsL

dz _ 32 _ _
1. Jl—n/iT' z+1=3, Ve +1=¢,dx 2tdt|

Spech CneRyeT BBECTH HOBYIO nepemeuuyro ¢ Tax, uTobBl M306a-
BHTBCS-OT KBaJpaTHOro KopHa. [lonoxnm z + 1 = t2 TOrgS & =
=t?—1,ads=2tdt:

tdt _  [Q+8)-1 , _ o[ at
2]1“_2]___1“ ar=2ae—2[ 2 =

=2t—2Jd—(11§2=2t—2ln|l+t|+C=lt:«/-_a:+-1‘=
=20z +1-2nf1+Vz+1|+C.

x—-2=t,z=1+2,dzr=dt}.

4zr+3

2. b a—— dx =
J (z - 2)°

Samenus £ — 2 Ha ¢ , MOAYYUM B 3HAMEHATe/Ie OAHOY/IEH H TIOCAe
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NOYJICHHOTO' ieJIeHUsT un'rerpa.n CBeAeTcs K TabIHYHOMY OT CTenex-
Hoft pynKumMy:

J4(t+t§)+3dt=j4t+11 I ’2dt+11J =3 dt =
+

11
—2 2(:1:—2)

e«m

11
__5

+C.

dx
3. 3 — — 242
J1+‘/5:__!___ le4+l=t% \/x+1 t,dz =3t°dt| =

_oft?dt @ -D+1 at+1)
‘3j‘"_t+1"“j_‘—”t+1 dz_sf(z+1)dc+3j D

=gt2+3t+3ln|t+1|+0=gi"/(x+1)2+3\/3:c+1+
+3m| ¥z +1+1]+C.

4 J e dz _Je‘e’dx _
IR Vee+1
4 _ 143
= e"‘+1=t4,e”d:c=4t3dt,e‘°=t4—1[=4f—-———(t ?””:

=4J(c4 — 1)t dt =4jt6dt~4jt2dt = 5t7— ét3+c =

4
= HeE+ )Y E TR - F Y F P +C =
= &= 3 (4. c_ 16
= V(e* +1) (7 21)4—0.
5.J_'i;1:$d$=|1+lnx t d——2tdt lnm_t2—1‘=

o Pt (2 -1)+1 __J J d
—2jt2—1 2J-—t‘—:~r—d --2 dt+2 t“—l

{t—-1) (Vi+Inz-1)
=2t+1 =2v1+1 Inj———+1+C
+in t+1|+0 Witz A mern| T
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6. J 2% dz

va3 — z3 =

2_ .3
J‘(t a®)t dt ZJtzdt 23Idt—
¢ 3
+

ad — 23 =12, -3x%dx = 2tdt, [
dde =23 - x¥de = —(t2 —ad)tdt

3

=L gp=_% _J_t.dL__
T TR T T Vit
\/1+4t C_._v:z:+

__17 2y-1/2 2
= -5 | @ +4) a0t < =

[ Va2 +4
o dz =

2
=2tgt, dx = .
* 8% cos’ t

“IJ' cost dt
T 4 ) cost-cos®t-sinit

TrTr i
tgt zyz24+4
gint = ——=——e= = —-4—
V1+tgt

64 16

- +C=- +C
1223(z? + 4) V22 + 4 323(2% + 4)va2 + 4

-

J (sint)~4 d(sint) = ~

x =3sint,9 — 2% = 3cost,dz = Smstdt‘ =

9 J 22dz _
/) Ve— 22
=9JMM gj(l-cos2t)dt-gt-—mn2t+C-—

cost
= garcsing - Em\/g—-mz-f—C.

Tipu nepexoje k NepeMeHHON & VCTIONb30BAHDI (DOPMYIIHI:

sin2a = 2sina - cosa, sin’a+cosia =1.
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‘MeTon FRTErpAPOBAHAS 1O TACTIM

Huddepennnan npoussefienna AsyX yHKIME orpepenseTca
dopmyno#t d{u - v} = udv 4+ vdu.

Inrerpupys 9T0 paABEHCTBO, MONYYNM BLIPKEHHE:

u~v=Judv+Jvdu.

O'N:uma m =uv — Jv du. 1o n ecth hopMmyna urmezpupo-
80HUR NO O

IIpuMenenne 3TOro METOAA NpEeanoIaracT CyO'beKTHBHOE Npea-
CTaBJIEHNE NIOAbIHTEMPAJILHONO BBIPAXKEHHS B BHJAE U - dv, M NPU 3TOM

uHTerpan | v du AomkeH 6ThL He TpyAHee, YeM | 4 dv. B upoTuBsoM
Cly4ae IPUMEHEHNE METO/a Hie HMEET CMBICIIA.

WTak, HCKycCTBO NPUMEHEHHS METOAS MHTErPHPOBAHHSA 1O 4a-
CTAIM TMPEANONAraeT YMEHHE BbIJEIATL U3 MOAMHTErpaibHON (PyHK-
LMK COMHOMKHTENH % H dU € YHETOM BHIINEN3JIOKEHHEIX TpeGoBaHNil.
Koueqno, He BCEe HHTErpaJibl MOTYT ObITh HANJCHBI STHM METOMOM.

IIpumephL
1) Unrerpanst Buaa

I P(z)e*” dz, I P(z)sinkzdz,’ IP(:v) cos kxdz,

rae P(x) — MuOrouneH, k — KOHCTAHTS BBLIYHCIAIOTC NO YaCTAM,
06o3HauuB u = P(x), a dv — BCe 0CTa/bHbIE COMHOKHTETH.

©w=z;dv = es‘”d:cdu d:r:v--%esﬂlc

1. J’a:e"sm dr =

1l 8z 11 35 ,__1_( __l) 3z
-33:e 3‘[6 dx-s x 3 +C.

2) Vinrerpassi THna
J P(z)arcsinz dz, - I P(z)arctg z d, J P(z)Inz dz.

3aeck nonoxkum dv = P(z) dz, a u ~ Apyrre COMHOXHTEIH.
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1
2. Jmalnmdx= u=lnx;dv=x2d:c;du=;dw;
S YEY NG S SROREE | U AUUE. O PRI Ay, g
v =32 =33 Inz 3.[37 da;—sx Inz 9 +C
1
=55 (no-3)+ 0.
dx
3. | sarctgrdx = u=arctga;;du_—_md3;du=m§,
2 22 1 22 x?
v= —-—-arctga:—ijlq_w da:———arctgz_
1{(14+22~1) z? I IJ dz
ZI ) dr =2 arctga: dz + ————(1_*_:6)
=(i_+%ﬁrfigﬁ_§+a
. : . dz
4. Ja.wsmmda:= u=arcsma;;dv=dz;du=._{_—2;
Vi-2
v=2 *zarcsinx—J——z-‘iz——zmcsinx+JM=
V1-ga? 2¢/1 — 22

=zarcsinz + V1 —-z2+C.

JlioGoit pe3ysabTaT MOXHO npoBepHTb AuddepeHLHPOBAHIEM.
Hanpumep, B JanHOM iiydae

(zarcsinz +vV1—-22+C) = arcsm:c+‘f_-x2 \/I:C_ﬁ:

= arcsin x.

PesynbTar BepeH.
3) UarerpaJiel BUjA

I e*Tsin bz dz, I e** cos bz dz,

rae a, b — const. 3a 4 MOXHO B3ATE €%%, sin bz unn cos bz.
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u = sinz; dv = e* dx;

5. Jelxsin:cd:c =

du=coszdz;v=2¢e"

u = cosx; dv = € dz;

= e%sinz -—Je”cos:z:da:z

du = —sinz dz;v =e*
= e*sing — e®cosx -,J-e"' sinzdx.
Orciopa nony4aeMm, 410

Ie”sinxdm = e”(sinz —cosz)/2+ C.

u =1+ 22; dv = dz;

du = z de;v=1x"
VvVi+z2 '

2dz
=m\/1+:c2—J z .
V1422

—

J\/I-{-mzdx—

Orciona

dz
2JV1+:¢2dx=a: 1+a:2+J
V1422

VIt 22
J\/l +x2dm=(w—1}‘?—)+;—ln(z+v1 +22)+C.

xdx

7. —— o=t A =
cos—"‘ﬁ—"x v g &

% =z;,dv=

=a:tg:n—th:cd:c= ztgx + Injeosz| + C.

8. 13‘5 dzx. 3aeck Hafo CriepBa CIeJIATh 3aMeHy TepeMeHHOM,
a MIOTOM MHTErPHPOBATE IO YACTAM:

Jefdm =

x =t% dm-2tdtl Ite dt=2(t-1et+C =
=2(ﬁ-1)e
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8. Jsinﬁd&:z z=t*dz =2 dt =2Jtsintdt=
= t; dv = sin ¢ d; '
— | ¥=tHav=sint ":-—2tcost+2jcostdt=
du = dt;v = —cost

= ~2tcost + 2sint = =2/ cos v/z + 2sin v/ + C.

3

d

10. J \/a;_$2. STOT HHTErPAN ¢ PABHBIM YCnexXoM Moxker GuITh
+x

HalileH KaK B peayabrare 3aMeHbl nepeMenHol 1 + z? = ¢2, rax
H METOZOM MHTErpHPOBaHHsI 110 YacTaAM:

[ Sde u=a¥do = o2,
J\/__2= V14 z2 = 22y/1 + 22~
1+z du=2zdz;v=+v1+z?

—2JxV1+m2dm=x2VI+m2—I(1+m2)1/2d(1+m2) =

2 1_2
=x2\/1+az2-§(I+mz)v1+x2+0=3(—:';]‘~4—_—);+C
vV x

CamocrostenbHas pabora

HenocpencTeennoe naTErpApORaHEe

f dvz — 4
L | d :_4. 2. Jsin32:r.d(sin2x). 3. j%:%——sf)‘i.
1 3 d(arcsin z)
+ | (tg2w+9+tg a:) dtgz). 5. j arcsinx
o 32— d(lnz)
6. |2 4d(3z—-4). 7. I—
J Vi-In*z

o [ (g - ) e
9. ‘(sin(e“’) +2e%) d(e®). - 10, J%L?g
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IIpocretimype MeToOAN HATErPHPOBAHAS
[ dz

11.u =13 =In|z+3]+C.

[ dz
12, | ——=In|z -1+ V22 =-22+2|+C.
13 i dx _ n|m+2-\/§
J(@+2?2-3 2v3 |z+42+43

1 . dz 1 3z
14, [5%de= 5% +C. . =z = +C.
J5 dz 35 5% +C 15 Jm 6a.l'ct.g 2 +C

IG.J ——aresm5 + C.
v4- 254:2
dz
17. . 1oz = ctg -I-C
18. de 240

) cosdz +sin?2z 2
19. .oos(l ~2z)dz = —-sin(l -2z)+ C.

20. .Wdz—-—(s 3z) {/(8—3z)i+C.
21. ‘zzml—(idz=§(x3+10)m+0.
22, [C8VEHL o invEFI4+C.

J Vz+1l

28. |tg(2x +3)dx =—3 ln |cos{2z + 3)| + C.

24, Ictg(?:c - 1)dz = -7 In [sin(7z — 1)] + C.

25. J—-—‘-i—z— = 2arcsiny/z + C.
_ va(l-x)
4
26. _[Sin4z-oosz2z=—'m42z+0.
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emtgtc
27. J dz = ™% 4 C.

1+ 22
1
28, I dz = = In|arcsin 22| + C.
arcsin2z - /1 ~4z2 2 .
dz V
29. =In|3+t C.
.[(0062z+sin2x)(3+tgz) n|3+tga|+
coszdr 1 |2+sinz
80. 4—sinfz 4 '2—-sinz +C.
[ coszdz
81. | ———==Inlsinz + V1 +sin’z|+ C.
J V1i4sin?z | |
[ dz
32. ="'! 2 .
| sinzz\/ﬁct = nIctga:+\/1+ctg :c|+C
gl x
[ e” dz 1 e*
33. ] M_Emtg?+0.
" gin2x
34, | ——dz= in? .
| 1+sin2a:d$ In|1+sin°z| 4+ C
[ zdx 1 2
35. JT¥+ -.iarctgz +C.
 (lnz)™
36. J W—l=ln|ln:t:|+C,ec.num=-—1;ec:mm9é—l.
[ dz |
37. | Povepe —tgz+§tg z+C.
1—si
38. I Slnwd:.-:=ln]l +sinzj+ C.
cos 2
f  dz sinz —1
39. — = +C.
J 1+sinz cosS T
go. [ 92 _1tcoesz .
J1—cosz sin®
an [ 2 ez +0
BEEET TV I A '
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dz 1. (z+2
N (AT ik d )
42 .[:c2+6x+8 2“:c+4l+c
dz 1 z+6
43.[24—-:62-29:_%1“ x-4|+c'
[ 1
VR . E—— In |32 +1+ V922 + 62 +2| + C.
JVortiez+2 3
45. J——=arwinx‘l+0.
J /8 —-z2 422 3
46 zdw = Laret (e*+1)+C
" FT iyt 2MOE :
Meroant 3amMeHBI IepeMeHHol ¥ MATerPUPOBARHS TIO JACTHM
i dx 1
a7, | ———5— C.
| g \/éarctg(\/- tgz) +

. . YiT S
48. \/3’1-{-33in:r:cos:::ci!zr:=(1"-35"12:)4 +3smm+0

 sin2x
49, | ———=2 = In(1 + sin?® .
9 | 1+sin2:cdm n(l + sin®z) + C

[ 1+Ilnzx '
50. . m =In {3+a:lno:l+0.

2

i edx dz 1
51. arcsin —

1372772 V3
- gn! 1 z®
52. ] md$—aamg‘;+c

+C.

53. (lna:-}--l—)@——]n z+inlinz|+C.
J Inz/ z

i . 2 4 '
54. | cosPzvsinz dz = 3 sinzvsinz ~ = sin® 2vBin o+

4 2
+T2ism zVsing +C = v‘smx( sm:r:-;sm z+—ﬁsm5:z:)+0.

55. Jarctgﬁdx = {z + 1) arctg vz — vV + C.
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56. Jeﬁ de = 2eV%(y/z - 1)+ C.

7. Jln(x+\/1+x2)dx=xln(x+ Vit - it 22 +C.

58.

59.

60.

61.

62.

a3.

64.

[ xcosxzdx 1 T
—_—— = b C.
J sinz 2 (sm +e gx) +

. 2
x .
| a:tgzzdwzxtg:n-—7+ln|cosa:]+0.

[ tgx d
e Vitalarctgr —In{z+ V1+22) 4+ C.
J V1422

Jln(a:2+1)dx=mln(a:2+1)~2m+2arctgm+C.

I _____arcsnr___;l de 2(v/Z ~ /1 — zarcsin v/z) + C.

n?zde =z(n*c - 2Inz+2)+C.
sinlnzdz = g(sinlna: —coslnz}+ C.

[
coslnzdr = g(coslna: +sinlnz)+ C.

Intge _1
sm:x:»cosm T2
1

ln tga + C.

Inzde a
T :n) ln]l In” z] + C.

Insinz

z' dz 4 1
(1+ 4)2 ln(l‘*'m )+4(1+x4)+c-
In*(1 +¢)

'm(z+l)-—lna: _
~z(z+1) dz=-——g—+C

J
J 8L yr=In Insinz| + C. 69. Ie‘ﬁ*‘” de=e" +C.
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z dz 1 3
72. = -
I (z* -1)° 4Hz* -1 2(2%-1) +

3 2 1 2
+§Inlx —1]+§2 +C.

e N1
73. [4f 1"’: dz = arcsinz - VI — 22 +C.

74. |1n

dx=wln(x+ﬁ+x3)—ﬁ+x2+0.

1
z—vV1+22

[ arctg vz

750
]

dz = 2¢/zarctg /z — In(1 + %) + C.

§ 4.2. UnterpuposaHne ApoSHO-paLMOHANbHbIX
pyHKUKN

A poGro-pauponanbHol byHKIpell HA3HBACTCA OTHOMIERYE ABYX
anreGpamuecknx Muorouienos (nonmuuoMos): Pr(z)/Qm(x). 3pecs
Po(z) = aq +ar1z+ax? +... +apz",a Qm(x) =by+bz+ ...
oo + bpa™ — anrefpanyeckne MHOTOYTEHK! CTENEHU 7L ¥ M COOT-
BeTCTBEHHO. :

Koacdppuupentsr MHOrOUICHOB &g, G1, G2, - - . s Gn, o, b1, b2, ...
.-+ ybm CYTB HEKOTOpBIE ASHCTBUTENBHBIE YHCA.

B JjanbueltiueM g KpaTHOCTH OyneM HA3LiBATL JPOOHO-
PABHOHATBHYIO (DYHKUMIO IIPOCTO PAUHOHAIBHON Apobbio.

PauMonanbHasa Apofb HA3LIBASTCA TPaBMJbLHOI, eCNH CTeneHb
YHC/IHTE/IA MEHbIIEe CTelleHH 3HaMeHaTeas, T.e. n < m. B mpo-
THBHOM C/y4ae palMOHANibHas ApOoOh HA3LIBAETCA HENMPABWILHON.
Jliobas HenpaBu/ibHAA DaLMOHAJIbHAA ApoOh MOXET ObITh npej-
CTaB/IEHA B BHAE CyMMBlI aJreOpantieckoro NOJMHOMA N NpaBRib-
HOH pauvonanbHol#t apobu. HanpuMep, HenpaBuibHAA PauOHAIb-

2ttz-1 :
Has Apobb —————— paBHa CyMMe & H NPaBHIbHON palHOHARBHON

z3+1
Apobu
23 +1
CTBIO HETIPABUNLHON paluroHaTbHON Apobn. B obulem ciyyae Boige-

. AnrebpanyecKkuit MHOTOWIEH HA3bIBa&ETCA ueJioft ya-
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NeHUe UeA0i YACTH MPOU3BOAMTCA ClleayioiuM obpaszom. Chadaina
B MHUCJINTENE H 3H8.MeHaTeJIe CTENEHH 3: pa.cnonammcﬂ B I'IOWKG

yOuisanus. Hanpume 1+2% +2 — 307 ~3z%+2+1 B ka-
i s S e +z+1

yecTee Cneayniery mwars JeyiiM CTapiiylo CTeNEHb YHCGIUTENH Ha
3

z
CTapuyio CTeneHb IHaMEHaTeN s —5 = Z. 3arTem YMHOXKAEM 3HaMEe-
z

HaTeb Ha NOJYYEHHBIE PESYILTAT U BLIYHTAEM TO IPOU3BETEHNE U3
uucurena: z° —3z2 42z +1-z(x?+2+1) = —42?+z+1. lpogon-

>KaeM ITOT Nponecc: —4% —4, — 42?4+ 1+4(z? +2+1) = Hx-+5.

B nannHelieM 5z yxe HeNnp3d pa3,zxenwrb Ha z2. CiegoBaTenkHO,
22 ~ 3:.-: +2zx+1

B PE€3YJILTATE MBI NIO/LYYHM PABEHCTBO: = (2 —-4}+
Sc+5 a’+z+l
Trzsl Paccmorpum eme onun npumep 6e3 nogpobrbIX 06bsc-

HEBHH OTAENbHBI AcHCTBUHY. Bbmenum LEeAYIo 4acTh H3 HeNpaBWJib-
a:e - 3:3: +2+1

HOY pauHOHasbHOK IpobH =31 . NocneaoBaTenbHOCTD
paboThl crieayomas:
2% -3z% + 2z +1 |23 -z +1
28—zt 4 28 2% - 3822 +2—4

_—8aS ot 42z +1
— 3z% 4+ 323 — 322

24~ 423 + 322+ 2241

gt -2+

_—4:ca+4x2+:n+1
~dad+ 42— 4

—

422 -3z + 5.

WTak, HenpaBHIbHAS p&l{MOHMbH&ﬂ ApoGh NpejcTABAeHA B BHAE
CYMMBL anre6pauuecxor\o nogmtoma (12 — 322+ x — 4) u npasunbHoit

—32+5
PAUHOHAJIBHOH npoﬁn —-3—:1— 3aaa4a MHTErPHPOBAHNS HENpa-

BIJILHOM palnoHamsRol ApoGu RPUBOAUTCA K 3aaMe UHTETPHPORA-
HHS HEeAOH YacTH, T. €. anredpanieckoro MHOMOWISHA, H IPABHIIbHOR

PaLHOHANBLHON APOOH.

10 Maanyuxos A.B.
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4.2.1. MeToguka pasfioXeHuUs NPaBMIbHOA PaLMOHanbHON .quGu
Ha npocrefume

Jliobas npaBunbLHAS PalMOHaJIbHASA Apobb MOXKET OMITHL npea-
CTaBJ/IEHa B BHJAE CYMMBI NMPOCTSHILNX paLMOHaNbHbIX Apobeit ciie-
AYKOUWNAX YeTbIpeX THITOB:

z—a’

A
2)-(':3_—0’),‘:,1")10}9-7,2,3,...
. Ac+ B p?
—_— — - 0.
3)z2+pm+q’me4 7<
4) Az + B raek=2,3,...

(=% + pz + )*’ |

Ipocrefiiias apobb YerBepTOro TUMA HE BXOAUT B y4elHyIO
nporpaMMy H No3ToMy He OyAeT paccMarpuBarbesi. OTpaHnunaMcst
PacCMOTDEHNEM Cilyuas, KOrja 3HaMeHaTeNb NpaBWiIbHON palmo-
HaJbHO! ApoOH NMpejCTaBNeH B BUIE NpOU3BEJCHUs JIHHENHBIX CO-
MHOXUTeNeH B 0GOH CTenenu ¥ KBAAPATHYHBIX COMHOKHTENEH
B NIEpPBOI CTENeHn.

PaccMoTpuM nopsiioK pas’/iosKeHHs! TIPABHITBHON PaliiOHaIbHOMN
npobu Ha mpocreimive. Ecnm 3HaMenavens npeacrasaser coboi
NPOM3BEAEHHE NPOCTBIX JIMHEHHBIX COMHOXKUTENEH, TO Pa3jIoyKeHue
COAGPIKHT TO/bKO MpocTefiune gpobu nepeoro tuna. [Ansa npumepa

2x 3
PA3J0KHM Ha NPOCTEllIHe NPaBHAbHYIO Apodh 2@ —— g Pazno-
xeﬂueumee'rsn'—z-ai:}——-—-é+ B ¢ Hna
al z(z-2)(z+2) = a2 T ovz

HaXOXKJEHUA A CIIePBa yMHOXHMM NOCASIHEC PABEHCTRO HA T, & 3aTeM

noaoxkum z = 0. B LTATE MIOJIYYNM AHANIOTUYHO: -—2-3:-:-3— =
=5 B peyi v Tz 42)
A : C 1
= ;(m—2)+ B+m(m—2), ecx=2,70B = 3 CosepizenHo
7 2¢ —3
AHAJIOTHYHO HaxomuM, 4TQ €' = _. OKOHYATENBHO! ——p—— =
: 8 z(z* — 4)
3 1 7
= + 8z =9 + ) Ecsu 3HaMeHaTeNb COAEPIKHAT MHOMXKH-
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rens (2 — a)¥, To sTOMY MHOKHTEMIO COOTBETCTBYET k MpOCTeHImIX
Apobeit: ofHa fpobs mepsoro u k ~ 1 ppobeit Broporo Tuna. das
NpuMepa Pa3oKHM Ha npocTeiiune NPaBUIbHYIO PALHMOHANBHYIO

22 +3zx+4 A B

— = . AuB
Apobb oz 1) s A + p Koo dpuuuenrst A u
MOXKHO HalTH ana..norulmo NpeALIZYIeMY:

2 2

-z +3w-{;4 —1 B=$ +3z+4 =7,
(.’B - 1) z=0 z a=1
2 +3z+4 4 7 C
z(z—1)? = + (z —1)? + z-1"

Hna saxoxpenua koaguuuenra C MOXKHO NPAHATL B NOCAER-
HEM PaBElCTBe, HalpuMep, & == 2. DTo JaeT ypaBHEeHUC Aid Ko~
dbunuenTta C:

: : - 2
Ecan 3HAMEHATENb COREPXKUT MHOKUTENDS T2 + P& + g, rae % -

— g < 0, To pa3nokeHue NpaBIILHOI ZPOOH Ha mpocTeiiiye cogep-

KT MpocTeiimyo ,qpoﬁb Tperwherc THNA. Usaoxum aTor cayqall Ha

4z —
APUMEpE PAANIOKERHs! Ha IpocTefiiue APOGH —5—— —— = '1 23 5
4z-3 A + B Cz+ D
22 (2 +2x+2) 2 22 4+2+2

Cpaay BugHoO, yT0 A = —-1,5.
Ansg HaxoKACHUA OCTANbHLIX K03(PEPUUHUEHTOB BHOBL CIOXKUAM
npocreffiine panuoHaibHble APoOK B IPABOH YACTY PaBEeHCTBA!

4z —3 _ A(@® 4 2z + 2) + Bx(z? +2:c+2)+z2(6'z+D)
2z’ + 2z +2) z}(z? + 23 +2)
Ecii e Apo6u paBHbI 4 Y HWX PaBHKI 3HAMEHATEJIH, TO Y HHX PaBHbB
H YUCIIMTENH., '

JBa anreGpaudecKux MHOIOUIIEHA PABHEL, €M Y HHX COBIIAAI0T
k03 HIHEHTEI IPH COOTBETCTBYIOMMNX CTENEHNSX Z. Fro NPUBOAUT

10*
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K CHCTEME JIMHE/HBIX TefpanyecKuX YPaBHEHHI:
npu z3: 0=B+C,
z% 0=A+2B+ D,
z: 4=2A4+2B,
2% -3=24.

YHereeproe ypasHenne gaer A = —1,5, yTo noaTRepHASLT Hal-
BeHHoe pannee snauenue. [logcrasuM 8 Tperbe ypaBHeHue wadiaen-
Hoe 3navenue A: 4 = =3 + 2B. Orciopa B = 3,5. lloacrasnas
Haliaennsle A n B Bo BTOpOE ypasuenune, noayunm: 0 = -1,5+ 7+
+ D; D = -5,5. Ha ocHoBauun nepsoro ypasHenus C = -3,5.
OxoryaTensHo nojtyyaem paanomenne NpaBUJIbHON PALOHAIBHON
ApoBH Ha npocTediupe: 4z ~3 _1 5*35 3,5z 45,5

P +25+2) 2 242 +2

Buisop naparpacda: unTerpnposanne npasn.nbnoﬁ PaIyoHaIb-
HOH ApoGR Bcerfa MOXKHO CBECTHM K MHTETPUPOBAHHMIO CYMMbI NpPO-
CTEHIIHX PALMOHAILHBIX Apobeil,

4.2.2. MeToAMKa UNTETPUPOBAHUA MPOCTEMLMX PALMOHBNbHBIX
ApoGen

[Tpocreituine spobu mepBoro U BTOPOro 'runoﬁlnn'rerpnpym*ca
NyTeM NPUMEHEHHs TIpocTelulero Meroaa MHTerpupoBaHNsA, WO~
yeHHoro B 1. 4.1.5.:

I A gy = Aji(i—a‘ﬂ—mn;x-auq,

T—a

A =kl
J - Aa),‘ A = Aj(m — o) ™d(z —a) = ————-——A(f,k +)1) +C=

3 A
T (- k)z - a)*?

Ipocreitmasn Apobb TpeThEro TUNS HHTErPUPYETCS NMyTEM NPH-
MEHEHHST METOA0B HHTErPHPOBAHUA, H3J0KEHHBIX B V1. 4.1,

Az + B
Htak, Hafio Haitry HeonpeAeacHHbIR MHTerPal [—2—-?—1'———- dz
) " 4pr+g

NIPY YCIOBAM % — g < 0. BoigenuM nonkbii KBa#paT B 3HaMEHaTENE

+C (k#£1).
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2
a:2+p:c+q = (a: + L4 ) +q— 72 3aTeM cAenaeM 3aMexy nepemennoﬁ

2
:c+——t Torna x = { — 2, dz = d. Oﬁoanaqﬂmq-——-—az

urxo.nquw
P
Az + B A(t-§)+B
T‘"—dm= ““-Q‘—T_“dt':
2 +pr+q t“4a
tdt dt
tz §+( ) an=

_1 2, .2 _an1 ! —
._2A1n(t +a)+(B 2)aarctga+0-

BO3BPaIAACE K CTAPOR HepeMeHHONl, Noay uM

(3.._?3 L2

1 2 p) +3

=§Aln(a: +pa_:+q)+—-——-——~arctg + C.
_2 o2
977 4

OxoHuaTeNbHbH PE3Y/IPTAT HHTErPHPOBRHHUS:

+C

Pasymeercs, HET CMLICHA 32y YNBATD 9TY <b0pmyny Hau3ycTs. Jlyuwe
BCEro 3aMOMHUTD NOWISAOBATENLHOCTD IeACTENE BAY BKIOYUTD ITY
hopmyay B AndHBIE CNPBBOYHIK.

B zakmouenue sroro naparpada MHTErpHpyeM NPaBUIBHYIO pa-
LRMOHAALEYIO APobh, PacCMOTPEHHYIO B KOHIE I1. 4.5.1.:

JAa:-{»B e

4z -3 dx dz 3,5z + 5,5
—T——-——-—-— = - _— - ————— =
z2(z® + 22 + 2) dz 1’5J?+3’5Jm Jz2+2m+2 ®
2+ 22 +2=224+20+14+1=

=(z+1)?+1=3+1,
s+l=¢ z=t—-1, dz=4dt

=35 L 35m)z| -
1
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35(t—-1)+55 1,5 tdt J dt
PR Rk s, S’ At juthdt —— 92 =
j Ty db= "2 +3,5]e| - LQH

§+3 5ln |z} — --1n(t2+1) 2arctgt =

= % +3,5In|z| — 1,75 In(z?® + 2z + 2) — 2arctg(e + 1) + C.

4.2.3. pyMmepbt UHTErPUPOBaHUSR APOOHO~PAUNOHANBHLIX .
byHKUMA (pauvoHanbHbIX Apobein)

Jx+2

T+3r~-4
Has DYHKIHA — NPABHNbHAS HECOKDATHMAsN ZPOBh, PA3JIOXKHM ee Ha

npocTefimire gpodn:

3z+2 _ 3z+2 A + B
2?4 3z-4 (z-1U{z+4) =z-1" z+4

3z+2=A(z+4)+ B(z - 1),
npnrz=1: 5=5A=A=1,
npuz =—4 ~10=-88B=8B=2,
42 _ 1 2
e +3z—-4 -1 z+4
Tenep MOXKHO HHTErPUPOBATS:

3x+2 dz dx

.[a:2+3a:~—4dx—_[x—l +2Jz+4-
=lnjz —1}+ 2z + 4|+ In|C| = h|C(z - 1)z + 4)%.

dx ‘
1)z —-2){(z-3)°

Kak ¥ B nepeoM npumMepe, NOALIHTErpaibHas MYHKIHA — NPa-
BH/IbHAR M HECOKPATHMAs ApoOb, rae 3HameHaTelb NPeICTaBNs-
er coboit npousBejeHe AUHEHHBIX ABYYJICHOB B fiepBOf CTeneny.
[ToaToMy ee paz/ioeHHe Ha npocTefitine ApobH COACPKHT AMILL
npocreiiniue ApoOH NEPBOro THNA:

1 A B - C
(x—-1){z-2{z-3) z=-1 -2 =z-3’

1. Hafttu uufrerpanj dz. TlockoabKy HOABIHTErPasIb-

2. HaliTn unrerpan J o
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1 1 1
A=a -5~z P=@-ne-m -V
1 1
C=ETue-pn T
1 _1 1 1,1 1
G- -e=3 2 z-1 3213 3-8

dz _1f dz ! de +1 de
(z—1)e-2z~3) 2)z-~1 Jz-2 2}z-3
=—-%ln)mwlj—lnlm~2i+%ln]m-—31+lnl(}‘]=

‘C’\;‘i(m 1)(x — 3|

3 2
3. Hafitu nurerpan Jg%;}-——l-—l' dx.

[Top 3HaKOM HHTErPaia — HENPABW/ILHAS PALUOHANLHASA APOGh.
[losromy crnepss HajG BHIAGANTL U3 Hee UEJIYI0 YaCTb, & 3areM
OCTATOK PA3JOKHTb He, CyMMy IpocTeHInX Apobet.

3x3+:n2-1 22~1
T32% ~ 32 3z+1

22 +3z -1

T2 -1
3z,
33+ 22 ~1 3z
oK +E~1 1
22 -1 3z + +x2- ’
% _ % __ A B
22-1 (e-1){z+1) -1 z+1’
3 3
A---, B=§.

3aMeTHM OfHAKO, YTO B JAHHOM KOHKPETHOM CJIy4ae MOMCHO
obolirrch 1 Ge3 padsoykeHs OCTATKA Ha NpocTeine Apobu:

Jv.:’:f’..._;f_r_da:~f(3x+l)d:c+3j zizl =
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d{z?® - 1) _

po R T lnlx -1+ C=

3:5 t+tz+5 J
=-2-(:cz+ln|:v2—l|)+m+0.

4. Hafitn HHTerpaJj ’I's—(x"'—l)

Hanuuue MHOXKHTEA 3}3 B 3HaMeHaTeae NOBOPHT O TOM, 4HTO
B Pa3JI’KEHHM NOAbIHTErPAMbLHON (PYHKUHM Ha npocreiliine Noss-
AMOTCS HpocTelimye Apobu K NEPBONO M BTOPOr'O THIIOB:

1 A B C D E
xg(zz—l)—?+;§+;+:c—1+w+l’

1= Az*(z - 1)(z 4+ 1)+ Bz(z —1)(z + 1) + Cz?(z — 1)(z + 1)+
+ Dz*(z + 1) + Ex®(z - 1).

IMopcTapnsas B 910 TOXKASCTEO & = 0, 1, —1, nosyyuum

A=-1, D=3, E=j3,
1 C 1 1
S@-1) 3+ it ts (z—l+x+l)'

Ans naxoxaenua B u C MOXKHO B35ATb ABa MOObIX 3HAYEHHA T,
HO He 0 1 He 1. BoasMew, Hanpumep, £ = -2 U & = +2,

1 1,3 C 1 1
e=-2=2 -y =g+i-g+3 (-3-1)

1 1 3 C 1 1
m—2=>ﬂ——§+z+“2"+§°(1+§).

CaegoBatensHo, xoadpduuuentsr B u C Gyayr HailAeHsl B pe-
3YABTATE PELICHHA CUCTEMBI ABYX JUHENHbIX anrefpanyecKnx ypas-
HeHull ¢ ABYMA HEU3BECTHBIMM:

B-2C=2,
B+2C =-2.
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Orcioga nonyuaem B = 0, ¢ = —1. OxoHuaTenbHoe pasiioke-
HHe noabIHTerpaisHoi (PyHKUHH Ha npocTelilne uMeeT BRA

1 1 1 1( LS
2 (z*-1) 2 =z 2\z-1" =z+2/°

[IpucTynaeM K MHTErpHpPOBaHHIO:

dz___ _(dz _(dw 1 dx  1f dz _
DE2-1) |z r  2)z-1 2)xz+2

=7 —Info]+ Mz —1+3hjz+2)+In|C| =

2z
—
=i2+ln C/ (= 1)(z+2)l‘
2z T
dz
5Haﬁmmrrerpa.11j—f—2-——
(2" -9)

! ittt =AL B 4__1 pg_1
z2(z2 — 9) |z “tl"t(t—9)"t+t—9’ s 9’ 3‘9’
Lt
2%(z2-9) O\ z2 @ zi-9)°

J de _ 1 dm+1 dz
2z2-9) 0)J2F 9] zt-9
1 1 1 1 1 3~z
TR 6 3+x|+c ~—-—n3+xl+0.

Plcnonbaonaﬂbl dopmyapr NelNe 1, 15¥% ns 'raﬁ.rmuu OCHOBHBIX

HeonpegeNeHHbIX HHTErPAJIOE.
6. Halith wurer J dz
X P e+ 0+
[Tockonpky B 3HaMeHaTeNe WMEETCA KBAJPATHLIA MHOXKHTEND,
B PA3JIOKEHAU TIOALIHTErPasIbHON (DyHKUMN NOABKATCA MpocTeitilan
ApObb TPETHEro THMA.
1 _ A Bz +C
(241D +4) =z+1  22+4°
Kosdbpmupuentt A, B u C 6yseM HCKATb METOAOM CPaBHEHH:
ko3dxpuLenTOB. FciH Ca0XMTh ABe APOOH € HEONPEREACHHBIMH
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KoapPuUYeHTAMH B NPaBOd YacT¥ PABEHCTBA, TO MQJAYYHM Zpobb
CNIEAYIOLIETO BUAA: :
(A+ B)z*+(C+ B)z+ (4A+ C)
(z +1)(z? +4) '

Ecnn gBe Apobu paBHbI H Yy HHX PDaBHB! 3HAMEHATE/H, TO JOMK-
Hbl ObITL PaBHBI M YHCIMTENH. JTO NPUBOAHT HAC K CHCTEME Tpex
JNVIHEMHBIX asirebpanueckux ypaBHeHHH C TPeMsl HeW3BeCTHLIMK A,
B, C:

A+B=0)
B+ C =0,
4A+C =1,
A=3, B=-A=-, C=-B=A=1.
Urak,
1 1 1 1 —-z41
(:c+1)(a:2+4)=§ w+l+§ 2?44

[lepexoanM K HHTErpHPOBAHHUIO:

J‘ dx _1{ dz  1f =zdx +l dz
(z+1)(z*+4) 5)=z+1 5 z3+4 5 x’+4“

= 2z +1] ~ 55 In(a? +4)+ arcig 3 + C.

¢+ 3
7. Hai [=t s
aitTi uHTerpan 227 152

[TogpiHTerpanbian QyHKUMS — HENpPABWIbLHAS HECOKPATHMAS
Apobb. [Ipexxae Bcero Hy»KHO BbIAGAHTE U3 Hee LENYIO YacTh:

_m4+3 23 4222 4+ 52
a4 + 223 + 5x? -2

— 223 — 522+ 3
T 223 — 422 — 10z
—z2 + 10z + 3,
2t +3 —-224+102+3

—_———= (-2 T A ey
z® + 22 + 5z ( )+ z(z? + 2z + 5)
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TlepelizemM. K HBTErpUPOBAHRIO:

4 2
543 —z°+10z+3
e ———e —4 — 2 —_—
J\:123+2.1':2-{-5.1:d:c J.(x )d$+[x(x2+2z+5) dz

Wnrerpan or uenol yacTy TpyaAa He NpeACTaBIIAET. Pasnoxkum
Ha, MpocTelKe ApoGH NOALIRTErPabHYI0O PYHKUHIO BTOPOro HHTE-
rpania:

-2+ 10z + 3 A Bx 4+ C

x(z? + 2z +5) ' 2 +2z+5
~-1=A+ B,

8 44
10=24+C, = A=§, B=-2, ¢c=%
3=5A

— 22 +10z + 3 - = 3 dm_lj 8z — 44 d:v‘-§ln|m|-
z{z® + 2x + 5) 5|2 5)z2+2e+5 5

224+2x+5=2>+20+14+4=
=(z+1)*+4=1+4
z4+1l=%t g=t—1- dz=dt

=§-ln]:c|-§Jﬂ+5—2[i=§ln|w|-‘—11n(t2+4)+

1{8¢t-1)-44 , _
5[ 2 +4 dt =

5)t°+4 5 |t?+4

+%arctg%+0 =—In l:c[-—ln(a: +2:l:+5)+—arctg + 1 +C.
Okoma:renbubm OTBET:
2t +3
—_— T dr =
J @3 + 2z% + 52 e
z2 3 z+1
—-2—"'22?-!'311'1]37' 3

CamocTosiTenbHan pabora

Hatra uaTerpad:

J 922 + 20z ~ 5 da. sza—m-s
(- 1){z+2)(z+3)
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2 __ _ 3 2
3. J————“ S22 4 I‘" tatatly,
"+ z{z +1)
5 I 722 + 132 + 34 . Iz4—3zs+a:2+1
"l (z-1)(® +4x+13) ) 2+ 2042
Jlﬂz3+1622+16m+4 B 8 j 52% 4 822 — 62 43 iz
") @R 22 +2) )2t -22+2)



[0 S
OTPEAENEHHDBIA UHTENPAN

§ 5.1. NoxATre onpefieneHHOro uHTerpana

K noHATHIO OnpeseNeHHOro MHTErpana NpUBOAAT pasHoobpas-
Hbl€ 33JAYH MATEMATHKH, QUBUKH, XUMHH M APYrdX TOYHbIX HAYK,
B TOM YHC/E BbIMMC/IEHUe NOWAiel IUIOCKHX (Uryp, AJHH JYT,
ofrbeMa IpowsBeaeHHON PaboTH, KOMHYECTBA BElLUECTBa, 0Opa3oBas-
werocss B pe3yabTare XuMHYecko# peakuuu. anee paccMoTpuM
HEKOTOPhIE H3 STHX 3aaa4 Gosree nogpobo.

5.1.1. BbruucneHve nrowaaM KPUBONMHEWHOW Tpaneuun

Kpusoaunetnott mpaneyuedl Gyaem Ha3plBaTb NMIOCKYIO (DUTYPY,
orpanmieHuyio ocbio O.X, rpadukom HenpepbiBHOK dyHKUuM Y =
= f(z) n ABYMA BEPTUKAJILHBEIMK

npampiMi £ = a u ¢ = b, Hu- § B
xe ana ynobersa GygeM CUHTATH
f(z) 2 0. A \ AT

IlNpumep. urypa aABb,
n306paxkeHHas Ha puc. 5.1, asas-
€TcA KPHBOJIMHERHOH Tpaneuueit.
Y1051 BEIYHCIHTS IIOREAL KPU- TR R TYY R
BOIAHEHHOH Tpanmely, npoaeia- Pac. 5.1. Kpuponuneiinaa rparne-
eM cnepyrouue aehicreus, Crava- HUA.

JIa Pa3IeNIMM OCHOBaHHe TPANeUHH [a, b] Ha 7 YaCTHYHBIX MHTEPBA-
J10B [mﬂs 271], [mll 2:2], sey [xﬂ-'ls xn], CHMTasl YTO

v mm---

Y A
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A=) < 2] <2< ... <Tp-1<Tpn=2b. {6.1)

TposepeM 4epes TOYKH PasfueHNs NPAMBIE, TAPAILICTbHBIE OCH
QY torga durypa aABb pazaenuTcs Ha 11 3NEMEHTAPHBIX KPHBO-
JnHeinbix Tpanewyit. O6osHaunM ATy = Tp41 — T, £ = 0,1,...

-1

BbrapciiuMm maowa b NpsaAMOYTOAbHUKE ¢ OCHOBaHHEM A U BbI-

coroit f(Ty):
sk = f(Ti) - Azs,

YTO NPHOINIKERHO PABHSIETCA IJIOIAAM k-t SeMeHTApHON KPUBOIH-
HeltHO! Tpanenuu ¢ TeM ke ocHOBaHHeM {cM. puc. 5.1). YuuTsiBas,
4YT0 IIOIAAL PHIYPbI, COCTABIEHHON N3 HECKOILKHX HEMepeceKkalo-
mpxcst hpUryp, paBHa cyMme miaoniageit 3Tux duryp, nony4nm

n—1

Sn= F(@k)Ams. (5.2)

k=0

D18 cyMMa ABNAETCA NPUOMIKERNeM JJIA HCKOMOM MJIOLLAJM,
nprdeM ueM Az MeHblle (a clieJOBATe/IbHO, 1 GonblLe), TeM 3TO
TIpubIM>KeHne TOYHEE, T. €.

S = momaae a ABb = lim S, (5.3)

rAe Nepexon K Npejeily COBEPLIAETCs IPH ycaoBuH max Agy — 0.
0<khEn

5.1.2. Onpepenexne nyrn

[pegnonoxum, YTO0 MATEPHANBLHAA TOUKA COBEPIIALT MOCTYNA-
TeAbHOE [BWXKE€HHe IO HNpAMOH JIMHAM, NpHyYeM B M0GOH MOMEHT
spemen ¢ € [T, T) wsBecTHa BemmuuHa ckopocth ¥ = v(t). Tax xe
kak B (5.1), pasobrem unrepsan [T1, T Toukamu T) = ¢y < ) <
<. < g <€ty = Ty Ha N HENIEPECEKAIOUXCH IPOMEXKYTKOB.

[lyTs 3, npoiiaenubiit ToUKoH 3a npoMexyTok spemenu [T, Ta),
ONpeNeuM Kak '

n—1

3= lim S v(Ee)tes — t), (5.4)

—t
ogﬁn(tk-}l £)—0 yrd

rie, Tak >e kak B (5.2), npegnonaraercs, 9to tg < Tk < tpqa.
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Takoe onpegeneHne MyTH BLITIAAAT BIIOJHE €CTECTBEHHEIM, 10~
CKONILKY Kakace ciaraemoe B (5.4) aaer myTh, KOTOPLIA Mpouuia
6b1 TOYKA 38 MPOMEXKYTOK [t, Ex41], ABUrAsACL C MOCTOAHHOMN CKOPO-
cThio ¥(tk).

5.1.3. Konnuecrso sewecresa, o6pasoBaBlIerocs B pesynsrare
NUMUYEckoH peakummn

MpeanosoxuM, 4TO B pe3yAbTaTe XMMHYECKON peakiuu obpa-
3yeTcs HeKoTopoe BelecTBo. CKOPOCTh XMMHYECKOH peakiyyn V =
= f(t), rae t — BpeMs, NPeAIIOAAracTCS H3BECTHOM,

Hawa 3agavua cocTouT B TOM, YTOObI ONpeNeNiTh KOMHYECTBO
BELIECTBA, 00Pa30BaBLISroCsl OT MOMEHTA BPEMEHN t = @ 10 MOMEHTa
BpemerH £ = b, rge b > a. PazoGbeM BpeMeHHOM MpoMeX<yToK [a, b]
TouKaMH ¢ = ¢y = a,t = ¥ > i, t =83 > §1,...,t = t, =
= b. Takum 06pa3oM, 0Tpe30K [a, b] pasbuBaercss Ha n OTPE3KOB
[tk, tk+l]’ raek=0,1,...,n—1.

Ecm oTpesok (g, te41] AOCTATOMHO MaJI, TO MOXKHO NIpeHeGpetb
H3MEHEeHHEeM CKOPOCTH XHMIYECKOM PEAKIHM Ha 3TOM OTPE3KE U NpU-
GAMIKEHHO CHHTATB, YTO CKOPOCTh XHMHYECKOM PeaKIMH Ha OTPe3Ke
(t&, tx+1] nocTosinna u pasra f(E), rae &x — mobas TOUKa OTpe3Ka
[te, ti+1). Toraa macca semecTsa, 06PA3OBABILETOCH B PE3YILTATE
XAMHYSCKO! peaknun 3a BpeMsd OT MOMeHTa ¢ = 3 0 MOMeEHTa § =
= k41, NPUONMKEHHO HAXOAUTCA N0 hopMyJIe

Amy =~ f(f;:) - Atyg,
rae Aty = tg+1 — tx, & Macca BCEro BemlecTsa, 00pa30BaBIIerocst OT

MOMEHTA BpEMeHH t = ¢ JO MOMEHTa BpeMeHu { = b, onpegesnserca
npubamkentofi bopMynoit

n—1 n—1 .
m E Amy = Z f(ty) - Aty
k=0 k=0

Sta opMya TeM ToTHEe, HeM KOPOUe MPOMEXYTKH BpeMeny Aty.
Tounbi# pe3yabTaT NONIy4aeTea U3 NPUOMIDKEHHOrO My TeM NEpexoia
K npeaeny npH ycnosuy max At - 0, rae 0 <k <n—1, e

n—1
m= mgxlgg_m ;} f@ - Aty. (5.5)
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5.1.4. OnpeaeneHHbIil MHTerpan, TeopemMa CylLIECTBOBAHNA

PaccMOTpeHHbIE TPHMEPS], €C/IM aBCTParHpoBaThea OT puznde-
CKOI'0 CMbIC/IA NEPEMEHHBIX U MX 000BHAaYeHM, MPUBOAAT K OAHON
H TOH >Xe MaTeMATH4eCKO! 3ajaue: HallTH Mpelesl unmezpasvHol
CYMMB :

n—1

In=)_ f(@x)Azx (5.6)
k=0

npu oglka.x Azp — O,‘ rae f(z) — dynkums, HenpeprBHAA Ha Npo-
<n

MeXyTKe [a, b], a npoune ofosnaveHns Takue xe, kak 8 (5.1) n (5.2).
JpyrumMu cnosaMu:
1) orpesok [a, b] pasbupaem ToukaMn @ = g < T3 < T2 < ...
. < ZTp-1 < Tn = b HA MHTEDBANIHI [Tk, Th41], K =0,1,...,0—1;
2) GepeM NPOM3BOILHLIE TOYKH Tj M3 KAXKIOTO HMHTEPBAIa
[zk, Tr+1] ¥ BBIYHCASIEM f(@x); :
3} cocraBasiem npousseaenun f(Ty)Axy, rae Azy = xpy1 — Tk
n—1
4) BLrMHCAsEM CyMMy ITHX npoussegennit I, = Y f(Tx)Azk;
k=0
5) Haxoaum npegen | aroit cymmbl npu max Az — 0.
0<k<n
B ofumeM cinyyae Takol mpefiesl Ha3bIBAETCS ONPEOLACHHBIM UH-
mezpasosm oT Gyrkunu f(z) B npegenax or a Ao b u 0603HaYAETCA

b

= [ #(z)dz \ (5.7)

a

(3nayox j HanoMuHaer 6ykBy S, nepsyio Gyksy cjioBa summa).

B (5.7), kak paHee B HeONpeJeJeHHOM HHTEerpaje, hbyHKIMA
f(z) nassiBaeTcs noguiHTErpaALHON dyHKIMel; f(x)der — nopbk-
TerpajbHBIM BHIDAXKCHHEM; T — TICPEMEHHON WHTCTPHPOBAHHA; G —
HIDKHEM, b — BEpXHMM npejesiaMu HHTErpans; [a, b) — npomexyT-
KOM MHTETPHPOBAHMS,

Oupegenenme. OnpegeneHHbLIM nm'er'panom Ha3LIBAETCA Npeaen,
K KOTOPOMY CTPEMHTCA HHTerpaibHas cymma (5.6) npu crpemiieHnn
K HYJIO AITHHBI HanGoNbInero YaCcTHYHOrO uHTepBana Axy.
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O6pawaem BHUMaHNE, YTO B 0BosHavennsix (5.7) naowaap Kpu-
b T2 .
BOJIMHERHOH Tpaneuun S = I f(z)dz, pnusa ny™d 8 = J v{t)dt,
a T
b
& Macca BEleCTBa m = Jf {(z)dz (cMm. (5.2), (5.4) n (5.7)). Orcioga,

.
B YACTHOCTY, CJIEAYET, UTo 0003HAYEHHE NEPEMEHHON HHTErPHPOBA-
HuA (1. €. T WK ¢ B JAHHOM Cly4ae) He HIPACT POJIM H CTYXKHT JTHLb
MHTepecaM yao0CcTBa.

BosHukaeT ecrecTBeHHBIH BONIPOC, [JIs1 KAKMX K1aCCOB YHKUHH
f(z) npepen (5.6), nocpeacTBOM KOTOPOIO ONPEAEISAETCA UHTErpall
(5.7), cymecrByer HezaBuCHMO OT Cnocoba pasbueHus HHTEpBANA
fa, b] Ha wacTnuHble uHTepBaNH ATy ¥ OT BLIGOPa 3HAUEHVH TOYEK
Ty, BHYTPH 3THX UHTEPBAJIOB.

OTBeToM fABIIsIETCA CIEYIONIAA TEOPEMA, KOTOPYIO Mbl IPHBOJMM
6e3 JOKA3ATENLCTBA.

Teopema (cymecTBoBanMA ONpeleNeHHOro HHTErpana). Ecim
dyHkunsa f(z) HenpepbiBHA B 3aMKHYTOM HHTEpBase {a, b], To ee n-a1
HMHTErPaAJIbHAsA CYMMa CTPEMHTCA K NpeJesy Mpu CTPeMJIEHHH K Hy-
JII0 HanboAbIIEr0 YaCTHYHOIO HHTEPBANA, JTOT NpeAes He 3aBHCUT
oT cnocofa pasfueHUs] MHTEPBAia UHTErPHPOBAHHSA Ha YaCTHYHbLIE

HHTEPBANLL H OT Bblﬁopa B HUX TIPOMEXKYTOYHBIX TOYCK.
b

Wrak, B Knacce HenpephiBHbIX (DYHKLMA HHTErpa J f{z)dz xop-
PEKTHO OnpejesieH M BCErjia CyIeCTBYeT. a

§ 5.2. CBoncrBa onpepeneHHOro nHTerpana

Ucxons w3 onpeneneHns MOXKHO YCTAHOBHTD CACAYIOIHUE CBOKC-
TBa ONPEJEICHHOTO HHTErpaJa.

1. MATErpan oT CyMMEI KOHETHOTO JHCAa GYHKIALN paBeH cyMMe
HMHTErPAJIOB OT C/IATACMBIX:

b

b b
J(fl(a:) Foot fl@)) dz = Jfl(:c) dz+... +jfm(m) dz.

a

11 Mannyiixos U.IB.
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2. IlocTosHBbIl MEOXKATEIH uom'rerpmnoﬁ $yEKIEA MOXKHO
BHIHOCHTH 3a CHMBOJI HHTEIPAJIA:

b b
ch(m) dz = ch(m) dx.

b
B sacrHocTH, JO dz=0.

[}
3. Ecsm sepxawmil B svoxamill npeeTsl HATErPAJIa OOMEHATh Me-
CTAMH, TO HATErPA] H3MEHAT 3HAK:

b

j’f(m}dm = —If(:c) dz.
b

a a

B yacrHocTy, Jf,(:c) dz =0.

a
4. Eci mETepBan mETErpHpoBannd (¢, b] pasburs Ba ABe YACTH
[a, c) m e, b], TO

if(a:) de = ff(:c)dz-!—jrf(x)da:

(cBOMCTBO BIMTHBHOCTH ONpEAeIeHHOTO HHTETPaJa).

5. Ecie moppmmTerpasbHas HYHKIEG B MHTEPBaJIe HATETPEPOBa-
HU He MeHeT 3HAKA, TO HETETPAJ OPEACTABageT cofoi ymeno Toro
JKe 3HAKa, IT0 1 pyEknpg. B gacraocrr, ecim f(z) >08 HHTEpPBaJie
[a, ], e & < b, TO

b

[s@dz>0

a

6. leoMeTpAYECKNiA CMBICH ONpeE/ICHHOTO MATETPAJIA.
b
B coorsercrenu c pasaenom 5.1.1. To ecTh I f(x) dz paseu no-

wa 4 oA rpacukom f(z) > 0. B ciyyae, ecin f (x) na [a, b] nmeer
pasHbie 3Haky (eM. puc. 5.2), ofwas nnomaan SyAeT BLIYHCAATHCS
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v

y=f(=z
BN //
a c“_ d' b =z

Puc. 5.2. Teomerprueckni CMBICH ONPEAENECHHOIO HHTETPAJIA.

. d
no dopmyse S = §; — Sz + S, v § = Jf(a:)da: - jf(m)d:c +

c

[f(az)da: - ]If(x)] dz.

7. Eciv B nmepna.ne {a,bl,rae a < b, fi{z) < f(z) £ f2z), TO

b b b
| Ay de < [ £(a) do < [ fafo) da, (5.8)

T. €. HEPABEHCTBA MOKHO HHTEIPHPOBATD.
B uacrHocTH, e m < f(2) < M na [a, b], To

b
m{b— a) < Jf(:c) dz < M(b - a). (5.9}

Bamernm, yto B (5.9) MoxxnO noAGKuTL M = min f(z) ¥ M =

= max f(z). fo.)
Hoxasarenbcto cootHowenus (5.9}, Us Toro uro f(z) = m,

caenyer Hepasenerso f(xz) —m 2 0, orkyga no ceoiicteam 5, 1 u 2

b ] b
0< [(f(@) - m)dz = [ f(@)da + [(-m) dz =

b b
=Jf(a:) dz —mjda:,

11*
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W HWIH
b

b
dex =m{b—a) < jf(a:) dz.
a a
Ouerka cBepxy NMpoBepsieTes aHa-
¥ JIOTHYHO.
Puc. 5.3. leomerprueckuit Coorowenne (5.9) nmeer cre-
¢MbIca oueHky (5.9). AyIOWYI0 TEOMETPHYECKYI0 HHTEP-
NpeTauyio: IJIoanbL KpUBoanneiinoi
TpaneyH 3aKAI04YeHa MexXay NJOWAAAMH NMPSIMOYMObHUKOB, Kadk-
AbIfl U3 KOTOPBIX MMEET OCHOBAHHE, PaBHOE OCHOBAHMIO TPAICIMH,
W BBICOTHI, PaBHble COOTBETCTBEHHO HauMeHbliedt n nanbGoabuei
opAuHaTe Tpanenuu (puc. 5.3).
Teopema (o0 cpearem). BHyTpn nutepBana [6, b) cymecrsyer no
KpaiiHelt Mepe 0HO 3HAYEHUE T = ¢, TPH KOTOPOM

b

J f@)de = f()b-a). (5.10)

a

Hoxazarenpcrro, Y3 ooo'raomeuns (6.9) npu m = {mg; f(z)

uM= r[gaba)cf(:v) clefiyeT, 4To —If(a:)dz d, tae d — Heko-

TOPOE MHMCHIO U3 MHTepBana [m, M). Vi:ssec'mo, OZHAKO, YTO KAXKJ3A
HenpepsiBHas GyHkups f(z), o < ¢ < b, obazaTensuo, no kpalineti
Mepe eQHHOX b, TpUHUMaeT moboe 3HadeHue Mexkay m u M, T.e.
f(c) = d npu nexoropom ¢, ¢ < z < b.

Onpeaenerne. Betnunna f(c) HasbiBaeTcs CpeHAM 3HAYECHUEM
¢ynknuu f(z) na unrepsane [a, b).

lCeomeTpruecky TeoOpeMa O CPejIHEM 03HAYALT, YTO IIOLAAL KPH-
BOJIMHEtHOM Tpaneluy pasHa IIOIAAM NPAMOYOJBHUKA, OCHOBAHNE
KOTOPOr0 COBMAAAET ¢ OCHOBAHMEM TDANECLMH, & BbICOTA, PABHA 3HA-
YEHHIO OPAMHATEI KPHBOH, OrpaHHYMuBalolleil STy TPaneiuio, B HEKO-
TOpPOH IPOMENCyTOYHON TOUKE.

TepMuH «cpefiHee 3HAYEHUE» MOXKHO OBOCHOBATH C/EAYIOLMM
ofpasoM. Ilycrs dynkuus f(z) 3apana ¥ HenpepbiBHA Ha MHTEp-
Basie [a, b). Paso6bem 3TOT MHTEpBA Ha N PaBHBIX YACTHYHBIX HH-
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TEBAJIOB M BOSBMEM 3HaueHUs! f(x) B cepeannax sTux HHTEpBa-

JIOB — TOUKAX X1,...,Zn. SATEM COCTABHM CpeiHee apHpMernve-
n)+...+ flz -

= &) - i ").Hmeem: fn=

CKOE YKARAHHBIX SHAYCHUH [frn

n —
= b_l.a 2 f(zp)Azg, roe Az = En—a?. B cooreercrem ¢ (5.6),
R = 1, & _ 1
(61) N fu = 55 Jim, 2 flen)an = 55 [ £(2) da. Cre-

a

JOBATENLHO, BOOVIHE JIOPHYHO Ha3BaTh (oM. (5.10)) f(c) = X

b - b—a
X J J{(z)dx cpegnum snauenvem f(z) Ha [a,b], xak sT0 M HbINO

4q
CAENAHO.
TIpoBosmKuM K3ydeHne CBOHCTE ONPERCICHHOIC HHTEPAIA.
=

das a < 2 < b nonoxnam I(z) = If(:c) dxz. Taknm obpasoM,
o
HaMH BBejicHa (DYHKIHUS BEPXHEro NPEAe/a WHTErpasia, 3aJaHHas Ha
unTepsane [a, b]. e
Bonee ctporo 6bu10 661 ynoTpebusnTh 3amucs I(z) =J flu)du,

OHAKO IOCTATOYHO IPOCTO TIOMHATE O PAZTUIHOM CMBIC/IE TIepeMeH-
HBIX HHTErPHPOBAHHSA 1 BEPXHErO TpeAea.
8. IlpousBoaua” MHTErpaja IO ero BepXHeMy LpeeNy pasHA
COAMETEerpaabnof GYHKIME, BHYTACACHAOH HA BepXHeM Ope/iee:

z L
I(z) = ( J f(z) dm) = f(z), a<z<b. (5.11)
a
JpyruMu cnoBaMu, HHTErpas ¢ TlepeMeHHbIM BEPXHUM NPeIesioM
CYTh NEPBOCOPA3NAs I NOALIHTErpaibHON PYHKLUNH,
Joxazarenscrso. M3 ceoticrB 4 u 8 (aaAHTHBHOCTL U TEOpEMa,
O CpefiHeM) CeayeT

e+ Az) —1(z) _
Az - z+AT

= Jjim 2 [ fe)da = Jim s00),

= Iim —
Az—0 Az

’ - -
re)=dm,

T



166 < [nasa5. OMPEAESTEHHBIA MHTEPAN <

o lim fle) = lim f(c) = f(lime) = f(=), nockomky f()
HenpepbiBHa Ha [a, 8], a ¢ € (@, z + Az), 4, creaoBaTensHo, ¢ —+
— z upu Az = 0.

§5.3. ®opmyna HetoToHa~flenGHUILa

Henocpeacreensoe BblYHC/IEHHE HHTErpaJa KaK Npenesa COOT-
BETCTBYIOUIHX HHTErpabHbIX CyMM (cM. (5.6)) saTpyauuTensHo, aa
1 He TpebyeTcst, NOCKOAbKY A 3T0H LeJIn MOKHO BOCTIONb30BAaTbLCA
ciiegyouel TeopeMoit.

Teopema. 3HaueHHe ONpPEAENEHHOr0 HHTErPaia PaBHO PA3HOCTH
3Havenu#t ai06o# nepBooOpassoit o nogbiHTerpannHoft dyHKUMN,
B3STHIX IPH BEPXHEM W HHDKHEM NpefeiiaX HHTerpaja:

b
[1@)d2 = FO) - F@), e F@) = 1) (522)

a

Pagencrso (5.12) nassiBaercs: opmyots Horomona-/Tetbruya.
Joxaszarenncrso. B coorsercrsun ¢ pasencreom (5.11) bynxuus

%
I(z) = I f(z) dz sBnsaerca nepeoobpasnoi or bynkuun f(z) u, no-

a
aroMmy, umeet BUg F(z) + C, rae F(x) — nexoropas nepsooGpastas
or f(x), a C — onpeaenesnas nocrosxuas, T.e. l{z) = F{z) + C.
o caoitery 3

i(a) = [ #(z) do =0,
a
orxyma I(a) = 0= F(a)+ C, unu C = — F(a). [pyraMu cioBamy,
{z)= F(z)—- Fla),a<z<b
MNpu z = b orciona noayuaeM (5.12). Teopema fioka3aHa.
Pa3ssocTb 3HAUEHMI PYHKUMHN YACTO 3aNHCHIBAIOT TakK:

F(b) - F(a) = F(z) " (5.13)
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B ciydae ncnonszosanus obosHavenns (5.13) dbopmyne Holoro-
Ha—JleHBHMLA MOKHO MPUIATL BHA

b b
j f(z)dz = F(z)

Dopmyna Helorona—/Tefi6HuLa JaeT HaM a/LTEPHATHRHbIN Crio-
€00 BBIYHCIAEHUS ONPEJeICHHBIX HHTerpanos. QOHa MO3BOJIsSeT HaxXo-
ANTb UX NO (hopMye

b

[t@az= [ s@rae

a
B kauecTBe HINIIOCTPAMH NPHBEAEM HECKOJIBKO NPHMEPOB:

, rae F'(z) = f(z). (5.14)

G

b
(5.15)

b

1 b b
J;dz-—-lnlwIL=ln|bl-ln[a|=ln|;l,
a

/2
. x/2
cosxdr =8inz 0

0

=1

§ 5.4. Metoab! BbIMMCEHUA onpeaeneHHbIX
UHTerpanos

5.4.1. Metop, 3aMeHbl nepemMeHHoN
Ecau B unrepsane [a, f] dynkunn ¥U(u), ¥'(u) u f(¥(u)) ne-
upepsieubl ¥ ¥{a) = a, ¥(B8) = b, T0
b 8
J f(z)de = J FOU ()W (1) du. (5.16)

a o
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Paeencrso (5.16) cnemyer w3 coorHowenus (5:15) n dpopmyast
3aMeHbl NePeMeHHOH B HEONpeeJeHHOM uHTerpane (MPUHHMAaeTCS
z = W(u)). OTMeTHM, YTO HOBBIE IIPEJETE HHTEIMPHPOBAHKA « U 3
ABJIAIOTCA KOPHAME ypaBHenul @ = ¥(u) n b = ¥(u) coorsercreen-
Ho. TIpn 3TOM >KenaTesnbHO (XOTs M He 0BA38TENLHO) B Cyuae, KOra
ypaehenus ¢ = W(u), b = ¥(u) pemaiores HeoaHO3HAYHO, GpaTs
HauMeHbUMlt HuHTepBaN H3Mexeuns u. Hanpumep, ecin W(u) =
= sinu, ¢ = 0, § = 1/2, To npeguouTHTEeNLHee BLIGOp @ = 0,
B=n/6,anea=0,8=5/6r, xora B oboux cny4asx sin § = 1/2
{cu. npumep 1 moke).

YacTo 3aMeHa NEPeMEHHON B HHTErpase nPon3BoANTEs N0 op-
myjae 4 = g(z), sbipakaomedil HOBYI0 NepeMeHHYIO Yepe3 3aJaH-
Hy1o (a He HaoBopor, kak B (5.16)). Torga HoBbie npeaensi « u f
BBIYHCIAIOTCA HenocpeAcTBeHHO no ¢dopmynam « = g{a), f =
= g(b). 3amerum, yTo NpM TaKof 3aMeHe NepeMeHHBIX Tpebyercs,
4T06b! hyHKUHs g(x) Gbia o6paTHMOli B uirTepBadie (@, b]: ans sToro
BOCTaTO4HO, 4T06H g’(z) # 0 npm Beex x € (a, b).

IIpamMephL
1/2 /8
z? de x =sinu, 0 =sin0, -
1. V1 z | 1 .ﬂ’d 2 =ISlnudu=
0 -z §—smg, T = COsSu du
®/6
..._]; (l—oos2u)du—--l-(u— 81]‘)2“) 7/6_1r-—£
0
x/2
sinz . _
J 1+mzmd3- co8Z = o, -sinz dz = du) =
0
-*I du —-arcsinuo-f
=TS =T

1
a

3. 1= J f(z)dz = J (F(2) + f(~z)) dz.

—a 0
HelicTeuTensHo,

I=I,+1,
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rae
Iy = Tf(:v) de, 1= T f(=) de,
HO ' -
L=|%57% =-T f(-u)du=]; F(=u) du=T f(~z)dz.
dz = —du A 5 ;

CrnepcrBueM AOKA3AHHONO PABEHCTBA ABJAETCA Nose3Hass ¢op-
MyJIa C-

0, ecau f(x) HedeTHas dyHKuMA,

_.[ f(z)de = ZT f(z)dz, ecau f(x) yeTHas dyukuus,

0
(5.17)

NO3BONAIOIAA HAXOAUTb 3HAHCHNA HEKOTOPHIX OTIPEAEAEHHBIX HHTe-
rpanos 6e3 BEIYHCIAECHH.

1
2 } 2
4. I 2%e® dx =0, Tak kK x%e® — neueTHan byHKIUS.
1

9
5J' dz r=u2, dr=2udu
1

4= (2)2a 9= (3)2

vz -1

. 2i(l+ ﬁ) du = 2(u + In{u — 1})
2

3
2

wj{s 1+tg%z tgx =¢, (1 +tg2x)dr=dt
= dr = =
(1 + tgx)? LI LA
V3
e 11 1, VB
Tl et o1+t T o143 27 2"
1
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V3

J dz z =tgu,dz = {1 + tg u) du,
) ! V(1 + 22)38 1=tg§-,\/§=tgg -
n/3 wf3
= I 4w J cosudu—-sinuﬁs-M
B 1+t u)l/? - - 2 :
1r/4( g w/4 /4
.4 */2
. 6T e 00 . B i
8. Jsm 2da:—-|a:-2u]- J sin® u du = Is—lsr
0
(cm. (5.19), (5.20)).
"l ml 2t ¢t sin2t|™/0
9. J V1 —sin*tcostdt = J e
“/2 ﬂ'/2 1|'/2
_Y3_ =
T8 6
x/2
10. Jsinsxmzxdx= cosT=u =
: —sinx dz = du
? 5 3|0 9
S Ay =2 %) -~
= J(l u“)u’ du 5 3|, "

CamocronTenbHas pabora

/2 9
W—.
J‘/ dr = TR
0
2
l

-

1

dz 2e

1'Je"+1 n 1+e’ 2
0

*f2
3. jsmcos md:c—— 4. a:2 4-g2dx =,
0
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1
2
5. I 1+z2dz = \/§+lnél+\/-). I tg® = dz..
0 0
V2 T
7 J.\/2—z3dz=“;2 8 Ile+i:” = arctg e — —
1 ' 0
v3 4
zdz dx 3 1
9. =1, 10, | —=5 =2In; — <.
OI Va2 J(l-!—ﬁ)z 2 3
5 2 2#/3 p ;
11.] zfz W g [ 22l lpe
iz +5 6 sinz 2
1 x/2

2 __
13. J:+1dx—31n2—ln3 14.[ 2 e =

In2

< 17
]n2

w
vi-T.

.1
15.] (@—3)de _ 8 16.[—“—:41:12—2.

= DT A
} (=% - 62 +10) 200 o\/5+%
In3 In2 d
z
17. . =1 ln(l + - V’-) 18. J W =ln
0 .0
=/3 4
Intgz 1 2 eV® _
. 19. f mdz— 8(]113) . 20. J\/E dx = 28(6 1).
n/4 1
5.4.2. Metol UHTerpUPOBaHUA NO YaCTAM
CrpaBeyIHBO paBEHCTBO
b b b
J-u dv = uv| — Iu du, (5.18)
a . a

rae ¥ u ¥ — PYHKIUH He3aBUCHMON NepeMeHHOH.
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Hoxasarenscrso. Umeem mo (5.15)

[t = ] = (- [

orkyzaa cneayer (5.18).
B xavecTse npumepa Hcnonb3osanksa dopMyabt (5.18) Burancanm
/2

uurerpan I, = J sin® x dz, rae n — HaTypanbHoe YHCO.

b

?
a

0
TIpu n = 0 nnu 1 uarerpan serxko Geperca:
wf2 w /2

x/2
Ih= J d:c=-§, L= Isin:cdx:—-oosz
0

=1. (5.19)

0

Nycrs n > 2. Tonoxkum dv = sinz dx, u = sin""! 2. Torna

v=—cosz,du=(n—1)sin"" 2. coszdz,
/2 wf2
In=—cosz-sin"lz| +(@m-1) I sin" 2 z cos® z dz.
0
0

IlepBoe cnaraemoe 34eck PaBHO Hy 0. 3aMeHAA BO BTOPOM CJia-
T2EMOM MHOKHTeNb cos® & Ha 1 — sin? 2, noaywsum
=f2 n/2
I[p=(n-1) J sin" 2z dz — (n 1) j sin” z dz =
0
= (n - l)In—2 ~(n— _1)[,;,

OTKYRa CReAyeT, 4T0
' n—1

In. = ln—-2- (5-20)

Ionesyscy aToit pexyppenTHON bopMysiof, MBI B COCTOAHHMK
NIOHW3HTb NOKa3aTeb creneH n o 0 (ecim n — HeTHOe 4UCNO)
ik fio 1 (mpn HevertoM n). C yqerom (5.19) 3anada pewadres Ao
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kouna. Tak,

3
=37

Jt
-]

il
Wl n2
Py
-

i
Wl a
=
[
&l
o
I
)
DI =

Mpumepuw

h v=x—1;dyu=4dz
. [(x-—l)cosara:dz: 1 =

dy = cos T dr;v = —sinwe
0 w
. 1 1

=(z—~1) smmcl —lfsimrxdz=0+—1§cos1ra: =
T g T w

2 0
2
=—.i(cosar—cos())=—‘F.
2
2 [ Inz =Inz;du=—dz
J’F Sl I I S
1 32, x
2 © 2
1 ¢ 1 2 11(¢ 3
S dz = ~=In —-I =1-
e +J;f 2"zl P
1
wf2 d
t=ux;du=dz
3. Jmsinxda:= au =
5 dv=sinzdz;v = —cosz
n/2 /2 n/2
= —ZcCOSZ + Imszdz=0+sinw =1,
0 0
0
1 1
2 dv = 2xe"’2;u =e*
1
1 1
o T 2 e = Lo Lo " =1
= 5 . Jx dz— 3¢~ 5€ 0 =3
0
/2

o

dv =cosz dz;v =sinz



174 ¢ [nasaS. ONPEQENEHHbIW UHTEFPAN ¢

/2 w/2 2
= zlsinz -2 stinzdm:T—Z,
]
0
{cM. npumep 3).
n/2
u =cosz;du = —sinz de

6.I= J e“coszdr =
o

dv = e* dz;v = &*
x/2

/2
+ J esinzdzr = -1+ J,

= cosxe®

0

rae
=f2

J= I esinzdz =
0

% =sinz;du = cosx dx

dv = e*dx;v = €”

/2 w /2
=sin ze®| — I ecoszdr =e™? - 1.
g 0

Orciogal=J—1=¢"2-1-1, 1e.

= Ligmia _
1—2(6 1).

_ u=2;du =dzr x/3

7 md{l:: dx =-—mctg:n +
74 du:s 5V = —ctgx x/4
w/3
A /3

+ ctg:cda::-—3~—\/§+£'l+lnsinx =T 1-—‘/—5 +
J 3 3714 » 479
x/4 1,3

+§In-2-.
1
u = arctg 2;du = dmz

8. Imarctgmdm= 1 1+2% | <

0 du=a:dz;u=§x2
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1

D =

T 1 n
—g—a(w-—arctgz) =1

0

1
w=ginlng;du = ;cosln:cda:

9. = Jsinlna: dxr =
1

dv=de;v=2g

€
€

=gsinlhz

—Jcosln:cda: =esginl - J,
1

1
raoe
u=coslnz;du= —%sinln:&:da:

J= 4

dv=dev=zx
€

+jsin'ln:cd:c =ecosl—1+1.

e
=gcosinz

1
Orciopal = esinl —J=1+esinl —ecosl -1, Te.

I= %(l+es’m1 —ecosl).

2
#2411 | =

1
10. Jln(wz +1)dz = 1 =In(z? + 1);du =
0

dv=de;v=2

1 1
-2

0 0

1d9:=ln2-2(1—%)

2
= z In{2? d
zin(e? +1)] —2(

(cM. npumep 8).

CamocrositenpHan pabota

1 e~1
1. jze"” dr=1-2¢"1, 2. j In(z+1)dz =1.
0 0
2 3 e
_—_ |12 -6 —
3. leogza:dm—2 e 4, Jln zdxr =6 —2e.
1

13
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1/2
5. J.arocoszdx=l——\/—§+£.
2 6

0

e+l (+1)2
e e
7. Jxln(z-—l)da:: y +1-3
3 .
1 inzd 1 2
arcsinz dz a2
8 | ———— =7v2-4. Q.Iaresmz de = — —2.
.[ vi+z " { ) 4

3
l“,” dr =65
T e

10. |
1

2
11. Ll

1
1 T

2dr = =In2— — 4 .

6I‘(am:tgm) dz =322+

€
1 .
2 1 5
12. |z 1n(1+:c)da:=§ 2ln2—§ .
0
x

/4

2

2 et 1
ls.jxtgmda:_4 T

[}

/4
arcsin /z V3 gz, _ 1, ¢
15 J =i =1-T 16 J S do=gle;
2
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§ 5.5. HecobcrBeHHbIe MHTerpanbi

5.5.1. HecoBcTBeHHbIe MHTErpanbl ¢ 6eckoHeuHbIMW Npeaenamn
VHTErpupoBanns

[TonaTue onpepeseHHoro MHTerpana ObLIO YCTAHOBJEHO ANA
dbyukunn f(z), HenpepbIBHOH Ha KOHEYHOM UHTEpBaJe [a, b]. [TycTs
renepp $yHkuma f(x) HenpepbiBHa Ha GeCKOHEYHOM MHTEepBajie
a,00).

Onpenencrme. Hecobcmaerrvim unmezpa.aou oT d;yuxmm f(z)

Ha MHTEpBale [¢, +00) Ha3bIBAETCH npe,ne.n umrpa.na.] f(z)dx npu
+00 H

b — +o0, T€. J (x)da:- llm If(:c)d:c

Ecnu sror npe,qe.n cymec'rnye'r, TO HECOOGCTBEHHMH MHTerpan
HA3BLIBAETCA CTOORULUMCR, & ©CJIM HE CYIECTBYET (T.e. CTPEMUTCA
K GECKOHEUHOCTH WITH KOJIEBNETCS), TO PAcTOOAUUMCR.

AHaNOruYHO OnpeAensIoTes HecOGCTBEHHbIE WHTErPaibl H IS
npounx GeCKOHEYHBIX MHTEpPBANOB (—00, a] u (—00, 00).

O6osnauus 4epes F(x) nepsoobpasnyo or dysxum f(z),
YCTIOBHO MOYKHO 3alIUCATH

+oo

| f(@)da = F(+00) = F(a), [ f(2)dz=F(a) - F(-o),

[ #@)ds = F4o0) - F(=c0),

noHHMas 1104 cMMBIOM F'(400) mpegen, K KOTOPOMY CTPEMHTCS
F(z) npu z — *oo0.
I'I PUMEDH.

1
11 2L
© & a
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1 teo
2. I - de =In a:L = In{+060) = 00 — HHTErpan pacxoUUTCs.

1

3ameTuM, YTO HECOOCTBEHHBIH MHTErpas MOXKHO, KAK U PAHEE,
MHTEpNPETHPOBATb KAK INIOLAAb COOTBETCTBYIOLIER GeckoHeuHOH
KpuBONHHeHHON Tpanenu. Takum 06pa3omM, B IePEOM nIpUMeEpE ILI0-

&

1
=l

0 G F

Pue. 5.4. Tlnomaan GeckoHeurolt kpusonuHelinoll Tpameyuy.

Ak (UCYpH, PACTIOVIOKEHHAA MexXy Kpneo# y = 1/z? u ocwio
O X nawnrepease [g, 00) (puc. 5.4), paBHa 1/ a, 8 Bo BTOpOM — paBHa

GeCKOHEYHOCTH.
+o0

= arctg(+oo} ~ arctg(—oo0) =

T dz
3. J 1+x2=arctga:

-00 —o0 . _ £ ( ﬂ) _
=2 z) =™
o 00 .
4. J sinz de = —oosa:lo HE MMeeT Npejesia (T. e. MHTErpaJl pacxo-
A _
ANTCS).

CamocTosTenbHaa pabota

YCTAHOBHTD CXOAMMOCTD HJIH PACXOAHMOCTD HeCOGCTBEHHBIX HHTEIPa-
JIOB.

oo oo o0

2zd,

1. J z mz. 2. Je"‘“dx (e>0). 3. jzsina;d:c.
4 i1+a ] ]
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0

00 0
1 _w2/2 J dx dz
4, mje dz. 5.- =3 6. nina
« -0 €2

5.5.2. UHTerpanni oT paspbiBHbIX PYHKUAA

Ecau B uHTepBasie (koHeYHOM M GeCKOHEYHOM) WHTErpupo-
BanuA, GyHkuus f(X) uMeeT HEKOTOpPOE YHCIO pa3phiBos [ popa,
TO MHTErpaJl ONPEeNAeTC KaK CyMMa HHTETDANOB 10 YaCTHYHLIM
MHTEPBANAM, HA KOTOPHIE TOYKH Pa3phiBa pa3tuBalor OCHOBHOI Npo-
MEXKYTOK HHTEIPHPOBAHHA.

Apyrumu ciioBamn, ecn Gynkuus f(x) onpegesieHa B MHTEpBaJe
[@, b] ¥ umeeT B HeM TOUKK pa3phBa: @ < €1 < ... < ¢y < b, TO

€1

b b
J f(z)dz = J f@)dz+...+ J f@yds.  (5.21)

@

Tocaeauas GopMyIa HMEET OYEBHHYIO TEOMETPHYECKYIO HILILIO-
crpaunio (puc. 5.5).

Bl =2_

a o0 a Y Cr b T
Pac. 5.5. [lnowags KpUBOIMEEHHONA Tpanenum, cooTBeTcTBYIomEN dyHx-
unn ¥ = f(&) ¢ KOHEYHLIM YHCIIOM TOYEK pa3psiBa | poga.

Ecm dynkuus () B nHTEpBajie MHTErPUPOBAHUS NPeTepnena-
€T OAHH HJIM HECKOJIBKO pa3phiBoB Il posa, To ueTerpan onpepens-
eTCst ClleAyIoUHM 00pa3oM.

Onpepnenenne. [lyctb dyrkuua f(x) HenpepbiBHA B MHTEpBaie
[@,6) n mpu x — b, £ < b, He umeer koHeuHoro npegena. He-
cobicmeennsm unmezpaaorm ot Gynkimn f(x) B unreppane [a, b)

12*
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b—e
Ha3bIBSLTCS Npeaes HHTerpaja J f(z)dzopu0<e—0,Te.

@ b—e

b
Jf(x) dz = olien:m J f(z)dz. (5.22)

a

Ecau xoneunsiit npegen (5.22) cymecTByeT, To HeCOBCTBEHHbII
MHTErpaJl Ha3blBAETCS! CXOASLIMMCS, HHAYEe — PaCXOASLUINMCS.

AHAJIOTHYHO OTIPEAENAeTCs HECOOCTBEHHBIN HHTErpan OT dQyHK-
umn f(x), npeTepneraiouiell pa3pbis JHWb B JIEBOM KOHIE HHTEPBAJIA
HHTErPHUPOBAHUS:

b b
J f(z)dz = ()‘!\ien_'a’0 J f(z)dz. (5.23)
G at+e

B cayuae, xoraa dyskuna f(x) HenpephiBHA B uHTepBaie [a, b)
H uMeeT paspeiBb [ poaa B ero 060Hx KOHHAX, nojiaraeM

Jb f(z}dz = f.f (z)dz + be (z) dz, (5.24)

a

rae ¢ — mobad ToYKa U3 NHTEPBAIS (G, b).

Ecnu xe ¢ynxuua f(x) uMeer paspuisot I poaa,B HEKOTOPBIX
NPOMEXKYTOUYHBIX TOYKAX & < €] < ... < ¢ < b, TO nons3yemes
PABEHCTBOM

€1

b _ b
jf(:c)d:n:Jf(:c)dx+...+g[f(x)dz

[ a

M BEMHCIAEM C/IATAEMbIe B IPaBoil yacTH no dopmyaam (5.22)—(5.24)
COOTBETCTBEHHO.

dz
n

1
HOpumepn. 1. [, =jx =?
0
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Ecomn < 1, T0

_z
T 1-n

1-n

1
n—-1’

I, = lim
» 0<e—>01—ne

0
ecnin =1, T0

1 1
= lim In- =00,
€ 0<e—=0 €
b

1 n—1
. 1 . 1
lim = 1- lim (—) = 00.
O0<e~01-n| n-1 0<e—0 \Z
Taxum obpasom, neooﬁcmenﬂun uHTerpan I, exopurcanpnn <
<1 n pacxoaured, ecm n 2 1.
0

ecnu n > 1, T0o

1=n

[n=

1

2de_de+jdz_

‘ l\/l—mz 1\/1—3:2 0\/1—:&:2
0 1
| -l-arcsin:c|<=
-1 0

= arcsin +

S
S|
Il
3

Mmerpan cxo,nwrcx

o [t [t [

= 3(z — 1)1:"3|0 +3(z— 1)1/3|1 =-3Y=T+3=6.
HnTrerpan cxoanTes.

CamocronTensHan pabora

6 2

1 J dz 2 J dz

. —ﬁ. . "'"'"'_"—1"50
; (4-=) d (z-1)
; d

3. j(b —a;)" npu b > a.
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§ 5.6. FeomeTpuyeckue NPUIOKeHns
onpefeneHHbIX UHTErpanos

PaccmorpuM npusioxeHus onpelefieHHbIX HHTErpajioB AJIA Bbi-
YUCIEHUS MAOWAAH, JAHHBL AYrd U 00beMa Tela BPalleHHs B 38BH-
CHMOCTY OF GPOPMBI 3a0aHUST KPUBDBIX.

5.6.1. BhiuucneHne nrowaam MNOCKON purypbi

Ecau nrockas ¢purypa orpaHdyeHa npaMbiMu £ = @, z = b (a <
< b) u xpuBbmu y = fi(z), y = fa(z), npuvem fi(z) < falx)
(a < z < b), To ee nnowaas BLUUCAAETCs TO dopmyae (CM. Taxxe
n. 5.2, puc. 5.2): -

]

= J{fg(a:) - fi(@)] d. (5.25)

B uacTHOM ciyvae, KOTAa MJIOCKAA (PUrYpPa OrPaHHYEHA CHH3Y
ocbio O X, dopmyna (5.25) HECKONBLKO YIPOWAETCS:

b
S= sz(x) de. - (5.26)

[Ipumeps.
1 Boruucaurts momaﬂb Hrypbl, OrpaHH4EHHON xpnsbmu (puc. 5.6)
=/Tuy=zx?

Ay

Pac. 5.6. Ilnomasp, orpaHuYeHHas ABYMS NIapabONaMH.
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Pewenue. Haxoamu Touky mepeceveHus KpUBHIX: /T = 22,

cnefoBaTenbHo T = x4, otkyaa x1 = 0, 2 = L. [To popmyae (5.25)
HMEEM
1
1
- [/ = 2®)dw < 2 3/2|1 _=
S—J(ﬁ z?)dx = 327, 3

0

_2_1_1
3 373

0

2. Haiity niomwags purypst, 3aKM0HeHHOR Mex 1y napabonoft z2 =
= 4y n noxotom Anbesn ¥ = 8/(x% + 4) (pue.5.7).

Pewenne. Hahgem abcumccr Touek A u C nepeceycHus:
KPHBBIX, ’

Jlnst 9TOTO UCKIIOYMM % U3 CUCTEMBI YPABHEHNI:

{ y =8/(z* +4),
y= 322/4,
otxyza 8/(z? +4) = 2%/4, nm z? + 422 - 32 = 0.

Pae. 5.7. ILnomaas MexxAy napabono# n JOKOHOM AHBE3H.

HeficTBUTENbHBIMY KOPHSAMH 3TOrO YPABHEHHS SBASIOTCA TOYKH
£y = —2u 22 = 2. Oyrxuna 8/(z? + 4) > z?/4 na orpesxe
[—2, 2] (B yem MOXKHO yORANUTLCS APAMBIM MOACHETOM 3HAUECHMUI STHX
¢byHKUHit B 11060H TOYKE BHYTPH OTPe3Ka, HANPHMEP, B TOYKe & =
= 0). Crnenosarenbho, o dopmyne (5.25) nomyuum

2
38 z2 z 2
S‘J(?’ﬁ”?{)d“’_ (43’“55"ﬁ)
2

2
4
—27!‘-—5.

-2

3. Buiuucaurs mrowaab (OHCypsl, OrpaHRYeHHON NPAMBIMY & =
=0, x =2 u xpuBeIMu ¥ = 2%, y = 23 — 2% (puc.5.8).
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N | -

Pre. 5.8. [nomazas Mexay napabomnofi 1 NOKB3aTeNbHOR KPHBOH.

Pewenue. Tak kak MakcumyM byHKuuu y = 2z — =2 JocTH-
raercs B TOYKke & = 1 ¥ paBeH 1, a¢yuxmy—2“>lnao'rpesxe
[0,2], o

S=OJ[2""—(21=-4’2)] dz = ln2| - (zz—T)

S

T 2.

Wl

0

5.6.2. BolunaieHne AnKtbl Ayry fIOCKOR KPUBOIA

ITycTe HekoTopas KpHBasi 3ajaHa ypasHenneM ¥ = f(z). Jauua
ayru AB stoit KpHBoO#, 38KMOYCHHON MEXKAY BEPTHKAJILHBIMY Npsi-
MBIMH & = @ ¥ = = b, HaxoguTCa no opmye

b b ‘ '
=JW@=J 1+ (%)2@. (5.27)

ITpumeps
1. OnpepgenuTs gauHy oxpysxsocTh 2 + y2 = r2,
Pemenne. BoluucauM cHayana JAAMHY YeTBEPTOA YacTH
OKPY’KHOCTH, Nexxamiedt B nepsoM ksaapante. Torpa ypapsenue ayru

d
AB6yaery = Vi — a:i,o-rxy,na—y = ——;,cneaona'renbuo,
dz T2 — g2
T 3 L o r
1 P r : .,z T
ZL_j 1+r2_m2dz—1mdz—r~arcs1n; —TE.

JavHa Beelt okpyxHocru L = 27rr.
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2. Haiirn amany pyrn xpusoht 2 =3 orz =0 g0 ¢ = 1 (y > 0).
Pewenne. '
Nnddepenunpys ypashenue kpusolt, nafinem y' = (3/2)zx'/2,

OTKY A3

1

[ 9 4 2 9 \3/2
J 1+Z$d$—§'§(1+233) .
0

8 /13\%% 8 8 (13
=%(7) ~w=m(3VB-1)
3. Brruncints annHy ayrm Kpueo#l ¥ = Incos x, 3aKmo4YeHHON
MeXAY ToukamH ¢ abcuuccamn ¢ =0, ¢ =« /4.
Pemenne.

Tak kak ¢ = —tgz, 1o /1 + ()2 = 1+ tg2z = 1

1
L

i

cosz’
ChnepoBaTensHo,
nf4
1 x  z\|"/4 3
—f;a“-m%&+ﬂk-hw?-

0

5.6.3. BoiumcneHne o6bema Tena BpawnieHns

[Tycts paHa KpHBONMHelHaA Tpameuus, orpaHN4YeHHasi KPHBOH
y = f(2), ocvi0 OX u npsmbiMu x = a, £ = b. Bpainas sty durypy
Bokpyr ocu O X, noyryyum reqio ppamenus. [lns spraucnenus obbema
TEJIa BPALICHHA NPUMeHseTca dopmyana:

b b
V=nx J}F dz = WJ [f ()] dz. (5.28)

a [ 3
[Ipumepu
1. BeruucanTs o6beM Tena, 06pasyeMoro BpallieHHeM BOKPYT OCH
OX ¢urypsi, orpanuseHHol muausma y = £/2+ 4,y =0,z =0,
z = 6 (puc.5.9).
Pemeunne. B nepeyio oyepeap cneayer NocTpouTh 3TY QUTYpy
H #300pa3uTh HA TOM XKe YepTexKe TeJIO BpallleHud. B ganHoil 3anayve
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y= $/2+4

Puc. 5.9. O6vem Tena, o6paszosan- Puc. 5.10. O6neM Tena, 06pasosan-
HOTO BpaLlieHHeM JIHHHK § = £/2+4  Horo BpamenueM Bokpyr ocd OX
BOKpyT ocH O X. UEnHOW NHHUH
ea=0,b=6,y = f(z) = x/2 + 4. No dopmyne (5.28) naxoaum

b 6 2
V=1rjy2da:-—-1r (%x+4) dz =
a

6 6 6
=1 J%xzda: +J4xdm+J16dm =
10 0 0

= [% (63'—0)+2(62—-O)+16(6-—0)] -%18671’ KyO. efl.

PesyarTar MoxxHO nposepuTh no dopmyiie obbeMa yceYyeHHOro
KOHYCa: ’
7(R®+ Rr+ ) H

3 .

ITIpoBepKy peKOMEHAYeTC BHIMOIHHUTDL CAMOCTOATEILHO.

2. Haiitu oGbeM Tena, 06pa3yemMoro ppailieHHeM LenHoN JHHAH
(pmc.5.10) y = % (e®/® 4 e72/4) okpyr ocn OX Ha yuactke £ =0
poz=b. '

V=
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Pewenne.
2t 2 ®
V= w%j(ez/a+e_z/“)2 dr = f%J‘(ezz/a+2+e—2x/a) dr =
0

0
na? ra g,/q 8 _2z/a ®_ m® e 2b xa’b
= e a— —_ - — — —_e fa —
1 [28 +2z— e ]0 3 (e e )+ 5
3. ®urypa, orpaHnueHHas Ayro#t CMHyCOHAb! ¥ = Sin &, OCBIO
OpAMHAT ¥ npamolt ¥ = 1, Bpamaercs soxpyr ocu OY (puc. 5.11}.
Onpegenuts 06beM V' mony4alolterocs Tesia BPaleHus!.

1
y=sinz- i
3 0 % 3
Pac. 5.11. O6neM Tesra, 06pasoBannoro BpalteRueM Bokpyr ocu OY Ryra
CHHYCOHISI.

Pemenne. O6parnan ¢pyHkuua r = arcsin  pacCMaTpHBaeTCA

2 1
Ha orpeske [0, 1]. Mostomy V = 7 J 2?dy = w[(arcsin y)? dy.
n 0

IMpuMenuM noacTaHOBKY arcsiny = .

Yy t
0

1 m/2

Orciona
y =sint, dy=costdt,
* x/2
snaumT, V = 7 I 12 cost dt. Uurerpupys mo 4acTaM, noIy4nM
0

V=x(x-8)/4
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CamocTonatenbHan pabora

1. HaliTu naomafs, 3aKNI0UeHHYI0 MLy mapabonoll y = 2% —2x+2,
KacaTennHol K Hell B Touke M (3, 5) u oCbIc OpANHAT.

2. BoiuncauTh nhowwaap Urypbl, OTPAHWYEHHOH JMHMAME § =
=(z—4)% y=16—z% mocso OX.

3. Breryucanrs nuiomane GHrypet, orpannyenHoft napabonamu y = 2,
z = (3/4)y? +1.

4. BriupcnaTs naomaas yacredl siunca x2 + 4y2 = 8, OTCe4YeHHbIX
runepbonoii z% — 3y = 1.

5. Beiynenurs ntomane puryps, orpaHH4eHHo 3aMKHyTON KpHsoit
y? = (1-2%)

6. BriuncnuTs miomaab Gurypsl, OrpanndeHHol Kpusok /T + /y =
=1lnnopamoiiz 4 y=1.

7. BLuMcauTh NACIAL GUTYpLL, OTpaHByeHHOH KpUBOl f = 22, 0CHIO
OX nupamevn z =1uz = 3.

8. BLIYHCAKTS MIOmAAL GUrypHl, OrpaHHyeHHoN KpuBoil i = 412 — g3
docsio OX. )

9. BuryuciuTs nuomaap purypel, orpaHHYeHHON JHHUAMA Y = 4 — 22,
y=c+2.
o 10. BuluucauTs 4mHy AyrH Kpusoll y = z%/2 — 1, oTceuennol ocsio

X

11. Buruucauts gauny ayru kpusofi ¥ = In(2 cos z) Mexkay coceaHnmMu
TOYKAMH fepeceyeHus ¢ ocsio O X.

12. Buruncints amuny Ay kpusolt 3y = z{z — 1)2 Mexxay Touxamn
nepecederusi ¢ ocbio OX (NONIOBUAY AAWHH NETIN).

§5.7. YucneHHoe UHTErpupoBaHme

Ecan dyukups f(z) HenpepriBua Ha oTpeske [a, b] u u3BecTHa ee
nepsoodpasHas F'(z), To onpeaeseH b HHTerpaJ oT 310k GyHKUHKH
B [TpeAesax oT ¢ 50 b MoxkeT GbiTh Bbrumcien no ¢opmye Holorona~
Jleitbunua (5.12).

OJHaKo BO MBOTHX CAIYYasaX Neproobpa3nan GyHKIUA He MOXKET
OLITh HAlfEHA ¢ MOMOIUBIO JIEMEHTAPHEIX CPEJACTE WIH ABASETCH
CJIMIIKOM CIOKHOH. Besteacreue 5TOM0 BHIMUCICHHE ONPEACHSHHOTO
HHTErpaa no opMyae MOXeT 6BITh SATPYAHHTENBHLIM WM TPaK-
THYECKH HEBO3MOXKHBIM.
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b
HAas Toro yrobnl Bee ke HaNTH 3HaYEHHe I f(z) dz, umpoko
a
TIPHMEHSIIOTCS YUCACHHBE MEMOO%, CYTb KOTOPBHIX OCHOBBIBAETCH,
o CyHiecTBY, Ha onpegeseHnn (cM. (5.6)) uuterpana. Paccmorpym
METOZl, OCHOBaHHbIA Ha GOpPMyJIe NIOWAIH TPaneLHH.
[Mycrs qns dpyuxkuun y = f(x) B 7 + 1 TOUKAX Tg, T1,...,Tn
oTpe3Ka [a, b] BBYKCIIEHBI COOTBETCTBYIOIME SHAYCHUS]

f(xi)=yi’ i=0,1,2...,n,

npuyeM z; — ;1 = h = const — mar pas6uenus oTpe3xa. {a, b}.
Toukn 4o, Y1, ¥2,- .., Yn COSAUHMM OTPE3KAMH MPSIMBIX, T. €. 3a-
MEHHM HenpepbiBHYI0 PyHKUMIO ¥ = f(z) noMaHHO#N JKHUeR Yo,

3
= flz
y_f(\;\
\-——
¥2 h Yn
0 %0 &1 22 Ta-1 Zn %

Puc. 5.12. K sbmofy ¢opMylnl Tpanenun.

Y1, ¥2, - - -  Yn- [L10WAAL KpUBONHHENHOK TpaneunH Ha [a, b} Gyser
APHOIMIKEHHO BbIPasKATBCH CyMMOl uowaaeil rpanenudl ¢ OCHOBa-~
HHAMHA YoU1, Y1¥2, - -+ » Yn—1Yn ¥ BBICOTAMH h.

CaeaosaTenbHo,

1

h
J ydz ~ 2 (yo + 1),

xQ

, |

+ Yn
Jyd:czh(%wwyz-f-...wn_l). (5.29)
e

ITO BLIPpAKEHHE MOBBOISET BLINOIHHTD YHCIEHHOE MHTETPHPO-
BaHNE METOJOM TParneuuil, Al Yero AOCTATOYHO JUIb HAHTH 72 + 1
3HauCHHE NOABIHTErpaIbHOMN PYHKUMH Ha OTpe3ke [a, b] H 3HATH War
Pa30UeHNs 3TOrO OTPESKA:
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b= b—a,
n

rae n — KOIHYECTBO TO4YEK pPasOHeHHs.

Herpynno 3aMeTHTB, 4TO CIOXKHOCTD NOABIHTErpaibHON PYHK-
uun y = f(x) He UMeeT CyLIeCTBEHHOTO 3HAYEHNS, & CAMY BEJIMHHHbI
Y0, Y1, Y2, - + « 5 Yn MOKHO HAHUTH KAK ¢ IOMOLIBIO KANBKYASTOPS, Tak
¥ HA KOMIbIOTEPe.

IIpumep. Haitry nnomanp dmrypbl 3aKJIIOYEHHON MeXXay na~

pabonoit T2 = 4y n JOKOHOM ANBE3H Y = (cm. puc. 5.7).

D
(=* +4)

To4yKaMH nepeceyeHns ITUX KPHBbIX GyAyT abcuuccsl: 1 = ~2,
z2 = 2. Cnef0BATeNbHO, HCKOMYIO NOWAAb 3aMKUIHEM KAK

2
8 z2 ,
S—J(m"f) de.
2

[Tpumem n = 10, Toraa h = E:i-((;—z) = 0,4. CoctanM Tabmuny
IHAYCHUH NMOABIHTErpaabHoi PYHKINY ¥;.

z|-2] -16 | -1,2 | -0,8 | —0,4
y: | 0 10,5794]1,1105 | 1,5641 | 1,8830

z;|0f 0,4 0,8 1,2 1,6 12,0
y:{2]1,8830]1,5641{1,1105|0,5795] 0

ToacTapnss 3HaveHna y; 3 Tabmunsl B popmyy (5.33), nomy-
THM

8 z° 0+0

+1,5641 + 1,8830)] = 4,90068.

TouyHoe 3HA4EHHE, BHIYMCJICHHOE PaHEE AHAJIMTHYECKHM CIOCO-
GoM, paBHO 27 — 4/3 = 4,94985.

O6pazoBapasics NOrpelHoCTE, pasHaa 0,04, o6bacHseTca Ma-
JIbIM YMCIIOM TOYEK AeNeHust oTpeska [—2, 2] (n = 10).



[daga ¢
AVNDOOEPEHUMANDBHDLIE YPABHEHUA

§ 6.1. OcHOBHbIE NOHATUA K onpeneneHnn

[Tpu pewrerny pasnuyHbIX 3aja4 MaTeMaTHKU H dbusuku, 6uo-
FOTMN W MEINLIAHBL JOBOILHO YACTO HE YAAETCS CPa3y YCTAHOBHTH
dyHKUMOHANBHYIO 3aBNCHMOCTL B BHIE (POPMyIbl, CBA3bIBaIOWIEH
nepeMeHHble BeJMYHHb], KOTOPBIE ONHMCBHIBRIOT MCCAELyeMblfi mpo-
Hecc. OGpIYHO NPHXOZUTCA MCTIONIB30BATD YPABHEHUS1, COACPXKALIHE,
KPOMée He3aBACHMON nepeMeHHON U HEH3BECTHOM (DYHKINH, ellie H ee
NPOU3BOJHbBIE.

Ompejienierme. Y paBHEHHE, CBA3HIBAIOLIECE HE3ABUCHMYIO Mepe-
MEHHYO, HEU3IBECTHYIO (DYHKUWIO ¥ €€ MPOUIBOJHLIE PAIIMUHBIX
NIOPAJKOB, HA3BIBAETCH Juepenuuavroim.

Heunspectnyio dbyHkumio obbruno obosHaqaoT y(2) wamM npocro
¥, a ee npoussoanbie — 3, y” U T. A,

BosMoXKHBL ¥ pyrHe 0G03HAueHNs, Hanpumep: e y = (i),
To 2'(t), " (t) — ee npoussoxHbIe, a t — HE3ABUCHMAS IEpEMeHHas.

Onpegerenue. Ecnu pyHKUMS 3aBUCHT OT OAHON NEepeMeHHOH,
TO AubpepeHupaNbHOE YPABHEHHE HAa3LIBALTCA 0bbIkHOBEHHBIM, O6-
LA BUJ 060XHOGEHHO20 JuPPeperyuarvnozo ypasHenua:

F(ﬁ:, Y, 92 y”) ‘e y(")) =0 (61)

y™ = f(z,y,y"Y). (6.2)
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Oynkupm F 1 f MOTyT He CONEpPXKATb HEKOTOPBIX aPTyMEHTOB,
HO AJ1 TOrO 4T00b! ypaBHeHHA Obun audxbepeHIuaIbHBIMH, Cyle-
CTBEHHO HAMYHE NPOU3BOLHON.

Onpenenenme. [Topadwom dudpPeperntiuasvrozo YpasHeHUs Ha3bI-
BaeTCs1 NOPAAOK cTaplueli Mpou3BOAHON, BXOASAIEH B Hero.

Hanpuwmep: 2%y’ — y = 0, ¢’ + sinz = 0 — ypaBHeHus nepsoro
nopsaka, a ¥" + 2y’ + 5y = ¥ — ypaBHeHHe BTOPOTO NIOPAAKA.

Onpenenenne. Pemennem auddepeHIRANILROT0 ypaBHEHHS Ha-
3BIBAETCA TaKas (PYyHKIHA, KOTOpas 0GpalllaeT ypaBHEHHe B TOXKAe-
CTBO NOCHE MOACTAHOBKH 3TOM (PYyHKIUHMH H €€ IPOU3BOAHBIX B YpaB-
HeHwe.

Ilpu pemennn auddepeHUNANBHLIX YpaBHeHHH NCnob3yeTcd
ONepaus UHTErPHPOBAHUA, YTO CBAIZHO C MOABNEHUEM NIPOH3BOJIb-
Ho# mocTrosiHHON. Ecnn onepauya HHTErpapOBaHHA TIPHMEHAETCA 1
P83, TO OYEBHIHO, YTC B pelIeHUH Oy aeT COAEPHATLCH N IPOH3BOIb
HbIX TTOCTOSHHLIX. '

§ 6.2. AuddepeHumanbHbie ypaBHeHUs NepBoro
nopsagka

O6wnit eua andxpepeHunanbHOro ypasHeHuss 1-ro mopsiaka
OnpeIeNIAeTCH BBIPAYKCHHEM

F(z,y,4) =0. (6.3)

YpaBHeHHEe MOXKET He COfIEPXKATH B IBHOM BHAE X H ¥, HO 06s13a-
TEJILHO COACPKHUT ¥’
Ecau ypaBHeHHe MOXXHO 3aImUcaTh B BUAE

¥ = flz,y), (6.4)

TO noayunM AudpepeHuHaNbHOe YpaBHeHUe 1-10 nopsaxa, paspe-
HIEHHO€ OTHOCUTEILHO MPOH3BOAHOM.

Ompenenemme. Obugum pewseriuesm AudbepeHIMAIBHOTO YpaB-
HeHus 1-ro nopsaaka (6.3} (mnu (6.4)) asnseTcs MHOXKECTBO peLreHUH
y = f(z,C), rae C — npoM3BOSbHAH MOCTOSIHHASA.

I'pacduk pewenna gndPepeHINaIbHONO ypaBHeHH Ha3bIBAETCS
unmezpassrotl xpusoil.
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IIpunasan npousponbHolt mocroanroll C pasnuyHble 3HaYeHNS,
MOXXHO NOJIYYHTbL 4acTHbie pemeHus. Ha nytockocrun X OY obuiee
pelleH’e MpeacTaBaseT cobofi ceMeHCTBO MHTErpajibHbIX KPMBBIX,
COOTBETCTBYIOLIMX KAXKJOMY YACTHOMY PEIIEHHUIO.

Ecan 3agaTh TouKy A(Zo,Y0), 9epe3 KOTOPYIO AOIKHA NPOXO-
AVTh MHTETPabHAA KPHBas, TO, KAK NPABUIIO, U3 MHOXKECTBA (hYHK-
umit ¥ = (2, C') MOXKHO BbIAENNTD OfHY — YACTHOE PELIEHHE.

Onpepenenme. Yacmusse pewenuem  AndpepeHHATBHOTO
YPABHEHUsl HA3LIBAETCA €0 pelleHue, He CORCPXKALEe MPOUIROIb-
HBIX NOCTOSTHHbIX.

Ecan dysxuus y = ¢(x, C) asnserca obuuM peiienieM, To 13
ycnoBus Yy = @(xg, C') MoxHo HaliTn nocrosunyio C.

Yenosye Y = Yo NPH & = To HASBIBAIOT HAMAADHBIM YCAOBUEM.

3aaaua HAXOXKAEHUs HACTHOTO peuleHust AnpdepeHUMATLHOrO
* ypaBHennd (6.3) uam (6.4), yAOBIETBOPAIOWEr0 HAYANBLHOMY YCJIO-
BMIO ¥ = Yp NP & = To, HasbiBaeTca 3adavetd Kowu.

Bceraa sin 313 3aaa4a nMeer peunlenne? OTBET COAEPIKUTCSA B TEO-
peme Komm.

Teopema Komm (Teopema cylnecTBOBaNMA H €XMHCTBEHHOCTH
pemenns). [lycrs B auddepenunansiom ypasuenuu y' = f(z, y)
dynkuua f(z,y) u ee uactnasn npoussonHas f,(r,y) onpenene-
HBbl ¥ HEMPEPBIBHLI B HEKOTOPOiH obsacTu D), copeprkauieii TOuKy
A(zg, yo)- Torga B obnact D cylecTByeT egaUHCTBEHHOE PELIEHHE
ITOrO YpaBHEHUs, YOBJIETBODAIOLIEe HAUAILHOMY YCIIOBHIO ¥ = Yp
npy x = To.

Teopema Kouu yTBep>kaaet, 4TO Npy OnpefieieHHbIX YCIOBUAX
CYIIECTBYeT ¢ANHCTBEHHAA HHTerpanbHas kpusaa y = f(z), npoxo-
asiuas vepes Touky A(zg, yo). TOUKH, B KOTOPBIX HE BHIIOJIHAOTCS
yciioBus Teopembl Koiuu, Ha3blBalOTCs ocofvimu. B 9THX TOUKAX

TepnuT pasphiB f(z, y) nau -j—; Yepes 0coby10 TOYKY NPOXOAHT JHOO

HECKOJILKO HHTErPaJibHbIX KPUBBIX, IGO0 HH OAHO.

Onpepenenme. Ecnu pemenne (6.3), (6.4) naiineno B Buge, He
PA3PELICHAOM OTHOCUTRIBHO Y, TO OHO HA3BIBASTCA OfUjuUM UNMe-
epaaom audpdepentnanbuoro ypasuenus f(z,y,C) = 0.

Teopema Kown rapaHTHpyeT TONbKO CYLIECTBOBAHUE PELICHNS,
& KAK HaiTu 370 peuieHMe? (KA3bLIBAETCS, YTO €AUHOrO METOAA
HAXOXKACHHA -pellileHust HeT. Ml ByeM paccMaTpHBATL TOILKO HE-

13 HNasaywkoe U.B.
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KOTOpBble THNBI AudpepeHIMaXbHbIX YpaBHeHH it 1-ro nopsagxa, uH-
TErpUpyeMble B X6Q0pOMYpPaT.

Onpegenenne. Juddepenipnanbuoe ypaBHEHHE HA3BIBACTCS HH-
TErpupyeMbIM B KBaJAPATYPAX, €CIH OTBICKAHHE €ro pelleHyus ¢BO-
AUTCA K MHTErpHPOBaHHIO (hbyHKIHIA,

6.2.1. AudppepeHunansHble YpaBHeHUA NePROTO MOPAAKA
€ pa3nensiolUMKCA NepeMeHHbLIMU

Onpepenenne. [uddepeHupansioe ypaBHEHHE NEPBOro NOPSA-
Ka Ha3bIBAETCS YPABHEHHEM C PA30CARIOUSUMUCR NEPEMEHHBMY, eCITH
€10 MOXKHO MpeaACTaBHTL B B OE

¥ = fi(x) - fa(y). (6.5)

[Ipasas yacTs ypasrenus (6.5) npeacrasaser cobol npoussege-
BHe ABYX (bYHKIMH, KayKAasd H3 KOTOPLIX 33BHUCHT TOJBLKO OT OJHOMH
nepeMeHHOHN.

Y
z+1

1
AensnomuMucs nepemernbiMit (f1(z) = =, fo(y) = ¥), a ypas-
nenme 22y’ = 2y — x? nesb3s npeacrapuTs B BHgE (6.5).

Hanpumep, ypasuenue g’ = ABJSACTCA YPABHECHHEM C pa3-

ﬂ, nepenumem (6.5) B Buge dy _ Hi(z) x

-
YuurpiBas, 410 3’ = 7o o

X fa(y)-

W3 s1oro ypaBHenns nomyduM audrbepenianbHoe ypaBHeHue
C Pa3/EIAIOOMMUCS NIEPEMEHHBIMH, B KOTOPOM npu nuddepenya-
JaxX CTOAT PYHKIMA, mncamue OT COOTBETCTBYIOmEH HepeMeHROf:

m = f[(ﬂ?) dz

Wurerpupys noq.nenno, HMeeM

- (y) +Cy = Ifl(x)do:+02,

j o Jfl(m) dz +C,

tae C = Cy — C1 — npousBOibHAS NOCTOsIHHAS. BoipaskeHue (6.6)
npeficTasaser cobol obumis unrerpan ypashenus (6.5).

(6.6)
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Pazgenus obe yacTu ypasuenus (6.5) Ha fa(y), MBI MOXeM nO-
TEPATH Te PereHus, npy xoropbix fo(y) = 0. [elicrBurensHo, ecay
fo(y) = 0 npu y = yp, TO ¥ = Yo, OYEBUIHO, ABISETCS PeLCHHEM
ypasHenus (6.5).

Y

Npumep 1. Haitru peinenne yf = 2+ 1 YRoBAeTBOPAIOLIEE
ycnosuio: y = 6 npu = = 2 (y(2) = 6).
Pemenue. 3amenum y' Ha 4y TOTHA dy_ v . YMHOXHM
dz’ dz z+1

06e yacTy Ha d, TaK KAK IPH JAILHEALIEM HHTEMPHPOBAHNH Helb3s1
OCTaBJATb ¢T B 3HAMEHATEJIE:

__ Y
dy =7 +1 dz,
a 3aTeM, pasgenus obe yactH Ha ¥ (y # 0), nonyunM ypaBHeHHe

dy  dx
y z+1’

KOTOpOE MOXKHO MpOouHTerprposaTh. UuTerpupyem:

dy [ dz
I v _[ z+1’

Torga In)y| = In|z + 1| + InC; noTenuupys, noty4uM y =
= C(z + 1) — obiuee pemenue.

Mo HayaJIbHBIM JAHHBIM ONpeaeseM NpPON3BONbHYIO TIOCTOSH-
HYIO, TIOACTABHB HX B obuiee pewmende 6 = C(2+ 1) = C = 2.

OxonyaTesbHO nosy4aem § = 2(z + 1) — yacTHOe peweHHe.

PaccMOTPHM ellle HECKOABKO MPHMEPOB pelLieHHsl YPABHEHMH
¢ PABACNAICWMMHUCA TICPEMEHHLIMM.

[Ipnmep 2.

z?y’ +y=0.
dy dy dz
r__ %y & _ &
YuurhiBad, yto y¥' = G Oy M ” -
[TpounTerpipoBas ofe YacTH ypaBHeHus, OyaeM UMeTh
Injy|=InC + l,
X
OTKyAa
y = Cell=.

13*
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Mpnmep 3.
sinz -sin;qd:v +cosz-ydy =0.

Heaum 00e 4yacTH ypaBHEHHS Ha Te COMHOXUTENH, KOTOPbIS
3aBHCAT OT NePeMEHHO, He COBIIaAaloNIeit ¢ NepeMeHHOH MoJ 3HAKOM
auddepenuuana, T. €. Ha sin & - cos ¥ 7 0 ¥ HHTErpUpyeM.

Torza nomyunm

j::;wd +J yd -c, Id(owz)+Jd(siny) =0,

cos siny

—Infcosz| + Injsiny| =InC

Y, HAKOHEL,
siny =C
sz
[Ipumep 4.
s+ry+yy'(l+z)=

3uas, uto y = %, nonyaum z(1l + y) + y(1 + z) 5= = 0.
Paznenum nepeMeHHBIE.
Torna

&e

z =__
x+1dw+y+1dy =0, a:+1dz_ y+1dy

Wnrerpnpys, 6yaem uMeTs
z+y=m[C(z+1)(y+1)].

3ameaanwe. B npumepax 1 v 2 nckomas byHKIMA ¥ Bblp&-)l(eﬂa.
asHO (00Iee pelenne).

B npumepax 3 n 4 — seapHo (o6uiuit uaTerpas). B ganpreiimem
dopmMa pelueHnst oropapuBaThesl He Gyaer.

[Ipumep 5.

e o, |

zdx +J ydy _
Vita? )i+

1[{dx?+1) 1 J‘d(y2+l)
= = =C, Vi+zi++/1+y2=C.
2]\/l+$2+2 Vit v Vity
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Mpumep 6. Haltu pewenne ypashenns y' = 2,/¢Inx, yao-
BJETBODsiIOLLEE YCIIOBHIO Y(e) = 1.

3anumem ypaBHeHNe B BUJE j—: =2/¥Inz.

YMHOXKAA 00€ 4ACTH ypaBHEeHMA Ha 4 U Ha 2,/y, nony4HM

dy .
— =Inzdz.
2y

Wnrerpupys o6e uacTu ypaBHeHusi (MHTErpas B Npasoit 4acTH
Bepercsl No YacTAM), NOMYIHM

Vi=zhnz-z+C.

Homoycnosmwo y =1l npuz = e.
Torgal=elne—e+C,C=1.
IMoacrasuM HaligeHHbIe 3HaYeHns C' B obluee pelerne:

Vi=zhz—z+1.

TMonyyeRHOe BEIPaXKEHNE HA3LIBALTCS YACTHBIM PElICHHEM AU~
depeHHMaTbHOrO ypaBHEHHA.

6.2.2. OgHopoaKbie audpepeHUKanblbie YPaBHEHHA NepBoro
‘nopaaKa

Onpepenenne. [Iuddepennnansubie ypasHenHa 1-ro mopsaka
HAa3bIBAETCA 00HOPOTHBAM, ECJIH er0 MOKHO IPEACTABHTD B BKAE i =
— £ (y/2).

B wacTHOCTH, ypaBHeHue, 3anUcaHHoe B BuAe §' = f(z, y), ABA-
eTcst OHOPOAHBIM, eciiu f(Z, Y) €CTh OTHOIIEHNE ABYX OQHOPOJHBIX
MHOTOYJICHOB OJJHOTO U3MEPEHU.

(OAHOPOAHBIMH MHOTOYJICHAMH U3MEPEHHA N Ha3bIBAIOTCA MHO-
FOYJIEHb], ¥ KOTOPBIX CyMMa INoKasaTesell cTemeHell NMEPeMEHHBIX
B KaoKJI0M usieHe pasra 7. Hanpumep, 24423y —322y2+ 4y —yd —
OAHOPOAHBIR MHOTOYIEH 4YeTBEpTOro uaMeperus.) B oamopoxHoM
YDABHEHHH NEPEMEHHBIE, BooOnie ropops, He Pa3ieiAlOTCA.

OHakKO OHO JIErKO MOXKET GBITH NpeoOpPa3oBaHO B ypaBHEHHE
¢ Pa3ACATIOMHMHCSH NEPEMEHHLIMH.

BgegeM HOBYIO pyHKIMIO % = f—: WHY =4 2.
Orcioaa ¢’ = «'z + » uma dy = udz + z du.
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OT1a 3aMeHa CBOAHUT OAHOPOHbIE Y PABHEHHA K YPABHEHHSIM C pa3-
MeNAOIMMHCA MEePeMEeHHBIMA,
Npumep 1. Pemuts ypasuenne 2zyy’ = 2% + 3. \
2+y° y_ 1+{y/z)
WK Y = ———F.
2zy 2-(y/=)

3anuwem ypastenne B suje y’ =

[TpoussosiM NOACTAHOBKY:

%=u, y =dv'z+u.

Torua
1+ 42 1+ u? 1 - u?
f _ o — . ! —
ur+u= 20 uT %% U, Uz %
Samenum
o = du zdu 1~u2
T da de~  2u
YMHOXKUM Ha dT:
1-u?
zdu = dz.
2u
2
Pazaenum Ha ¥ Ha T TOrga
2udu j&_x
1—.‘“2 Tz

IpounTerpuposaB 00e YacTy ypaBHEHHA 110 COOTBETCTBYIONIUM
nepemMeHHbIM, GyAeM UMeTb

c c

ur—1 w? -1

WU, BO3BPAIAACH K CTAPBLIM NIEPEMEHHBIM, OKOIATENLHO NOVIY YUuM

In

X

I=]n:c,

:c2+c:c-—»y2=0.
[Tpumep 2.

222y’ = (& + ).
[ycrs u = %, Torna y =u-z,y =u'z+u,

222 (u'z + u) = 2% + u?a?,
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TMogenum ofie 4ACTH ypaBHEeHUs Ha T2

2 (v'z 4+ u)=1+ul
Packpoem ckoOKE 1 meperpynnupyeM ciaraeMble:
du

—=(u-1)%

2zu’ = (u-1)2, 2:}:?

Hanee, uuTerpupyd, NOIySuM
J 2du J dx
@-17 |

-2
m=lnCm.

AIN

[lepexoas K CTapbiM MepeMeHIbIM, MPHAEM K OKOHYATELHOMY
pe3yJILTATY:

_ 2z
Cx=e v=,

Mpumep 3. Haittu pewenne ypasHenna ¢y’ = y (1 +In %)
npu yeaosun y{1) = e~1/2,
Bhinomtsist CTAaHAAPTHYIO 3aMEHY % = %, MOJTY4aeM

du
Utz =u (1+Inu)

xit—‘—ulnu
dz :

wlnu

Jdu —j%, Injlnuy]=In|Cz|, Ilnhu=Czx, u=e’®

Wik
y=z-e%.
Hoy=eY2mpuz =1 Orkynae /2 =1-¢C, C=-1/2.
BHauUT, YACTHOE DEIIeHHEe UMeeT BUA Y = T - e~ 2/2,
[Ipnmep 4.

zdy — ydze = /22 + y2de,
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z(vz+u—u)=2vV1+u? z%= V1442,

du dz

Wroer iy In|u++v1+u? =n|Cz|,
v+vVul+l=Cz mwm y+z2+y2=Cm

ITpumep 5.

2 : 2 2 2 2,2
z°+zy+ 2+ zu+ v
y'=—7—?_., u’$+u= 3:2 ,

! - 2 du _ 2 du _ [dz
vztu=ltutu’, z-=1+u, !1+“3_[m,

arctg u =In|zc|, arct %=In|a:c|.

6.2.3. NMuneittbie gupdpepeHymnanbHsie ypasHeHUA NEPBoOro
nopagka '

~ Onpenenerre. Judpdepenupansyoe ypasHeHHe EPBOTO MOpAA-
Ka Ha3bIBAETCA AUHEUNBM, €C/IH €T0 MOXKHO TIDEACTABHTDL B BIAC

¥ + p(z)y = q(z). (6.7)

3aecs y, ¥ — Bxomar B 1-# creneun, p(z), g(x) — HeussecTHbIE
GYHKIMH, B YACTHOCTH, OHH MOTYT GbITh NOCTOSIHHBIMH BeJHYMHAMH.

Ecnn ¢(z) = 0, To ypasuenue ¥’ + p(z)y = 0 na3bBaerca
00HOpOdHBIM. -

Ypasuenne (6.7) pewaercs merogom Beprysmu ‘¢ nomowpio
cneunanbHoro npuema. IlpeacraBuM ¢ B BUAE NPOM3BEIOHUA JBYX
dynxkuui y = u(x)v{zx), rae u, v — neuspecTHbIE PyHKUMA, IPRUEM
OZIHY M3 HHX MOYKHO BHIGPATb NPOUSBONBHO. '

Hrax, ecmn y = uv, 10 §' = w'v + uv' 4, noacrapasa e (6.7),
MOy YUM

w'v + v’ + p(z)uv = q(a),

u'v + u(v’ + p(x)v) = g(z).
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DyHKUMH %, ¥ HAM HEH3BECTHbI, ONPEAEINM OAHY W3 HHX, Ha-
NpHMep ¥, U3 YCNIOBHS

v + p(x)v =0. (6.8)
YuuThiBas 310, NPUAEM K YPABHEHHIO
u'v = g(z). (6.9)

Hattpem v(x) us (6.8):

dv dv
v = —p(x)‘l), dz = —p(&:)‘v, ) = ""P(-'B) dz,

In|v| = —Jp(m) de, v=elP@}dz
Toactasum natiaennoe pemenne B (6.9):

u = Jq(:c)ej P24y 4 C.

Obmee pemenne (6.7):
y= e-!r(z)dw (C + jq(z)ef?(z) dz) .
Mpumep 1.
yt Ty 2.

T 241

- , ,  Zuv
OC/1e NOACTAHOBKH B YPaBHEHHE NIy uM u'v + uv’ — o

= .

Crpynnupyem BTOpoe ¥ TpeTbe CJ1aracmoe B JeBoil YaCTH ypas-

HEHUA:

’ ’ el )
UHvVT+Uu|v — =x.
= ( 22 +1

IMoneaysch TeM, YTO oaHa M3 HeM3BeCTHHIX yHKuuti (Hanpu-
Mep, ¥) MOXeT ObTh BhiGpana POH3BOILHO, NoTpedyeM, YTk v/ —
TV

2241
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Toraa w3 ypaBHeHMA NOMYYHM 2'v = .
Takum 06pazoM, pemreHne JUHeHOrO ypaBHEeHUs CBEIOCh K pe-

HIEHUIO CHCTEMBbI AN depeHIMaNbHbIX ypaBHeHRit C pa3jensiomu-
MUCA TIEPEMEHHBIMU:

o zv
2+1
w'y ==,

Pewiasi nepBoe ypaBHeHUe CHCTEMBI, [TOTYYUM

1 .
Inly| = Eln|x2+1|, v=+vz2+1
IMoacrapum HaligeHHy0 GYHKUHIO ¥ BO BTOPOE yPaBHEHME CH-
crembl. Torna 910 ypaBHenue npumer BuA: ¢'v/z + 1 = = uan du =
= —f—;—_—;dx,mxynau= V1+$E+C.
z° 4

Hckomoe pelerne Oyaer uMeTh B

y=(V1+22+C)vVaz2+1.

[Ipumep 2. Haittn obutee pewenue zy’ + y = e~ (z # 0).

YpaBheHHe NuHeliHOe, Tak KAK Y, ¥ BXOAAT B HEro B nepsoit
CTENeHH U HeT YJIeHa ¢ IPOM3BEAEHUEM Yy .

INonaraem ¥ = uv, Toraa 4’ = uw'v + uv’,

1 e v e "
wv+uv' + —uv = —, u'v+u(v'+-)= ,
z z z @
v
v+ —=0,
L
P’ _C
wy = —,
&
dv v dv dx 1
—_— e—— —_—=—— =,
dz T v T x

INoacraBuM BO BTOPOE ypaBHEHHE:
w2} = e’

— wm du=e *dz,
T z

jdu:Jc"‘”da::) u=—e*4+C.
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Urak, v =1/z,u = —e®+C,Torgay = uv = 1/z (C — ¢ 7).
[Tpumep 3.

_ 2z

1+2

Tocne Beaenua pyHkuuil © ¥ v NOIYYHM

2;l,t«-—--l+:z:2.

yl

u"v—i-u(v'— 2zy )=1+:.t:2

1422
unu
;__2xv
1+22
wv=1+z2

Wuterpipys nepsoe ypaBHERME CHCTEMBI, TIOMySuM: v = 1 + 22,
roraa o' = 1, otkyaa u = z + C, roraa y = (1 + %) (z + O).
[Tpumep 4.
. _ 2z
Yy —ytgx = prpel
TIpuMeHsia yKa3aHHLLH BBiILe CTOCOG PeLeHHs, oY UM CHCTeMY

v —vtge=0,

P 2z

u'y = ——.
cosz

13 nepeoro ypaeuenus: Haxoaum v = 1/cos x.
Pemas BTOpoe ypaBHeH1e CHCTEMBbI, TIoMynM 4 = %2 + C.

Toraa 1cKkOMOe peiliere NPUMET BUA: Y = _oo:i_:c (z%+ C).
lTpumep 5. '
2%y + 22y =Inz.

22w’y + u (2% 4 22v) = Inz,

{ z2v + 22v =0,
$2

w'v=Inz.

Tocne penenns Ha r # 0 nepsoe ypapHeHue npumMer suj ov’ +
+2u=0.
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Pasaenas mepeMeHHLIe B 3TOM ypaBHeHMH, 6yaeM uMers v =
=1/z2.

Bropoe ypasHenHe CHCTeMbI [10GTE MOACTAHOBKA OYHKUHH ¥
npumer BUA %' = Inx, orkyaau = zlnz —x + C.

Cnenorarensno,

zihz—2+4+C

= ——.
y &

CamocTosTenuHana pabora

Hality pemienue cnegyommx anddepenyHanbapiX ypaBHeHuii ¢ pas-
JEAROMNMCH epeMEHHbLIMY:

Vvy—-1
1.y = yz . zy(l+z¥y ~1-y2=0.
8.y cosz =2, y(0)=1
Iny’
4. (1+2¥)y +y=0, y(1)=1.
2 —
1-y ! 2:!7' 7. ¥y +2z=1.

50 =0. 6. '=
R Y g vy

93«
8.y’=§.‘,—'r. 9. (z+1)%-y ~(y—2)>=0.

— a2
10. y + ;_z, =0.

Haliru pewenne opHopoausix gudxbeperupambapx ypasredud:
2

4 ¥ _ 2__3_ L - 2 2
l.zycosz_ycosx 7 2, 2%y =y (y* +z%).
S.yy =2y~—=x 4y’—x 3y

~yy’ =2y ~—x. Y=

5. ydz +(2\/Zy —z)dy = 0.
8. zye®/V dy + * dz = z2e®/¥ dy.
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2

7.2y —y =22+ 4% 8.y’=%-%. 9.y'—%=1,

Hafitn pewenne nusefinbix AndxbepeBuyaabHEix ypasBeHnit:
1. ¢ +ytgr=sin2z. 2.xy —2y=z"lnz.
3.y —2y=za2 -2, 4.y +zy= e—=/2,

Inz
8o = ¥ __2%,
§. z°y +4y =12, 6. y - p

2
T. 2+2)y +zy=1. 8.y’—;y=—:c4.

9.z +y=hz+1. 10.y —ytgz =cigz.

6.2.4. HekoTophie npunoxeHna auddepeHuNanbHBIX ypaBHeHNI
fiepsoro nopsaaxa

3anava 0 paAMOAKTHBHOM pacmajie

Cxopocts pacnaga Ra (paaua) B Kaxkanili MOMEHT BPEMEHH NPO-
NOPUHOHAJbHA ero HanugHo# macce. HaiTi 3akoH pagHoaKTHRHOIO
pacnaga Ra, ecin #3BecTHO, YTO B HAYNA/ILHBI MOMEHT UMEJIOCh Mg
Ra u mepwon nonypacnaga Ra pasen 1590 ser.

Peuwenne. Ilycrs B Momenr ¢ Macca Ra cocranszer 2 . Torga
cropocTh pacnaja Ra pasna

dimo—-z)  dz
dt dt’
[To ycnosuio sagaun

dx
—E = kx,

rae k& — xoxpdHImenT NponoOpLUOHAALHOCTH.
Pasgensia B nocreaHeM ypaBHEHHWH NEePeMEHHbIE H MHTErPUPYA,
TOJTY THM
Inz=-kt+InC,

otkyma z = Ce™*t,

Ansa onpepenenns C ucnoakr3yeM HauaabHOe yenosue: npu £ = (
T =my.

Toraa C = myg u, 3uaunT, z(t) = moe ™.
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Koagpunuent nponopumonanbHocT!t & onpefesseM U3 JAONOn-
g
e
Vimeem 222 = mge 1590k yan 1590k — 2
Otcoga eF = 21/15%0 y yexoman dopmyna

2(t) = moz“;'l"’”o.

HHTEJIbHOTO yenoBus: npu ¢ = 1590 ¢ =

3apata 0 CKOPOCTH pasMuOKeHns GaxTepmii
CkopocTb pa3sMHOKEHHA GaKTepull NPONOPUHOHAIBHS MX KOJH-
yecTBy. B Hauanbhbilt MoMeHT nMenock 100 Gakrepuit. B Teyenne
3 4acoB X YHWIO yapounochk. HaliTu 3aBHCUMOCTD KOHYeCTBa Bak-
Tepuil or BpeMenn. Bo cKobKO pa3 yBesIHIHTCHA KONMMYecTBO GakTe-
puii B Teuenue 9 vacos?
Pemenue. [Tycrs z — konnuecreo 6akrepnti B MomenT t. Toraa
COIVIACHO YCOBHUIO
dx
dt
rie & — xoadbhHUMEeRT NPONOPUMOHATBHOCTH.
Orciona & = ce*. M3 ycnosua ussectno, uro z|,_, = 100.
3HauMT,

i kz

C =100, =z =100e*¢.

Ws ponosmurenstoro yenosna z|,_, = 200. Torsa 200 = -100¢*,
2 = g3k, gk = 21/3,
‘Hckomas pynkuusa:

2 =100.2/3,

3uauur, npu £ = 9 = 800, T.e. B TeueHHe 9 YACOB KOMUYECTEO
Gakrepuit yBeuynaOCH B 8 pas, '

3agaga of yse/MdeHnd KOAMIeCTBa (pepMenTa

B xyabType nuBHBIX Apoxckel GuICTPOTA NpHpocTa AeHCTBYIO-
mero ¢epMEeHTa NPONOPLMOHAALHA €r0 HAYAJLHOMY KOJIM4ECTBY .
ITepeoHayanbHOe KOIHYECTBO HEPMEHTS G B TEYECHHUE Yaca yABOH-
Jock, Haitrn 3aBucamocts 2(2). .
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Pemenue. [To yanosmo guddepennnannbaoe ypaBHeHHE PO~
[ecca UMeeT BHA
dz

@ b

OTCI0ga & = cekt.
ki

Ho @ |¢=p = a. 3naunt, C = a, u Torga z = ae”*,
Wi3BeCTHO TaK>Ke, 4TO T [¢=1 = 2a.
Crenosarenbho, 2a = ae*, e¥ = 2 = z(t) = a2t

3agaqa. JuEaMUKa YACICHHOCTH HOMYJISLHM

PaccMOTpUM KONTOHMIC OpraHU3MOB, OOUTAIOIHX B YCJIOBUSX HE-
OTPaHHYEHHBIX PECcypcoB NMUTAHHSA. [IpeanosoXKuM, YTO KONOHUA
He MOJABNAECTCA HUKAKHM IPYTMM BHAOM. B cuny pasmhoxenus
7 CMEPTHOCTH YHCJIO XKHBBIX OPrAaHN3MOE B KOJIOHKH OYIET MEHATHCA
¢ TeyeHneM BpemeHn. HaliTi 3aK0OH 3TOrO n3MeHeHns.

Pemenue. Ilycts 2 = z(f) — 4YHEIO XKHBBIX OPraHu3MoB
BMOMeHT £, x (t + At) — B momenr t+At. Torna Az = z (¢ + At)—
— z (t) — npupawenne pynxunu = (t) 33 npoMexxyTok At.

W3 yero cknagnBaeres npupaienmue?

3a Bpema At B3pocibie 0cobK (MM MX 4acTh) TPOU3BEAYT NOTOM-
CTBO, & 4aCTh 0c00eit MOXkeT MOrHOHyTh.

Takum obpazoM,

Az=G—-H,

rae G — uyucno pa3BHBIINXCA ocobeit 3a nepuon Af, H — uncno
norud1mMx ocobei 3a 3TO BpeMs.

G 32BUCHT OT AJjHHbl npoMexyTka At (dyem Gosmbwe Af, Tem
Gonbe G) 1 OT KOINYECTBa «poauTedeit» (dem Gasbiue B3POCTBIX
ocobelt, Tem GoitbLIe MX OTOMCTBO):

G =d(z,AL),

rae ® (z, At) pacrer ¢ poctom & uau At ¥ paBHA. HyJIIO, €C/IM PABHA
HYJHO O/ H3 MEPeMEeHHbIX.

U3 sxcrniepuMeHTOB U3BeCTHO, YTO At QOIKHA BXOLUTD JHHEHHO:
ecly POMEXKYTOUHblE HaB/TIONEHHs YBEJTHIUTD, HanipuMep, B 2 pa3a,
TO ¥ IPHPOCT NNOTOMCTBA MHKPOOPIAHH3MOB YBEJIHYNBAETCA B 2 pa3a,
r.e. & (z, At) = f (z) At.
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Xapakrep f(z) onpeaenuts cnoxnee. Ho ussecrro, uro f (2)
MOHOTOHHO BO3pacTaeT ¢ pocToM zH [ (0) = 0.

Ho xakoe pocr f (2)? Ou cywmecTsenso 3apucatT or Guonornye-
CKHUX OCOBEHHOCTEH MCCNEAYEMOrO BUAA, H IS €10 ONUCSHHUSA MOTYT
NOHAJ0OUTLC T€ WM WHBIE CTENEHHU ¥, PALHOHANbHAA (DyHKUHS
uT.O

MB1 paccmorpuM npocreiwnit cirydsi, Korza 4uCIeHHOCTb
NOTOMCTBA NPONOPLMOHANbHA, KONHYECTBY <«posutenei»: f(z) =
= az, a = const (HanpuMep, Takoil Ciy4all peasuzyercs [IPH
AENEeHNH KIeToK).

Urax, G = azAt.
Ananoruuso, H = BxAt.
CaenoBarenbHo, 4
Az = yz At, (6.10)
raey =a—~ .

Pazpenum obe vactu pasencrsa (6.10) va At n nepeiigem k npe-
geny nipu At — 0:

lim é£ s
At—0 At dt’
H, 3HAYMT,
dz
@ =

Torga, nocsie MHTErpUPOBAHNA U Pa3AeNCHUA nepemeunblx, 6y-
aem umers z(t) = Cet.

Ucnonbsyem HadansHoe yenosue: £ (tp) = xo ({9 — Bpems Hava-
na HabMIONIEHYSA 38 KONIOHHEN; Tp — KOMAYECTBO OPraHU3MOB).

Torga uckoMbIil 3aK0H Oyner uMeTh Taxoll BUA:

C = zge™ M

Hy>HO0 OTMETHTD, YTO HaliZeHHbIft 32KOH HOCHT TOTHKO NpeATo-
NOXKWTENbHBI TIOKa XapakTep. [na yaBoeHHs: KOIMYECTBA XXMBHIX
OpraH#3MOB TpebyeTca Beerpa OfHO U TO Xe BpeMsi, HE3ABHCHMO OT
MIEPBOHAYAIBHOIO KWINYECTBA (KCTATH, HACE/IeHHE 3eMAH y/iBanBa-
eTcs PUMEPHO Yepe3 Kaxkabie 40 mer).
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§ 6.3. Ing¢pepeHumansHblie ypaBHeHMA BTOPOro
nopagxa

6.3.1. OcHOBHbIE NOHATMA

Onpeneneane. [AudgdepeHupnaabibiM ypaBHeHHEM BTOPOrO Mo-
PAJAKA Ha3bIBAETCA COOTHOLLEHUE, CBA3bIBAIOIIEe HE3ABUCHMY IO Tlepe-
MEHHYI0, HCKOMYIO (PYHKHLHIO H €€ HePBYIO H BTOPYIO POU3BOLHbIE.

B 4acTHBIX C/lyvyasX B YPaBHEHMH MOTYT OTCYTCTEOBATb I, Y
wau ¥'. OOBako ypaBHeHHe 2-TO NOPAAKa 0GA3ATENLHO JOMKHO CO-
aepkath y”. B obwem cnyyae anddepenunanbioe ypaBHerne 2-ro
NOPsAKA 3aNHCHIBALTCA B BHAE

F(z,y,y,9y") =0, (6.11)

WM, €C/IH 3TO BO3MOXKHO, B Bitfie, Pa3PEIleHHOM OTHOCHTEJILHO BTO~
poft npouzsoaHoii:

9” = f(z,y, y')° (6.12)

Kak u B cilyuae ypasHennst 1-ro nopsjka, Ans ypaBHEHHUs: 2-10
NOPSAKA MOTYT CYIECTBOBATH OOllee ¥ yacTroe pewenus. Obwee
PElUeHHE HMEET BHA

y= V(x: Cl) 02)
YacTHoe pemenne
y = p(z, C10, C20) (6.13)

HAXOJAUTCA NPH HAYAJIBHBIX YCIOBHSIX ¢ = Y9, ¥ = ¢ NPH & = X9
(0, ¥o, y1 — 3aJ3HHbIE YUCTA).
Haxoxgerne 4acTHOro penie-
HMS NIPH YKA3aHHBIX HAMaAbHBIX
AAHWbBIX Ha3bIBaeTCs 3adaveti Ko-
. [eoMeTpuyeckH 910 03HAYA- Vo[ ---------2
eT, yTo TpebyeTca HallTH HHTe-
rpajibHyl0 Kpusyw y = (x), ;
NPOXOAALYIO  19€pe3 3alAHHyI0  pyu, g1, HnTerpanbhaa kpusas.
Toury My (%o, yo) 4 uMelOULyIO
8 3TOM TOUKe KacaTenbHyio MyT', KoTopas 00pasyeT C NONMKHTE b
HbIM HanpaBiedueM ocH O X 3afaHHBIf yroa ap, T. €. tg oo = y1.

Y

14 Tasnywkos K.B.
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3agaya KowH MMeeT e {HHCTBEHHOE PelieHie, €C/H TTPABas YacTh
ypasuenus (6.12), f(z,y,y’), nenpepbiBHa ¥ uMeeT HenmpepbIBHBIE
YACTHBIE TIPOH3BOJHLIE MO ¥, §’ B HEKOTOPOH OKPECTHOCTH HAYAJIb-
HO# To4KH (Zq, Yo, ¥1)-

Jaa HaxoxpeHud noctosHHbix Ci, C2, BXOAALMX B 4YaCTHOE
pelnenye, HaJoO Pa3pelINTb CHCTeMY

{ Yo = (o, C1, Ca),
= (p'(a:O: Cl) 02)

OTHOCHTENIbHO NPOM3BOMbLHLIX moctosnamx €y, Co: Gy = Coo,
Ca = Cq. [TloacraBum HalijeHHbIE 3HAYEHUS NPOH3BOABHBIX
MOCTOAHHLIX B obuiee peinenvie, nonyuwm ¥ = ¢z, Cyg, Ca) —
4yacTHoe pemenue. [pyrux peleHnil ¢ HAYANIbHBIMH JaHHBIMH Zg,
Yo, Y1 — HET.

OOGwee peweHue, 3aMnucaHHOe B BHAEC, HE Pa3pEILIEHHOM OTHO-
cuTenbHO uckomoh dbyukuuu y, ®(2,y, Cr, C2) = 0, HazbiBaeTcs
OBIIM MHTErpajioM.

6.3.2. AnddepeHumanbHbie YPagHEHWA BTOPOTro NIOPRAKA,
gonyckalowue rnoHWxeHue Nopsaka

IIpocreiimee madpdepenmmansnoe ypapaeare 2-1ro HOpaIxa
ITO ypaBHCHHE HMEST BUJ

¥ = f(@). (6.14)

[Ipasas 4acTh ypaBHeHHA — hyHKINA OfHOH nepemennoi x. 06
1jee pellleHHe ypaBHEHHs HalJeM ABYKPATHBIM MHTErPUPOBAHHEM,
NOCIEA0BATENLHO TIOHKXKAA [TOPAJIOK YPABHEHHS HA €AMHULLY.

IMepenwiiem ypastetne {6.14) B suge

%) _ f(x).

Torza
dy' = f(z)dz n gy = Jf(a:) dz + Cy.
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3aTem

dy = (If(:c)d:c + 01) dz w y= J (If(a:) dx + cl) dz + Cy

— GyzerT obugam pemenneM (6.14).

6.3.3. AndheperumnanbHoe ypasHenve BTOPOro NOprAnKa,
He cofepxXallee B ABHOM BUAie UCKOMYIO PYHKUKIO

HomnycruM, 41O F’ (z,¢,v" ) = 0. [Topsagok ypaBHEHHs! MOXHO
nouusuTh 3ameHolt ¥y = z(z), ¥y’ = 2'(x):

Flz,z,2/}=0.

Peums 370 ypasnenue, Haiaem p = ¢z, C1}).

Boinonnum Teneph 0BpPaTHYIO 3aMedy: Tak Kaxk z = ¥, To y’' =
= @(z, C1). 910 AnddepeHnnalbaoe ypaBHEHHAE ¢ PasAe/ISIONHMH-
CSi ICPEMEHHEIMH, W3 KOTOPOTO TIOJTy 44M

dy = @(37, Cl)da’)

y= J ¢(z, Cr)dz + C2 = p1(z, Cy, Ca)

— obmiee pemenue.

6.3.4. QucpchepenypansHoe ypaBHeHMe BTOPOro NOpsaaka,
He cogepxallee B ABHOM BUAe He3aBUCUMOR NepeMeHHONW =

Honycrum, uro F(y,y',y") = 0. Topsagok sroro ypasHeHHs
MOKHO MIOHU3HTDL HA €[UHHILY, BLITTONHNB NOJICTAROBKY

¥ = p(y)-
Tak Kak HCXOAHOE YpaBHEHHE HE COACPXKUT B SABHOM Buie &,
Gynem cuutaTs, uto ¥, ¥, p — ABamoTCH QyHKIMSMA OT Y, 2 Y —
dbyukuus or x. CregopartefibHo, p — CN0XKHAA DYHKIMSA, 3aBHCALLAT

OT T 4epes .
Haitgem BTOPYIO NPOU3BOAHYIO:

n_ % _ d(:r)(y))__p ) _dp
dzr ~  dr Y= = g P

14
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BrimosiHuM 3aMeHst F(y, r(¥), pz—;) + 0. Pemus nonyuen-

Hoe gucbdepeHunansHoe ypapHeHHe 1-ro MOpagKa, HAXOAUM p =
= ¢(y, C1). 3arem 3amennm p na ' = %: '

-

dy - _ dy _
7z = P1. Y, dy = (y, Ci)dz, [—‘o .00 = Jdm'

Pewas 1o ypasherue, noayuum ¥y = @(z, C1, C) — obee pere-
HHe.
MIpumepmn.

1. Pewmnrs ypasuenue: " = 4 cos2z.
Unrerpupys oann pas, 6ygem nMeTb

y = 4jcos2zdw + C1 = 2sin2z + C}.
ITociie MOBTOPHOrOG HHTErPHPOBAHHS TOMY UM
y = [(2sin2m + C1)dz = —cos25 + Crz + Ca.

2. PewnTs ypasuenue: 2zy” = y'.

D10 ypaBHEHHE He COAEPXKMT ¥, CESOBATENLHO, NYCTh ¥ =
= z, y"” = 2’. Toraa orHOCUTENbHO DYHKIHH Z MBI IOJIYYHM YDaB-
Besne 1-ro NOPSAKA ¢ Pa3ACAMIOLIMMUCT TIepeMeHBpIMH: 222’ = 2.
Pasfienns nepemMeHHLIE N MHTErPUpYs, NomyyuM: Inz = 1/2Ilnz +
+ InCy, orxypa 2z = /xzC) = y'. Mo nalinensomy 1’ BOCCTAHOBMM
dyukuuio y:

20, 23/
y =J\/~’EC'1 dzy = Cl; + Cs.

3. ¢y’ + ¢ tgz = sin2z.

[Tepexoas Kk QyHKUHH Z, KAK M B NpeJbiAYyIUEM PHMEpe, Noy-
quM caeaylolliee ypasHene 1-ro nopaaka: z’' + tg 2z = sin2z. 9ro
YP3BHEHNE ABJACTCA JMHEHHBIM. s ero pelueHns BOCTIONb3yeMes
metogoM Bepryann (6yaeM uckaTh HeM3BeCTHYIO (PYHKUHIO 2 KaK
npowsseseHye asyx dyuxkph): z = 4 - v. Torga 2’ = v'v + wo’
1 ypaBHEHME MIPUMET BHA

v'v + uv' +tgruv = sin 2z.
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O6nenunseM Bropoe U TpeTbe ciaraemble: /v + u(v' +tg zv) =
= sin 22. [lorpebyem, uTobet v/ + tg 2v = 0, 2 3HauuT, v'v = sin 2z.
Hrak:

v +tgav =10,
u'v = sin2z.
Pewnm neppoe ypaBHeHHE CRCTEMBI, ABNAIOLESCS YPABHEHHEM
C Pa3meNAIOUIAMHCA TIePEMEHHBIMMU:

— = ~tgav, ‘%v = —tgadz,

1 nocne uHTerpUpoBaHus noayuum In|v| = Injcosz|, v = cosz
ToacTaBnsas waliienHoe pelienHe BO BTOPOE YPABHEHME CHCTEMBI,
nonyyum: ' cosxz = 2sinzcosr wim v = 2sinz. Otkyaa

du = J 2sin z d2, H, CIeA0BATENBHO, ¥ = —2cos z + C).
 3uauHT,

z=(-2cosz+ Cy)cosz = —2cos’ 2 + Cycosx =y,

Y =Jy'dz=J(—2cos%+Cwosx)da: =

sin 2z
2

=—j(1+cos2ac)d:c+013inm=~—:c-— + Cysinz + Cy.

4. Peumts ypasuenne: 2(y')? = (y — 1)y".
B oTnuume oT ypasHenu#t W3 nNpuMepoB 3 u 4, ITO YPABHEHHE
B ABHOM Buze He cogepxxur z. Caeaosatensto, noiaras ' = p(y)

{rorma 3’ = pj—g), GyaeM MmeTs
d,
2 — (y —1)p2
2=y —lpg .

1) ITycrs p =0. Torga dy/dx =0uy = C.
2) Hyerb p # 0. Pasgenum obe wacTh ypabrenus Ka p:

d
2p=(v—1)'-£-
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DTO YpaBHEHHE C PAa3Ae/ISIOHMHICS NepeMEHHbIMH:
Sy _ EJ@

y—-1 2) p’

In|y — 1| =1n/pC, y-1=pCi.
ChejoBaTenbho, /p = 51(y ~ 1), rme G = Ci Torga p =
1

- d -
= C¥(y—1)3 }TZ' = C}(y —1)*. Taxum 06pa3zoM, Mbl BHOBb [IPHIILIH
K petiennio AugxbepeHUNAIbHOrO YPABHEHHS! ¢ Pa3jeAOLIIMUCH

NEepeMeHHbIMH:
J T&'—z = Jda},
Cify - 1)

1
(1-9E+0)=C, C=.

1

CamocroaTencHas pabora

L2yy”" =142 2. y"tgy =2(¥)% 3. y"tgr =9 4 1.
4. (y'z —y')y = 23, 5.y"=¢e%, 6.¢y" =z

6.3.5. fludeliHble AudpepeHanbible ypaBHeHHUA BTOPOro
MOPAAKA € NOCTOAHHbLIMK Ko3dipULMeHTaMK

PaceMoTpum ypaBHeHHe BHIa
v +py' +qy =0,

rge p, ¢ — HaTypabHbie THCAS.

dns naxoxaesus obLIero pelleHdss JMHEHHOro OAHOPOJHOrO
YPaBHEHNA 2-T0 NOPAAKA JOCTATOYHO 3HATH (DYHAAMEHTANbLHYIO CH-
cTeMy yacTHbIX pemennit i1 (x), ya(z). Toraa obuiee petnenne nomy-
YaeTCsl Kak JinHeinas kombunauusa y(x): y(x) = Cryy + Cayo.

Yrobur HalT PyHIaMEHTaNbHYIO CUCTEMY PelleHNH, NMOCTYNHUM
ciepyiomum o6pazom. Mmem qacTHoe peruenne B.suge ¥y = e, rae
k — nognexainee onpeaenexno uncno. [loacrasum e** B ypasHenne,
yunThiBad, 4To i = keb® ¢ = klek®,
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Torpga
k2" +pk *7 +qef* =0, **(K*+pk+g)=0.
Tak xak e*® £ 0, To cokpamas, uouy';um ypaBHeHue
k*+pk+g=0.

D70 ypaBHEeHNe HASBIBALTCA TAPAKMEPUCTIUNECKUM, & €M0 KOPHH —
XAPAKTEPUCTUYECKHMH YHCIAMH, KOTOPbie ONIPEALIISIIOT TE 3HAYCHH A
k, KOTOpbIe AAIOT pellcHNe YPaBHEHUSA B BUje eke,

XapaKTepHCTHYECKOE yPABHEHNE MOXET ObITb NOJIyYeHO U3 HC-
XogHOTO 3aMeHol ¥, y”, y coorsercrBenHo Ha k, k% u 1, T €. cTe-
neHb k COBMajiaeT ¢ MOPSAKOM MPOU3BOAHON Y, €CJIN CHHTATD, YTO
npou3BogHas nopagka 0 pasHa caMoit PpyHKIMH.

XapakTepucTHYecKoe YpaBHEHNe AB/AeTCs ypaBHeHHeM BTOpoil
CTeNEeHH U UMECT, CIICIOBATENILHO, JBA KOPHSA. DTH KOPHI MOTYT ObITh
JIHGO AEUCTBUTENbHBIMU Pa3/NMHBIMY, 60 JeHCTBHTEIbHBIMH DaB-
HbIMH, JIH60 KOMIUIEKCHBIMH COMPS>KeHHBIMH.

PaccMoTpuM, Kakoif BHA uMeeT (YyHIAMEHTAIbHAA CHCTEMA
YACTHBIX peliueHudl B KaXKAOM M3 3THX CIIy4aeB,

2
k1,2=—%:|:v%-—q.

1. KopHu XapaxTepucTMUYeCKOrc ypaBHeHus jeficTBUTE/bHLIE
H pa3u4Hbie,

p=" _4>0, k £k
‘-Z"—q 3 1 2.

B srom cyuae gy = eF1%, yp = 2% — numeitno nesaBHCHMBIC
YACTHBIE PEIICHNs!, TIOSTOMY OHH 00Pa3yloT bYHIAMEHTANTLHYIO CH-
cTemMy, a oblliee pelleHye:

Y= C1e51% 4 Che?®,
2. Kopun xapakTepHCTHYECKOIC YPaABHEHUs! ACHCTBUTEIbHLIC
paBHbIe,

D=0, kl=k2=—§.

Torma y; = €% u yp = ze*1% ByayT TMHENHO HE3ABHCHMBIMU
pemeHnamu.
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TMpoeepuM, 4To Y2 ABNsETC pewtenneM. JleficTBUTENbHO:
i+ 92l + = (2eM)" + plaehi®) + goeh® =
= 216417 4 k20eM1® 4 p(eb1® 4 ghyeh1®) 4 greht® =
= e %(2%y 4 K2z + p+ pzky + g2) =
= "1 (z (k] + pk1 +q) + p + 2k1).

k% 4 pk1 + ¢ = 0, Tak xax k1 — xopenb. Io Teopeme Buera p =
= —(ky + k2) = —2k;, nosromy p + 2k; = 0, 3Haunt, ze¥1® —
sapaserca pewwenneM. Torga obiiee perieHue:

y= e"lz(Cl + Cazr).

3. KopHu XapakTepHCTHYECKOTO YPABHEHWSA KOMILEKCHbIE CO-
NpsiXKEeHHbIE,

D<0 ki=a+if,ky=a-i.
B amoM ciyuae MOXKHO 3AMHCATH YACTHBIE PELICHMs B BU/E
7= e(a-!—c‘ﬂ)m = ea:ves'ﬁx, Go = e(a—iﬁ)z = eaxe—iﬂz.
Honsaysce dopmystoll Sitnepa, nonyuum
71 = €*®(cos Bz + isin fzx), Fa = e**(cos Pz ~ isinPz).
ST pelreHns ABJISIOTCA KOMILIEKCHBIMH. YTo0bl nosmyuuTs Aeli-
CTBHTEJIbHbIE PEIICHHS, COCTABUM HOBble QYHKUMK:
1, 1., .
= 5(1!1 +§2) = e*"cos Bz, ya= 5;(31 — §2) = €7 sin fz.

O1n byHkupu Toxe GyAYT YACTHHIMH PEIIEHUAMM KK AUHEH-
Hble KOMOMHAUMH §1, 2, U, KPOME TOrO, OHH JIMHEHHO HE3ABHCHMBI.

[TosTomy
y = C1e** cos Bz + C2e** sin Bz = e**(C} cos fz + Cysin fz).

Cocrasum Tabmnuy GhopMys 061IEro pelueHEsS B 38BHCHMOCTH OT
BHAA KOpHEll XapaKTepUCTHYECKOro YPaBHEHHUS,
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Tabmama dopuy obinero peimenns

Auddepennuannnoe yparHeHue

¥+ +qy=0

XapakTepucTavecKoe ypaBHeHue

k2+pk+q=0

KopHH XapakTepHCTHYeCKOro Y PaBHEHHs

b # K k= ky ki =atif
ky=a—1if
PyHAaMeRTAIbHAA CHCTEMA pellleRnik
ehe ehr# e*® cos Bz
eka® zekr® e** sin Bz
Bug ofinero pemenus

Ceh17 + 028,‘.": e1=(Cy + Caz) | e**(C) cos Bz + Cysin Bz)

ITpumepsL

1. 24" + 5y +2y = 0.

CocTaBuM XapaxTepHCTHYeCKoe ypabHenue: 2k + 5k + 2 = 0,
orkyma ky = =2, k2 = —1/2, ¥, cnegosatensho, y = Cre” % +
+ C’ge"‘/ 2

2.9 -2y +y=0.

Sromy auddepeHIHAIBHOMY yPaBHEHHIO COOTBETCTBYET XapaK-
TEpUCTHYECKoe ypaBHenue Bua: k? — 2k +1 = 0, ky = ky = 1,
n ofuee pemrexue ypasHenus umeet Bug: v = e*(Ch + Cax).

3. ¢"+6y +13y=0.

XapakrepucTuueckoe ypasHerne k2 + 6k + 13 = 0 6yger umers

B JAHHOM CJIy4ae KOMMNJIEKCHO-CONMpPSIXKeHHbIe KOPHH: k1.2 = —3 £ 24
(o = =3, B = 2), a 3HaunT, ¥ = e~ 9% (C} cos 2z + Cysin 2z).
4.y +y=0.

XapakTepHcTHYeCKoe ypaBHenue HMeeT Bua: k2 + 1 = 0, u ero
Kopum: k12 = +i {a = 0, ,3 = 1}. O6iuee pemwenue y = C)cosz +
+ Casinz.
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CamocrosaTenspHasa pabora

Pemnts ypaBHeHus:

1.2y + ¢ +2sin%15%°c0s215° -y = 0. 2. 4y" -8y + 5y =0.
4. y" +a’y=0.
6.y —y +2y=0.
8.y’ — 4y’ + 3y =0.
10. " -~ 2y + 10y = 0.

3.3y" -2y -8y =0.
5. y" +5¢ +4y=0.
7. y" — 4y’ + 13y = 0.
9. y" — 10y’ + 25y.= 0.
11. " + 3y’ — 10y = 0;
12. ¢ + 4y — 32y = (;
13. ¥y’ + 8y’ + 16y = 0;
14. y” — 8y’ + 25y = 0;
15. ¥ +4y' + 20y = 0;

~

il

)

2
8
3,
2
3

It

i

-

® o e o o«
Il

¢y =-83 nopu =z=0.
¥=—4 npu z=0.
y¥=1 npu =0
¥=11 nmpu z=0.
¥=4 npu z=0.
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onpenenento. Iloropa Ha 3aBTpaliHni JeHb, JONA OTOPaKOBAHHBIX
AeTasielf PH UX MACCOBOM MPOH3BOACTBE, NPOTHOSHPOBaHKE Kypca
aKuMi Npy ycTOHYMBOM (PUHAHCOBOM TOJOKEHWK PBIHKA M T. M., —
BCE 3TOr0 NMpeAMeT NPUIOKEHHIT TeOpHH BepoATHOCTEi!.

§ 7.1. CnyuaiiHbie cOObITUA N UX BEPOATHOCTH

7.1.1. DnemeHTbl KOMOUHATOPUKH

KombunaTopHka — 3TO pasfiesl MaTeMaTHKH, H3ydaomuit Bo-
NpPOCHl O TOM, CKOJAbKO KOMOuHauuil onpenesieHHOroO THMA MOXKHO
COCTABUTD M3 JAHHLIX BJIEMEHTOB.

Teopema 1 (0 unciie koMBunanuii).

ITycTh MMEeTCSt M MHOXKECTB MO 1y, N9, . .« « 5 Ty, MIEMEHTOB B Ka-
X J10M. BeiOpaThk 110 0HOMY 06BbeKTY H3 KaKAOTO MHOYKECTBA MOXKHO
N1 N ... Ny CIOCODAMH.

Mpumep 1. U3 Tpex KIaCCOB CMOPTILKOALI HAAO COCTABHTD KO-
MAaHIy N0 OZHOMY YYEHMKY OT Kiacca. CKOMBKO PA3IMYHBbIX KOMAHA
MOYKHO COCTaBUTb, ecii B KhaaccaxX 18, 20 m 22 y4eHMKa COOTBET-
CTBEHHO.

Orser Ha Bonpoc npumepa 1 BLITEKaeT U3 TeopeMbl 1 ipu m = 3,
n1 = 18, ny = 20, ng = 22. Bcero MOXKHO cocTauTh 18 - 20 - 22 =
= 7920 xoMaHA,.
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Onpenenerre. MHOXECTBO H3 7 3/ICMEHTOB HA3LIBAETCS YNOPK-
JonenHdiM, eCITH KAKAOMY €r0 3/IeMEHTY MOCTABJIEH B COOTBETCTBHE
cBoit Homep oT 1 fo n.

Ecnn n = 00, TO MHOXKECTBO HA3BIBACTCH CHETHBIM.

Onpenenerre. YnopaaoueHHble HaOOPH, COCTABIEHHLIE H3 BCEX
WIEMEHTOB JAHHOTO KOHEYHOIO0 MHOXKECTBA, HA3BBIBAIOTCA nepecma-
HOBKAMU ITOTO MHOXKECTBA.

IIpuMep 2. MHOXKecTBO U3 TPeX aneMeHTOB {1, 2, 3} NMeer crie-
Aylomue nepecranosku: (1,2,3), (1,3,2),(2,1,3), (2,3, 1)2 3,1, 2))
(3,2, 1). Beero nx mects.

Teopema 2 (0 4HCsIe NEPECTAHOBOK).

YMcno Beex nepecT2HOBOK MHOXKECTBA, M3 7t 3JIEMEHTOB ONpeje-
asercs popmyaoit P, =nl,raenl=1.2-3-... . n (cuutaem, uto
no onpegenennio Py = 0! = 1).

[Ipumep 3. Undput 0, 1, 2, 3 3anucanbl Ha 4 KAPTOYKAX.
CkoabKO pas3iinYHbIX 4-3HAYHBIX HUbP MOXKHO COCTABUTEL U3 ITHX
KapToyek?

Pewenue. Yucno pasnuyHeix KoMOuHauuit u3 4 nyudp pasto 4!;
3! komMBuHauwi, HaunHaomwmuxes ¢ 0, creayeT HCKIIOUNTD. B pesyis-
TATe KWIHYECTBO PAIHYHLIX 4-3HAYHBIX YHCENT paBHo 4! — 3! = 18,

Onpenenende. YnopsaoyeHHbie HabOPHI, COCTOSAINHE M3 k ae-
MEHTOB, B3ATHIX H3 JAHHBIX- 11 JIEMEHTOB, HA3bIBAIOTCS PASMEUCHU-
MU U3 7 IEMEHTOB 1o k.

Pasmelnenns oTaMualorca gpyr ot gpyra Jubo aemeHTaMH, JTH60
NOPSTAKOM.

Teopema 3 (0 uucne pasMeieHnit). )

Yncno Bcex pasmemeHuit U3 n 3/eMeHTOB No K onpefensieTcs
f

dopmynoit AL =n(n-1)(n-2)-...-(n—-k+1)= G»%k_)"

Hanpumep, uz mEokectsa {1, 2, 3} no gBa ajeMeHTa MOXHO
(c yuerom nopaaka) eibpats A2 = 6 cnocobamu: (1, 2), (2,1), (1, 3),
(3a 1): (2! 3)! (3: 2)'

[Ipu k& = n u3 Teopemsl 3 cnefyeT TeopemMa 2, 1.e. P, = AJ.

ITpnMmep 4. CKONbKO KMEETCA BAPHAHTOB 3aHATHS TPeX OpH-
30BBIX MECT 8 CNOPTCMEHaMH OAHOIQ YPOBHSA?

OTser gaercs dbopmyhol A = 336.
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Onpenenenwe. HeynopsagouenHble Habopol, COCTOsAIKE U3 K e~
MEHTOB, B3ATHIX U3 JAHHBIX 71 AIEMEHTOB, HA3bIBAKOTCA CONETMANUR-
Mt U3 7 DJIEMEHTOB MO k.

CoueTaHusl OTIMYAKOTCA JPYT OT APYra JUlUb JIeMEHTAMU.

Tak, ansa MuoxecTBa {1, 2, 3} coyeTaHUsMH NO B3 JIEMEHTA
asnsiores komburanuu (1,2), (1, 3), (2, 3).

Teopema 4 (o uncne coverannit).

YHCho BCEX COYETaHMUI M3 1 S7IEMENTOB 10 k onpenensiercsa dop-

k — Ak R
mynolt Cy = AL /Py = =R

Koadppuupentir CF Hasbisaior Gunomuasvhoumn xoopdutisen-
mamu, TAK KAK OHH BXOAAT B (hopMysty Gunoma Hulorona:

n
(a+ b)n = zcﬁakbn—k.
k=0

CaoiicTea koaddunuenTos CX:

L
)Y ch=2, QCk=Cp*, 3)cEk=Ckl+Ch
k=0

[Ipamep 5. B typaupe yuacreyer 6 xomana. Kaxzas KoMa-
Ja JO/MKHA ChICPaTh ¢ KaKAoH ogHy urpy. CKOALKO Hrp ChIFPAHO
B TypHupe?

Pemenne. Pasiuusble napsl KOMaHj 00pa3yioT COMETAHUA U3
6 1o 2, 710CKONbKY NOPAJOK CPeaH ABYX KOMaH I, HTPAIOLUUX B OFHOM
urpe, HaMm Gezpasnnyed. CreaoBaTenbHo, YUCI0 UCp GyfeT paBHo
: 6!

Cé= o = 15

Npumep 6. CkonbKnmu cocotamu MOXXKHO BLIGpATDh 2 aMOYJIbI
H3 YNaKoBKY, coaepxxaeit 10 ammya.

PemeHnue. [lo aHanoruu ¢ mpegbiAyIiuM NPHMEPOM,

Ch = 1:,2 = }i(-)——; = 45 cnocobamu.

Mpumep 7. Y 6 MamunkoB 1 11 AEBOYEK NMEIOTCA NPU3HAKHU
HHbeKITMOHHOrO 3aboieBanusa. Y1obbl nposepuTh Hamuune 3a6ose-
BaHHUsA, TPeOyeTCs B3ATh BLIOOPOYHBIN HAJIN3 KPOBH Y 2 MAJIBYHKOB
4 2 gepoueK. CKOILKUMH CrIOCOGAMHE MOXKHO 3TO CALATb?
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Pemenue. KonugecTso cnocoGor Bbl60pa ABYX MAALYMKOB:

=02 =% =15 cnocodo
1=0Lg = ﬂ = cn B.
KonnuecTso cnocoGos BbiGopa ABYX AeBOYEK:
11!
ng = Cll W = 55 crmocoboB.

HOCKOJIbe Kaoxaada rnapa MaJIbMHKOB MOXKET OBITL B3ATA C KaXK-
0¥ napoit JeBoYeK, TO N0 TeopeMe 1 HMeeM

N = ny - ng = 15 - 55 = 825 cnocobos.

7.1.2. Cyuaninble coObiTHA U UX CBOMACTBA

B oCHOBe TEOpUM BEpPOSITHOCTEH NEXKUT MOHSATHE CydYalHOro
9KCNIEPUMEHTA, T.€. IKCMHEPHMEHTa, KOTOPbIH MOXET 3aKOHYHTBHCS
NI00BIM B3 HEKOTOPOrO MHOXECTBA U3BECTHLIX PE3Y/ILTATOR, HO 3apa-
Hee ([0 OCYIIECTBIEHS IKCIEPUMEHTA) He H3BECTHO, KAKMM HMEHHO.

Tak, 6pocasi UrpaJibHYI0 KOCTb, HENb3s1 ObIThL 3apaHee YBEepeH-
HbIM, 4TO BbINAAaeT rpaHb ¢ HomepoM 6.

B panpHeiimem, ucxodomu GyiemM Ha3plBaTh PasinyHble pe3yJib-
TaTHl IKCTICPUMEHTA.

Onpenenerme. /Ipocmpancmeom SAeMeHMAPHHT UCTO006 HA3bI-
BAETCA MHOXKECTBO BCEX B3aHMHO MCKIOYaOWHX (T.e. He MOTyLIpIX
HACTYNIMTh OAHOBPEMEHHO) HCXOZOB SKCIEPHMEHTA.

ITpocTpaHCTBO 3MeMEHTaPHBIX MCXOA0B Mbl Oydem 0GO3HAYATH
Gyxsoit (2.

CobbiTre MOXKET COCTOATH M3 OAHOTO MJIM HECKOILKHX MCXO/OB,
a MOXET BKJIOYAThL CYETHOE WM AadKe HECYETHOe MHCJIO MCXOZOB.
Cobuitus 6yayT 0603nauaThCst Honbiumy GykBamu A, B, ... wm
JKE CJIOBAMM.

Byaem roroprThb, wTo coftimnue A HACTMYNUARO0, CITH IKCIEPUMEHT
3BKAHYUBALTCA OMHHM M3 MCXOJ0B, BXOAALIUX B COGbITHe A.

IMpumep 1. Bpocanue urpanshoii KocTy.

Bpecs @ = {1,2,...,6} cCOCTOUT U3 WIECTH HCXOHOB, 3AKITIOHAIO-
IIHXCA B BLIMAJEHUH FPAHNA C COOTBETCTBYIOLMM HoMepoM. CobbiTHe
A = {Bbinanoe veTHOE YNCNO} COCTOMUT W3 TPEX HCXOOB, T.e. A =
= {2, 4, 6}. Cunraem, yro A Hactynwio, ecnu npy GpOCaHHH HI-
PAILHON KOCTH BBIMAIA rbaHb ¢ HOMepoM 2, 4 win 6.
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MMpumep 2. Crpensba no MULICHK A0 NEPBOTO NONANAHUS.

mecs @ = {n, un, wnun, wuxnn,. .. }, oae ucxoa n = {nonagaxne
IPH NEPBOM BBICTpeJie}, & UCXOM, % . .. Hn, [Ae X BCTPe4aeTcs k pas
O3HAYAET, YTO CTPE/IOK NMepBbIe & pa3 npoMaxHydcs, & B {k + 1)-%
pa3 MHIIeHb ObUla MOpakeHa. B ZaHHOM cnyuae, NPOCTPAaHCTBO
SIEMEHTAPHBIX HCXOHOB §) ABJIAETCS CIETHHIM MHOXKECTBOM.

3amernmM, BO3BpPAaIlAsACh HECKOJNLKO HA3a/, YTO BhIGOp (I cybnb-
eKTUBEH H JUKTYETCH YCJIOBUSIMU 33Ja4U, 8 CJIe/{OBATENbHO, MOXKET
OBITh PA3HBIM B OJJHOM U TOM K€ JKCTIEPHMEHTE.

Tak, ecnu B ywioBusix npumepa 1 Hac MHTepecyeT MHillb, YeTHOE
UJId HEYETHOE YHCIIO OYKOB BHINAJIO, TO JIOTHYHO B KadyecTee §I B3sTh
{A, B}, rne A= {2,4,6}, B={1,3,5}.

Onpegenenne. Cymmoti AU B (A + B; A wm B) Ha3siBaloT
colbiTHe, COCTOAUEE U3 BCEX UCXOAOB, MpHHagnexawux nubo A,
aubo B.

Onpenenenue. [Ipouseedenuem AB aByx cobbrruit A v B Hasbl-
BaIOT COOBITHE, COCTOSIIICE TONBLKO H3 TEX HCXOZOB, KOTODbIE BXONAT
8 A u B oaHoBpeMeHHO,

Onpenenenne. Paanocmew A — B asyx cobuiruit A n1 B na-
3LIBAETCA COOBITHE, COCTOALLEE M3 HCXOHOB, BXOAAIUMX B A, HO He
Bxoaamux B B.

Ecav co0biTia n300pa3uTh MHOXKECTBAMU HA IIOCKOCTH, TO pe-
3YALTAT ONIPE/E/IEHHBIX BbillIe ONepalui Hafl COOBITHSIMU BBITVISIAMT
caeayomuM obpazom:

Q Q o
®

Prc. 7.1. CymMa co- Puc. 7.2. Mpoussene- Puc. 7.3. Paznocrs
obiTnil A + B. HHe cobbtTuil A - B. cobuiruit A — B.

IIpumep 3. Ilycrs npu GpocaHuu UrpalbHON KOCTH {CM. PH-
mep 1) cobritie A = {1,3,5} = {BbINaJIO HeYETHOE YHCHIO OYKOB},
a cobbrrHe B = (3,6} = {Bbmasio YHCIO OYKOB, KPATHOE TPEM}.
Toraa A+ B ={1,3,5,6}, AB={3}, A-B={1,5}, B—-A=
= {6}.
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N Ompenenerne. /Tpomusonososicrmm (ao-

TIOJIHMTENIBHBIM) )15l COGHITIHA A HA3LIBAETCS

\\ cobbiTHE A, cOCTOsIee M3 BCEX HCXOHOB, HE
\ exopsmux B A. Ot™eruM, yto A =  ~ A.

Pnc. 74. Coﬁum [Ipnmep 4. [IpoTHBONONCKHEIMI COOBI-
AnA THAM A u B 13 npumepa 2 aBnsI0TCA COBBITHS
A= {1,3,5} u B ={2,4,6}.

Onpexnenerae. Cobertue () HaszbIBaeTcsl docmnoseptvm (OHO 06s-
3aTe/IbHO MpoucxoauT). CobbiTHe & = §I HA3LIBAETCA HEBO3MOIIC-
M. '

IpumMepoM HEBO3MOXKHOrO COOBITHA TIPH OpOCAHHMH MrpaJibHON
KOCTH Ha POBHYIO IOBEPXHOCTD ABJIAETCA COOLITHE, 3aKIIOYAIOIEECH
B TOM, YTO UTPAJIbHAA KOCTH BCTAJIA HA BEPUINHY.

Ounpepenemme. CobbiTust A 1 B Ha3BbIBAIOTCA HECOBMELTIHOMY,
€CJIH OHH He MOTYT HACTYNATh OAHOBPEMEHHO.

[TprmMepoM HecOBMECTHBIX COOBITHIT CITy2KAT coObITHA A— B u B.

Otmernm, uto eciin AB = @, o ¢cobpiTa A U B 00s3aTeNbHO
HECOBMECTHBI.

Onpenenerne. ['opopaT, 4To cobbiTHe A COAEPIKHTCS B COOLITHH
B (A C B), ecnu Bee ucxoampt cobbitia A BXORAT B cobuitne B.

Tax, AC A+ B, AB C A.

[IpuBegeM HekoTopbie cRONCTBaA onepaunii Hag COOLITHAMY :

1)A+B=B+A, 2)AB=BA, 3)A+A=2Q,

) AQ=A, 5)ABC A, 6)AA=0, T A=A,

8) A—B=AB, 9)(A+B)C=AC+BC, 10)A+B=
= AB,

11) AB=A+B, 12) (A- B)C = AC - BC.

Papenctsa 9-11 MoXHO pacnpocTpaHnTs Ha Gonee obumit cy-
yaii: "

13)BY. Ay =3 BA;, 14) Y Ax=1] A,

k—l Iz'—l k=1 k=1

15) H Ap = 2 Ag.
=1

S'rn paBeHcha BePHb! ¥ NIPH N = 00.
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n
Crenyer uMers B BURY, YTO cOGhITHE )  Aj HACTYNaeT, eciw
k=1
MIPOUCXOAUT «XOTs1 OBl 0AHO» cobbITHE U3 Ay, A2, ..., An, 8 HaCTYN-
n

nenne cobbrrua [ Ay osnauaer, wro su ogHOro cobbrrus H3 A,
k=1
Ay, ..., Ay, He NPOH3OLLIO.

7.1.3. Knaccuueckoe onpepeneHye BepoaTHocTed

OcHoBbl Teopnn BeposiTHOCTel OyzeM u3y4aTsb, PaccMaTpPHBAS
Cy4aiHble 3KCIEPHUMEHTbl ¢ KOHEYHBbIM HJIH CHYETHBHIM YHCJIOM HC-
xog08. IlycTh NMpoCTpaHCTBO 3/1eMEHTAPHBIX HCXOAOB 1 MMeeT BHA
Q= {w,...,wn}, e n £ 0. [l0CTABUM B COOTBETCTBHE KAXKAOMY
UCXOLY w; HeoTpUuaTensuoe Yncao P(w;), Tak 4Toful 66110 BLINON-
HEHO YCJIOBHE HOPMHPOBKH

n
Y Pwi)=1. (7.1)
i=1
Tem cambiM mbp! 3a7aeM Ha {2 pacnpedeachue seposmmuocmetl,
Onpenenerne. BepoarnocThio cobbirust A = {wy,, Wiy, - .-, Wi, }
HaspiBaeTea 4Yncno P(A), paBHoe CymMMe BepOSTHOCTEH MCXOHOB,
COCTABIAIOIIMX coOblTHE A, T.e.

P(A)= ) plwi) = )_ p(wr)- (7.2)

1<ign wieA

Janiee paccMOTPHM CIELHAJBHYIO MOJE/b TEOPHH BEPOATHOCTEH,
HOCSILYIO HA3BAHWE <KJIACCHYECKAS CXeMa». ITh CXeM3 BOSHHKAET
TOrAja, KOTAla B CHJTy HEKOTOPBIX CBOMCTB, OOBIYHO CBA3AHHBIX C CHM-
MeTpHell, KaKABIN HCX0A IKCIIEPHMEHTS PaBHOBO3MOXKeH. B Takom
CTyyae BEPOATHOCTh KAXKAOTO MCXOAA OJHHAKOBA H B CHILY YCJIOBHS
(7.1) paena 1/n. [deitcreurensho, ecms p(w) = ... = plwn) = p,
Top+...+p=np=1=>p=1/n.

Ecnn g4 n060ro MHOXKecTBa A cumBoioM | A| 0603HAMHTD YNCaO
€r0 WIEMEHTOB, TO B <«KJACCHYECKOH cxeme» u3 paseHcrsa (7.2)
cneiyer

Al

P(4) =p- 141 = 14

15 MNasaywxos H.B.
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Jpyramy cioBaMu, B Clly4ae, KO3 BCE MCXOAbI PABHOBO3MOXK-
HBI, BEPOATHOCTb COOLITHSL A paBHA OTHOMIEHHI 4uCIa m 61aro-
NPHATHBIX MCXOAOB AJIsl COOBITHS A K 0OlEeMy udMCiy 7o HCXOAOB
KCIEPUMEHTA:

P(A) = 1;3 (7.3)

BepositHocTs (7.3) 4acTO HA3BIBAIOT <KISCCHYECKOI.

fIpumep 1. [Ipu 6pocaunn npasuibHOH (T.e. CHMMETPUYHOI)
MOHETHI (2] = 2, a BEPOATHOCTH BLINAJEHUA repia WM pelIeTKH
OMHAKOBBLI H paBHBbI 1/2.

TIpu Gpocannu MrpanbHoit Koctu 2] = 6, a BepOﬂ'moc'm BbINa-
Jennst juoboit rpaHd ORMHAKOBB M paBHbI 1/6;

P(svnano wemmoe wucao ouxos) = P({2,4,6}) =3/6 =1/2.

[Ipumep 2. KakoBa BepoATHOCTL yragaTh B jaoTepee 6 uncen
u3 49?7

Pewenne. 3aece & =cosoxynmocmy ecex covemanuti us 49
wucea no 6, | = 029 Baaronpustcreyer nuurpumy ANLIb OJIHO
cofbiTHe. !'loa'romy P(yeadam» 6 u3 49) = 1/C%y = (13983816) L.

[Tpumep 3. B knerke umeerca 10 mbuueii: 3 Genbix u 7 cepbix.
Haypaauy BuITacKuBaeTcs 0aHa Mbliib. KakoBa BEpOSTHOCTD COOBITHS
A, 4TO 9Ta MbINb Gestas.

Pewenue. B atom npumepe n = [ = 10, a m = |A| = 3.
B coorercTBuu ¢ hopMymnoit (7.3} BEPOATHOCTS BHITAIMTS Geyio
mMbiwb pasHa 3/10.
© 3amevarme. CnoBo <Hayaavy>», ynorpebnennoe B npumepe 3, sap-
JIAETCH CHHOHMMOM BBIPAXKEHHUA <Cay4aiHbIM 06pasoM» u O3Ha4aeT
BHIGOP, NPH KOTOPOM BCEe KOMOMHAIMK 3JIEMEHTOB, KOTOPHIE MOTYT
ObITh BHIOPaHBI, PABHOBO3SMOXKHBI.

MMpumep 4. Texuudecknit KOHTpons M3 naprhu B 10 wagenni
NPOBEPAET B3AThIC HayAady 3 u3genus. Ilaprus He NpuUHAMaeTCH,
eWIH CpeJ TPeX NpOBEPAEMBbIX H3Je/Mil OKaxkercs XOoTa Oul of-
HO GpakosanHoe. OnpeaenuTs BePOATHOCTb MPHEMKH NMAPTHH, €CITH
B Heil okaxxeTcst § OPaKOBaHHBIX M3EAHiL.

Pewenne. O603naunm uepes A cobuiThe, COCTOAIIEE B TOM, YTO
napTua u3geauii Syaer npuHaTa. Ofuee YUC/IO HCXOAOB, COCTOAIEE
B pOBEpKe TpeX HayAaudy B3sITHIX uaAeauit us 10, pasro n = Ci‘o,
T. €. yncay coveranuft us 10 no 3. CobuiTiio A GraronpusTCTBYIOT
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m = C3§ ncxomos. Takum oBpasom, nonyuaem P(A) = C3/CH) =
=1/12.

l/'Ip uMmep 5. Ilpu Habope TenedonHoro HoMepa aDOHEHT 3a0b1
ase nocaeauye undpsl M Hayjaqy Habpas MX, TOMHS TO/BKO, YTO
3TH WPl HedeTHbIE | pasanunble. HaltTu BepoAaTHOCTD TOTO, 4TO
HOMEp HabpaH MpaBUSILHO.

Pewenne. B a1oii 3aa4e nopsaok Habopa undp saxken. [To-
STOMY A/l ONpEJe/IeHHs 4nCia BCEX BOBMOXKHBIX MCXOIOB CIEHY-
€T HCTIOJIb30BaTbL TeopeMy 3. Komn4yecTBo Bi1aronpuaTHBIX HCXOA0B
3[1eCh PABHO 1, TaK KaK MPABUALHBIM SIBJIAETCS TOIBKO OAHH HOMED.
Clep(0BaTe/IbHO, HCKOMAs BEPOATHOCTh paBHa P(A) = 1/A% =
=1/20.

l‘l pumep 6.Ilycrs B rpynne u3 10 yesoBeK ~ YETBEPO MY>KH4HH.
Ecny ciyqaiinbim o0pa3oM BLIGMPalOT ABYX 4YeNOBEeK, TO KaKOBa
BEPOATHOCTD, YTO ITO:

a) 06a My»4unbl, 6) 00 >XeHIMHLL, B) OfUH MY>K4HHA U OFHA
>KEeHLHHA.

Pewenne. O6o3HauuM cobbITHS:

A — BBIOHpAIOT ABONX MYXK4HH, B — BHIONDPAIOT JBYX KEHIWH,
C — BHIGHPAIOT OAHOMO MYKYHHY M OFHY KEHUIHHY.

Yucno BCex Hexo0B

0 =n=C% = % —45.

Cio= 2.8
qHCJIO Bblﬁopa ABOHX MY>KYNH H3 qe'rupex H ABYX JKEeHIIHH U3
mecTn:
=C2=6, my=C2:=15
=C; =6, my=C5=15.

o ¢opmyane (7.3) umeem

2 15 1
5 P(B) = =3
Hakogei, cyniecTByeT 4 cnocoba m>16opa OIHOTO MY>KYHMHEI U 6
cnocoboB BrIbopa oaHo#H >keHUHLI. [1o Teopeme 1 0 uncae koMObUHA-
Ml KOJMUECTBO CriocoboB BIGOpa ABYX yesioBex 060ero foja paBHO
mg = 6 - 4 = 24. Takum o6pasom, P(C) = 24/45 = 8/15.
Opumep 7. U3 20 yenoBek, OAHOBPEMEHHO 3800JIEBIIMX TPHII-
noM, 15 BLI3IOpOBENM NONHOCTHIO 33 3 AHs. Ilpeanosmkum, yTo

P(4)= g =

15*
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n3 3Tux 20 desoBeK ciydaltHsiM ofpasom BmiGupalor 5. Kaxosa
BEPOSITHOCTb TOrO, YTO 34 3 HA U3 ITHX YeNOBEK BLI3JOPABAHBAIOT:
a) 5 yenosek, 6) 4 yenoBeka, B) HUKTO HE BbI3AOPABIMBAET.
Pewenue. Onpeaennm cobbrrusa:
A —3a 3 AnA BBI3AOPABJIMBAIOT 5 YEJIOBEK.
B — 3a 3 aHa BRI3AOPaRIHBAIOT 4 YENOBEKA.

C — 3a 3 gH% He BHI3JOPABINBAET HUKTO.
_20-19-18-17-16 _
1-2-3-4.5

Yucno Beex Mcxopos pasto n = C3
= 15504.

Yucno cnocobos Buibopa u3 15 BEI3AOPOBEBLINX NATH Y€/0BEK —
my = CP; = 3003. Taxuwm obpazom, P(A) = 3003/15504 = 0,194.

Yscno cnocobos BuiGopa w3 15 BI3AOPOBEBIIHX YETBIPEX HeJIo-
sek — Cps = 1365, omnoro HesbizopoBesulero u3 mara — Cf =
= 5. [To Teopeme 1, yncno cnocobos BLIGOPa 5 yenoBeK, U3 KOTOPHIX
EBI3JOPABIHBAIOT 38 3 AHA TONbKO 4eTBepo, pasHo me = Chy - C} =
= 1365 - 5 = 6825. Caegosatensno P(B)} = 6825/15504 = (,440.

Yucno cnocobos BGOpa AATH HEBLIZAOPOBEBIINX M3 TIATH Y€J10-
BeK pasHo 1, oTkyga P(C) = 1/15504 = 0,00006.

[Ipumep 8. Ha nosnke 6 kHMr no MaTeMaTuke U 4 0o pHU3MUKE.
Ha#ry BeposaTHOCTS TOTO, YTO CPeiyu BLIOPAHHbIX HayAAuy NSTH KHAT
GyayT TPH NO MaTeMaTHKe 1 Jse No (UINKe.

Pewenue. T'pn KHHrH No MaTeMaTHKe MOKHO BHIOpDATH m1
= Cg = 20 cnocobGamu, 8 ABe KHArd no (pusuke — mg = C =6
crocobamu.

[157b KHWT, CPESU KOTOPHIX TPH NO MATEMATHKE H JIBE 110 (H3Hke,
110 TeopeMe 0 YHCAe KOMOHHaLHi MOXKHO BLIOpaTh M = m) - Mg =
= 20 - 6 = 120 cnocobamu.

Uncno Boex Hexomos pasio n = Cj, = 252. Uckomaa eeposar-
nocTb 1o popmyne (7.3) pasna P = 120/252 = 10/21.

Mpumep 9. B knerke 6 Genbix 1 4 cepbix Mbiwm. CaydafiHbiM
o0pasoM U3BJACKAIOT 3 MBIIIH. BEIYHCAUTD BEPOATHOCTL fJisi 4 BO3-
MOXKHBIX KOMOHHAUMI 1BETA MbILIel.

Pemenue. QbosHauum: 6 — Genasa MbllIb, ¢ — CEPast MbIIb,
Aj, Ap, Ag, Ay — coDbLITHA, COCTOALIKE B MOSIBJACHHH OAHON U3
BO3MOXKHBLIX KoMOnHaMufi uBeTa Metweit: 666, cce, bce, 6b¢.
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133 = 120 (Bcero

Uncno BCeX HCXOAOB PABHO N1 = Cfo =

mblimedt 10, BeiGupaem 3). ‘
Yucno cnocobos BRIGOpa #3 11ecTH GesbIX MBILIEH TPEX PABHO

o3 854
m1—06—1.2'3—20,
n
20 1
P =1%=%
Hucno cnocobos Buifopa U3 4eThipex cepbiX Mblllel Tpex paBHO
4-3-2
] 3=-——-—=
m=0i=173=%
7
4 1

P{As) = 155 = 5

CobuiTie A3 COCTONT B TOM, YTO M3 11€CTH GeNBIX Mbliliel Hy>KHO
BhIGpaTL oAy — 310 C} = 6 cNoco6oB, H U3 YEThIPEX CepbIX Mbilled
BLIOpPATH ABE — 9TO C,’i’ = 6 cniocoGoB. O6111ee KOMHYECTBO BAPHAHTOB
Syner pasuo m3 = Cj - CF = 36, a P(A3) = 36/120 = 3/10.

Paccy>xknad akanoryuHo, Kaiaem obuiee 4ucio cnocoboB BuiGopa
AByx Genvix u oHOM cepolt Mpmum: my = Ca - C} = 15-4 = 60,
n P(Ag) =60/120 = 1/2.

IIpumep 10. B kopobke 5 0aMHAKOBBIX U3Aenuilt, npuvieM 3 U3
HuX oxpaweHsl. Hayaauy wseneuenv 2 uspemua. Haiiru BeposiT-
HOCTb TOrO, YTO Cpeay OTOOPAHHBIX U3AEHIL:

a) OHO OKpalleHo, 6) ABa OKpallleHbl, B) XOTs OBl OAHO OKpalle-
HO.

Peurenue. O603ua4avm CoObITHS:

A — OKpaLUeHO OJHO H3JEe U3 ABYX M3BJICUEHHBIX,

B — okpawenn apa,

C — oba He OKpallieHbI. 5.4

Yuesmo BCex HCXONOB Onpeaenserces Kak n = Cf = 13— 10.

2) Tax Kak OKPALICHO OZHO H3AEIHE, TO BTOPOE He OKPAWICHO, U,
cnenoBatensto, my = C3 - C} = 3-2 = 6, a P(A) = 6/10 = 0,6.

6) NockonbKy U3 JByX H3BJIEYEHHbIX M3JEANI OKPAIeHbI B3, TO
HEOKDAIIeHKbIX HeT BoBCe H m2 = C7 = 3, a P(B) = 3/10 = 0,3.

B)3pecbm=CZ=1n P(C)=m/n=C3/C}=0,l.
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Npumep 11. U3 namu kaproyek ¢ Gyksamu A, B, B, I', [ nay-
raj BHIOUPAIOTC: TPH K PACTIONATAIOTCA B PAJ B MOPAAKE NOSIBIEHUA.
Kakosa BeposiTHOCTD TOrO, YTO NIOAYYUTCS CJIOBO ¢ABAY.

Pewenune. Tak kak mosoxeHne Oykebl B KOMOMHALMHM HMeEeT
3HayeHHe, TO IS ONpefcieHNst 00IIero YHCia BOSMOXKHbBIX HCXOAOB
CReyeT NONB30BATHCA PA3MEIICHUSIMU

n=Al=5-4.3=60.

3aech m = 1, Tak KakK Tpebyercs NOIyYHTh TOILKO OGHO CIOBO
<aBa». CnegosarenpHo, p = 1/60.

7.1.4. CeoicTBa BepOATHOCTER

1. P(2) = 1 B cuny ycnosna HOpMupoBkH (7.1).

2. P(@) = 0, Tak kak B (7.2} CyMMa He COIEp>KHT ClaraeMbiX.

3. Ecan A C B, 1o P(A) < P(B) (B cymme (7.2), onpegensio-
welt P(B), npucyTCTBYIOT AONONHATENbHbIE N0 cpaBHeHHIo ¢ P(A)
HEOTPULATENLHLIE CJIaraeMble).

4. 0 € P(A) < 1, 4o cregyer u3 cBoiicrs 3 u 1.

5. P(A) = 1 — P(A), Tax xak 1o csoiicray 1

3 Plwe)+ Y Plwe)= Y Plwe)=1.

We€A we€EA weEN

CaolicTBO 5 Ba>kKHO B NMPAKTUYECKOM OTHOLIEHHH, TaK KaK NO3-
BOVIAET BLIYHCIUTD BEPOATHOCTD COOBITHA A, €CITH N3BECTHA BEPOAT-
HOCTb NPOTHBOMOAKHOIO cobbITHST A.

[Ipumep 1. U3 nonHoro HaGopa KocTel AoMuHO Hayra] GepyT-
cs1 ATk Kocrelt. Hadirn BepoATHOCTS TOrO, YTO cpeau HuX OyaeT xora
OBl 0fHA C 1IeCTepKoik.

Pewenne. [pu peluenud sToit 3aa34u yA06HO MCNIONB30OBATL
CBOKCTEO ) BepoATHOCTEN, Tiepelifisi K NPOTHBOMNONOKHOMY COOBITHIO
«CPEAM NMATH OTOBPAHHBIX KOCTeH JOMHHO HET HH OAHOM LUECTEPKN».

Ynceto Bcex HEXOI0B

5 28-27-26-25-24
n=C3 = 15345 = 98280.

FlocKONbKY KOJMYECTBO KOCTEH JOMHHO, Hé COZEpXKaluX iie-

CTEPKY, paBHO 21, TO YHCIO UCXOAOB, ONAFOMPUATCTBYIOIMX NMPO-
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TUBONOJMOKHOMY ¢00bITHIO, OyZer
21-20-19-18-17

= (8 = =
m—C'm- 1.2.3.4-5 = 20349.
Orcioga (em.(7.3)) ¢ = 4"3 = 3_‘8]3%2 =020Tup=1-¢q =

= 0,793.

W3 ceoiicTsa 5 BeposaTHOCTE# M cBOWCTBa 13 onepaunit Hax coObI-
TUAMH BBLITEKAET CIEAYIOLEe COOTHOLIEHHE:

st oboro Habopa cobmTuit A;, 1 =1,2,...,n

n ) n
P (Z A;) =1-P (]‘[E) . (7.4)
=1 f=1

PagsencTBo (7.4) 03HauaeT, YTO BEPOATHOCTb TOrO, YTO MPOU30-
W0 «XOTA OBl 0HO» coBbiTHe M3 Aj, Aa,..., A,, MOXXHO HaliTH,
BbIYHUTASA M3 1 BEPOATHOCTH TOrO, YTO HE MPOH3OIIIO HH OJHOrO
cobbiTuA K3 A, Az, . .., A,. B HeKOTOPEIX CIyyasx TAKMM MPHEMOM
YAOOHQ MONB30BATHCA.

Hna mobbix cobpiTuit A 1 B nMeeT MeCTO opmMyas CAONCENUR
esepoamsocmert:

P(A+ B) = P(A) + P(B) - P(AB). (7.5)

IMpu npoBepxe papeHcTBa (7.5) MOIE3HO BOCTIONB3OBATHCH €O~
MeTrpudeckoil niumocrpauuelt coburruit A + B u AB (cm. puce. 7.1,
7.2), HHTEPIPETUPYS BEPOSTHOCTH COGBITHH KAK NJIOLAAN COOTBET-
CTBYIOIUAX UM M300parkeHMit.

[Ipumep 2. B Mapre 7 anett wen cher, 10 — oncm», U3 HHX
4 gus — cuer ¢ goxgeM. Halitu BepoATHOCTH TOrO, YTO B Hayraj
BLIOpaHHBIA JeHb 1e JOXKIb UK CHeT.

Pewenune. Ilycrb A = {wes cuez} n B = {wer doocdv}.
[lo dopmyne (7.5} P(wea doocdv uau cuez) = P(A) + P(B)

— P(AB)=7/31+10/31 —4/31 =13/31.

IIpumep 3. U3 100 cTymeHTOB, HAXOAAIMXCA B &YJHTOPHH,
50 yenosek 3HAOT aHrMMICKHI s3biK, 40 — panuysckmit, 35 —
HeMelkuit. Anrmitcku#i n ppanLy3ckuil 3HatoT 20 yesnoBek, aHrInii-
ckuit ¥ Hemenkyi — 8, ¢paniy3cknit 1 Hemenkuit — 10. Bee Tpn
A3bIKA 3HaI0T 5 yesnoBex. OUH U3 cTyAeHTOB Boiinea. OnpeaenuTs
BEPOATHOCTH CJIEAYIOMNX COObITHH:
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1. Bouneaumii CTyAeHT 3HaeT aHIIHiCKUA M (PPaHLy3cKuil A3bIKH.
Pemenue. Beegem cobbrrus:

A — 3HaeT aHrnHiicknii;

B — 3naeT ¢paHLy3cKuit.

P(D) = P(A+B) = P(A)+P(B)—P(AB) = 0,5+0,4—0,2 = 0,7.

2. 3HaeT AHIMIHHCKHH HITH HeMEUKMIl A3bIKH.
Pewenne. Cobuirue:
C — 3HaeT HeMELIKHIA.

P(D) = P(A+C) = P(A) + P(C) - P(AC) =
=0,35+0,5 — 0,08 = 0,77.

3. 3naer Hemeuxuit W GpPaHLY3CKUH A3BIKH.
Pewenwue.

P(D) = P(C + B) = P(C) + P(B) - P(CB) =
= 0,35+ 0,4 — 0,1 = 0,65.

4, Kpome aHrIMfickoro sA3bika 3HaeT Wau dpanuy3cknit, nin
HEMeLKMIt.
Pemenne.

P(D) = P(AB + AC) = P(AB) + P(AC) — P(ABC) =
= 0,2 + 0,08 — 0,05 = 0,23.

W3 popmynst crioxkeHns BepORTHOCTE MOXKHO BHIBECTH HECKONb-
KO ci1eACTBUR,
Caeactsue 1. Ecim cobbiTus A 1 B HECOBMEQTHBI, TO

P(A+ B) = P(A) + P(B). (7.6)

IMMpumep 4. OnpegeiiTs BEPOATHOCTL TOTO, YTO NMAPTHA H3
15 nspenuii, cpean KOTOPBIX 5 GpakoBaHHbLIX, OyAeT NPUHATA Nocie
BBIOOPOYHOrO KOHTpWIS 4 BMECTE B3ATHIX M3AeNH, YCIoBHEeM NPH-
eMKH siBfisieTcs obHapyxeHue He Boee 0aAHOrO GPaKOBAHHOIO CPESH
4 npopepsieMbIX H3AEAUH.

Pewmenue. Beegem 0Go3naueHns:

A — cobniTHe, COCTOALLEE B TOM, YTO NAPTHA U3AENNHH NPHHATA,

B — Bee 4eTbIpe NPOBEPsAEMBIC H3JE/Ns KA4eCTBEeHHbIE;

C — cpeay yeThipex NpoBepsieMbIX OAHO U3jenune GpPakoBaHHOES.
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QOuesnano, 4ro A = B+ C (npnyem cobuitna B n C hecoBMeCT-
-)

ct 2 cd 40

PB =—}'g'=—'—, PC =5.—10.=._’
(8) Ciy 13 (©) ci 9
2 40 54

Caepcreme 2. Ecam cobwrrua Ag, ¢ = 1,2,...,n, ONapHO He-
COBMECTHBI, T. €. A;Aj = & ans mobbix § # j, TO

n n
P (E Ai) =) P(A). (7.7)
i=1 i=1

Mpumep 5. B knerke Haxoputcs 10 mbimeit, npuyem 4 U3 HHX
cepnie. Hayraa Gepyr Tpex mpieil. HafiTh BeposiTHOCTB TOrO, 4TO
XOTs1 b1 0AHA MbILIL Cepast.

Pewenue. Onpesenum cobbiTua:

A — 0AHa MBILIL CEpas, ABE — HeT;

B — npe cepnie, ogHa — Her;

C — Bee cephie;

D — nu ognoit cepoti;

E — xors 6B1 OHA MBILIL CEPas.

Cobbrrna A, B u C SBAAOTCA HECOBMECTHHIMAY, NIO3TOMY

P(E)y=P(A+B+C)=P(A)+ P(B)+ P(C) =

_C}C}_,_CZ-C&_}_ c:_5
Ch ' Ch Ch 6

way (c yueroM Toro, 4T0o A+ B4+ C+ D =Q)

P(A+B+C)=1-P(D)=1- 28 =3

7.1.5. Ctatuctudeckoe onpegeneHue BeposiTHOCTEH

Knaccuyeckoe onpeaeneHue BEPOATHOCTEN, NO CYILECTBY, CBOAUT
NOHATHE <BEPOSITHOCTHY K MOHATHIO <PABHOBO3MOXKHOCTHY. QJHAKO
«PaBHOBOBMOKHOCTL», NMpeACTaBsAs coOoH 0ObEKTHBHOE CBOMCTBO
HCIIBITAHUH, ONpeAe/IfAeMoe YCIOBHSIMH SKCIEPHMEHTS, MOXKET ObITh
YCTAHOBJICHA JHIUD C M3BECTHON CTEneHblO TOYHOCTH.
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Haiue npeacragiieHne 0 CHMMETPHYHBIX UFPAJIBHBIX KOCTSAX, MO-
HETaxX M T. . 66110 6Bl TONLKO WIHIO3KMEH, He NOATREpXKAaN NpaBoTy
CAEAAHHBIX IPEANONOKEHU JAHHBIC ONBITA.

MHorouucieHHbIe YKCTIEPHMERTBl OTKPHIAN NMYTh IR CMGMu-
cmuNecKo2e TIOBX0Aa K YMCAEHHOMY ONPEIesieHHI0 BepOATHOCTEL,
KOTODBI# 0CODEHHO BaXKeH TOTAA, KOrAd U3 TEOPETHYECKMX coolpa-
>keHmi, TOJOOHbIX COOOPasKeHNsAM CHMMETPHUM, 3HAUYEHHE BEPOSTHO-
CTH 3apaHee YCTAHOBHTb HEJIb3sl.

B cooTseTcTBMM ¢ ITHM NOAXOAOM BEPOATHOCTBIO COObIiTHA A
HA3bIBAETCH OOLEKTHBHO CYMIECTBYIOWIAS BEJIMYHANA, OKONO KOTOPOH
TPYRNEPYIOTCA OTHOCHTEbHbIE MACTOTbl HACTYIIJIEHUS 3TOMO COoObI-
TUA NPH HEOTPAHUYCHHOM YBEeJIHYEHHH YHCIIS UCTILITAHNIM.

HApyrumu cioramu, P(A) = nlglgo i:li, rae n — oflee YHIO
UCHLITAHYH, & M4 — YHMCAO UCILITAHMA, B KOTOPLIX coObiTHe A
HacTynuio. Pasymeercs, yCJIOBHA, NPU KOTOPLIX NPOBOAUTCS 2KC-
NEPUMEHT, He HOJDKHBI USMEHSITLCS OT ONBITA K ONBITY.

Banz0¢Th YacTOTH M BEPOATHOCTH MPU MHOTOKPATHOM MOBTOPE-
HHH OAHHX M TeX JKe IKCTIEPUMEHTOB O0/bACHSETCA TAK HA3BIBAEMBIM
3aKOHOM OOVILUIHX YHCE.

OrMeTnM, 4YTO CTATHCTHYECKOE M KJIACCHYECKOE OmpeAejieHHe
BEPOATHOCTEH, KK, BNPOYEM, U Bce OCTAJbHBIC (reOMeTpHYecKoe,
AKCHOMSTHYECKOE) COrIACOBAHBI, T. €. IPH PEIUEHHH OSHHX H TeX JXKe
3a/]a4 IPHBOAAT K OAHHAKOBBIM PE3YJ/ILTATAM.

ITpuMep 1. Eme B XVIII Beke 6bl10 3aMeueHO, 4TO cpeau
OOBIYHON KOPPECHIOHAHIIMH MHCHMS §e3 aapeca 0baajaloT onpege-
JIeHHOM YCTORYHMBOCTBIO, PHOINSUTENLHO 25-27 Ha KAXK/BIR MILI-
JIUOH. :

Mpumep 2. OTHOCHTENBHAS YACTOTA POXKIECHNA MANBYMKOB He
3AQBHCHT OT MECTHOCTH WIK ITHHYECKOINO COCTABA HACSICHHS U NIPH-
GymsuTenbHo paBHsieres 0,515,

[Ipumep 3. [Ipu Gpocasun CMMMEYPHYHON MOHETHI BEpOAT-
HOCTb BHINAZIeHHs rep6a Ha OCHOBAHHM KNACCHYECKOTO OTpeAeeHNs
Gyper, oueBnpHo, paeya 0,5. Anrnuiickuit crarucruk K. Tupcon
(1857-1936) 6pocnn cummeTpuuayio Monety 24 (000 pas, npu aTOM
repb Boiman 12 012 pas, CieOBATENILHO, OTHOCHTEIbHAY YaCTOTa
BbINGJenA repda oxasanach pasHoit 0,5005, T. €. KaK U OXKHAANIOCH,
OKA3aJ1aCh NPUMEPHO paeHOl 0,5.
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7.1.6. YcnoBHble BEPOATHOCTN. He3aBMCUMOCTb cOBLITMI

PaccMoTpuM BOMpOC © TOM, Kax ONPefe/MTh BEPOATHOCTH

KaKoro-nbo cobbITHA A NMpH YCA0BUH, HTO Y2Ke MPOM3OIIIO JpyTroe

cobuiTne B.

' [lycrs, ana npumepa, GpoleHa urpaaLHas KOCTh U HaM HEH3BeE-
CTEH PEYJLTAT, OGHAKO M3BECTHO, YTO BHINANO YETHOR YUCTIO OYKOB.
MBI >ke XOTHM, pacnojiaras 3Tolt HHGoOpMaL e, HAWTH BEPOATHOCTD
TOI0, YTO BLINAN0 4ncio Ganpiie Tpex. Peyub, cneyopaTenso, uger od
YCHIOBHOM BepOSTHOCTH cOBbrTHsA A = {6binano vucao 6oave mpex }
TIPH YCJIOBHH, YTO MPou30LL0 cobuiTHe B = { ennaro wemmoe wucao}
(obosnauaerca P(A/B)).

TTockonbKy HaM U3BECTHO, YTO BhInaso Jubo 2, aubo 4, nuto 6
OYKOB M 9TU MCXORbI PAaBHOBO3MOXKHBI, A B TAKOH CHTyauun COGLITHIO
A 61aronpuATCTRYIOT AHLIb HCXOABI 4 1 6, eCTECTBEHHO CUNTATD, YTO
P(A/B) = 2/3. ©opManbHO 3TO MOYKHO OUbACHHTL CJCHYIOLMM
o06pa3oM: Tak kak colbiTHe B NnpoMsolLi0, Mbl B Ka4e€CTBE HOBOrO
NPOCTPAHCTBA JIEMEHTAPHBIX HCXOA0B BepeM Bee HCXOIpI, KOTODbIE
npuHaznexart B, a 61aronpusrCTBYIOLMMI HACTYTUICHHIO COOBITHIO
A cuuTtaeM ucxogsl, exopsume B A u B ognospeMeHHo.

Taxum obpazom, mo Gopmysie KIacCH4ecKoi BepoATHOCTH

_ 148
P(A/B) B

T[lpunnman BO BHUMAHHE TO, YTO [1OC/EJHEE DABEHCTBO MOXKHO
MepenucaTh B BUAE
_|AB|: |9 _ P(AB)
PA/B) =5 = (@)
OPHXOAUM K CJIEAYIOEMY, COMIACYIOLIEMYCH € HHTYHUMEH, onpeae-
JIEHUIO.

Onpenenenme. YcnoBHas BepOsITHOCTE COOBITHA A Npy YCAOBHH,
41O Npousouio cobbitue B ¢ P(B) > 0, sagaerca dopmyoi

P(AB)
P(B)
y>ke paccMoTpenHom npumepe AB = {4,6} = P(A/B) =

P(B) >0,
P(A/B) = (7.8)

B
_/__._
3/6 —3,K8.KH6NJIOCK.833HO
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Q
(>

AB

Prc. 7.5. UnarocTpauya K npoteaype BHIYHCAEHNA YCIOBHON BEPOSTHOCTH
P(A/B).

Uz ¢popmyner (7.8) crieayer, 4To ycaoBHast BepOATHOCTb — ITO
OObIYHaA BEPOATHOCTS, 3a4alHan Ha Bonee y3KOM NpoCTPancTBe dne-
MEHTapHBIX MCXOJ0B, NO3TOMY AN Hee CNpaBejiuBbl BCE CBOHCTBA
OOBIYHON BEPOATHOCTH.

B yacrhoCcTH,

P(A/B)=1- P(A/B),

P(A + C/B) = P(A/B) + P(C/B) — P(AC/B)

(dbopmyna coskeBUs YCAOBHLIX BEePOSATHOCTEH ).
W3 pasencTBa {7.8) BHITEKAET POPMYAL YMHOKMCENUR BEPOATINHO-
cmed:

P(AB) = P(B) P(A/B) = P(A) P(BJA). (79)

[IpumMep 1. B amuke m Genasix 1 » yepHbIX WapoB. Kakoea
BEPOATHOCTh BBLITALWUTD NOAPAJA ABa Oenbix wapa?

P e w e nne, CobpiTne, BEPOATHOCTL KOTOPOTO TPebyercs BEIYHC-
JIHTb, MOXCHO IPERACTABHTH B BH/e Npou3seacHusn cobuituit A B, rae

= {nepewtl wap eanti}, B = {emopotl wap beawii}. Bepost-
HOCTDH colblTuA A BbivKcAsierea no dopmysne (7.3) u pasna P(A) =

o f . YCUOBHAs BepOATHOCTH P(BfA) = - :-nm g
NPOH30LLTIO, TO B AIMKE OCTANOCH (M — 1) Henbix HIapos, & Bcero —
(m + n — 1) mwapos). OcTaerca BOCHONE30BATEC GOPMYJIOH YMHO-
>xenns BepoaTHocredi (7.9):

{ecom A

m(m - 1)

P(o6a wapa Geavie) = P(AB) = mTmmin=1"
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Tor >ke pe3yJALTAT MOXKET ObITb MOAYYeH ¢ MOMObIe (opMy-
ant (7.3):
02
P(oba wapa beavie) = 52"‘—
min
DopMyny yMHOXeHHs BePOATHOCTell MOXKHO 0G0OLMTL HA CITy-
yait 1 MPON3BONBHBLIX cOOLITHH A1, A2, ..., Ap:

-P(A]_Az N An) = P(Al) . P(AzlAl)X
X P(A3f/A1A2) ... - P(An/A1A2... Ap_y). (7.10)

Onpeznenenne. CoObiTHA A U B Ha3bIBAIOTCA HE3BEUCUMdMMU,
echu

P(AB) = P(A)P(B). (7.11)

Orcioga n u3 OpMyNbl YMHOIKEHUS BEPOATHOCTEN CEAYET, YTO
P(A/B)} = P(A) u P(B/A) = P(B), T.e. BepoaSTHOCTb HacTYyI-
JieHus cobuITHS A He 3aBUCHT OT TOro, npousouyio B win Her
(u Haobopor). Tak, ecnu B cnTyauun npuMepa 1, suiTamms Genbiit

11ap, BePHYTH €ro B AWK, 70 P(B/A) = L. P(B).
n+m

3aMeTHM, uTO U3 POPMYIILI CIOXKeHHs BeposTHocTEH (7.5) 1 u3
(7.11) cnenyet, uTo ecitn cobbITHA A M B 9BAAIOTCH HE3ABHCUMBIMH,
TO

P(A+ B) = P(A) + P(B) — P(A) P(B). (7.12)

Onpepenenme. Cobbirus Ay, Aa, ..., A, Ha3BIBAIOTCS 63aUMHO-
HEIQEUCUMBMY, eCTM JaA Jboro Habopa muaekcoB 1 € I <
<l < ... < I € n BHINOIHACTCR PABEHCTBO

P(Ay A, ... Ay) = P(A,) - P(A,)-...- P(Ay).  (T.13)

Caepcreme. Ecnv cobeitua Aq, Ag, ..., A, B3aHMHO-HE3aBHCH-
MEL, TO _
n n
P (Z A,:) =1-[J(-P(A:)). (7.14)
=1 $=1

C nomouwpio dopmynst (7.14), koropast Bsirexkaer u3 (7.4)
u (7.13), O4EHb MPOCTO COCHUTATH BEPOSITHOCTh HACTYIWIEHHA XOTA
Obi OZHOrO N3 71 B3AUMHO-HE3ABHCHMBIX COOBITHIA.
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OTMeTHM, YTO MOHATHE HE3ABHCHMOCTH OTBEYAET BCEM HHTYH-
THUBHLIM NPEACTAB/NEHHUAM O HE3ABHCHMOCTH. B 4aCTHOCTH, eV He-
3aBHCHMBI COObITHA A M B, TO HE3aBUCUMBI TaKXKe COObITHE A 1 B,
AuBurga

[Tpumep 2. Hekoropas BakuuHa acpdexkTuera Ha 75% B dop-
MHpPOBaHWH HMMYHHTeTa. Baxkumnupoeann 2 yenopek. Ilycre A
u B — He3aBHCHMBbIE€ COOBITHA, COCTOALINE B TOM, YTO COOTBET-
CTBEHHO NEPBBIA K BTOPOH Yesiogek npuobpeTaior uMMyHuTeT. HaliTu
BEPOATHOCTb TOTO, YTO:

a) 06a vesoBeKa NPHOGPENH UMMYHUTET;

6) nepBbiit NpuoGpes MMMYHHTET, 3 BTOPO# HeT;

B) 06a He nprobpean HMMyHHUTETa.

Pewenne.

a) P(AB) = P(A)- P(B) =0,75-0,75 = (0,75)% ;

6) P(AB) = P(A)- (1~ P(B)) =0,75-0,25;

8) P(AB) = (1~ P(A)) - (1 — P(B)) = 0,25- 0,25 = (0,25)2.

7.1.7. ®opmyna nonHon sepoaTHocTU u dopmyna Baiteca

Onpepneneawe. Hafop nonapHo HecoBMecTHbIx cofmTuit Hy,
Hy,...,Hs, cymMmMa KOTOPBIX COCTABASET AOCTOBEPHOE COOBITHE,
Ha3bIBaETCA noanotl 2pynnoti cobwmud.

Teopema 1 (opMyaa NOTHON BEPOATHOCTH).

Hycty cobmitns Hy, Hi,..., H, aBagorca moasoi rpynnoih
coObrruit. Toraa ans moboro coduiTia A
n
P(A) =Y P(H;)P(A[H])). (7.15)
=1 1

Hogazaremscreo. B cuity cBoiiCTB onepauuit Haj coBLITHAMM (CM.
n 7.2)

A=AQ=A(Hi+...+ H)=AH+ ...+ AH,.

IockonbKy cobbiTinst H; nonapHo HECOBMECTHBI, TO M COOBITHS
AH; obnagaror Tem xke cpoficteoM. [losromy B cuny cregcrsus 2

(cu. (7.7))

P(A) = P(AHy+...+ AH,) = Zﬂ: P(AH;).
J=1
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OcTaercst npuMenuTs K ciaraemMuiM P(AH ;) dbopmyny ymHOXe-
HHS BEPOATHOCTEH.

Mpumep 1. KoManaa Ha XOPOLIEM NOJIE BHIMTPHIBALT C BEPOSAT-
HOCTBIO 2/3, a Ha N1I0XOM — ¢ BeposTHOCTbIO 1/2. U3BecTHO, uTo 3/4
Urp NpOBOAHTCA Ha XopolueM fnone. KakoBa BeposATHOCTb BBIMCPATD
B HayJa4y BLIOpaHHOM MaTye?

Pewenue. Beegem cobbitua A = {enuepws}, Hy = {naozoe
noae}, Hy = {xopowee noae}. Mo ycnoeusim npumepa

P(A/H\) =2/3, P(A/H2)=1/2,
P(H1)=3/4, P(H2)=1/4=>
=> P(A)=2/3-3/4+1/2-1/4=5/8.

IIpumep 2. BeposruocTh 6paka NpH U3rOTOBJEHHUN UETANN
pasua 0,04. [Ipuemka aeraneli npoussoauTCA N0 CIEAYIOWEH CHCTe-
M€ KOHTPOUISl: NOAHAA JeTallb MPUHUMACTCH ¢ BepoATHOCTHIO (0,98,
a GpakoeanHas — ¢ BepoaTHocTbio 0,1. HaliTi BeposaTHOCTS IpHEMKH
JAETAJH.

Pewenue. [lycrb cobbitue A — geranb npuusta, Hy — usro-
TOBJIEHA, XOpotuas Aeraib, Ha — nsroroeneHa GpaxoBaHHAsA ASTAIb.

W3 ycnopuii Haitjlem COOTBETCTBYIOIIME BEPOSTHOCTH:

p(Hl) = 01963 p(H2) = 0r04)

p(A/H;) = 0,98 — BEpPOATHOCTb TOrO, YTO MPHHATAS JETAID
xopoiasi,

p(A/Hz) = 0,1 — BepoATHOCTb TOro, YTO TMPHHATASA JETAJb
OpakoBaHHas.

BeposaTHOCTE TOMO, 4TO AeTadb OymeT NPUHATL, HA OCHOBAHHH
dbopmynsi (7.15) pasha

P(A) = p(H1) - p(A/Hy) + p(H2) - p(A/ Ha) =
= 0,96 - 0,98 + 0,04 - 0,1 = 0,9448.

Npumep 3. MMewoTcss TpU OZMHAKOBbIX SIRHKA € IRGPAMH.
B nepsom spke 30 Genprx u 20 YepHBIX apoB, BO BTOpoM — 15
Gesbrx u 15 vepHbIX WApPOB, B TPeTbeM — 5 Genbix # 15 wepHBIX
wapoB. KakoBa, BEPOSITHOCTH BLITALINTD U3 cnyqaﬁﬂo BLIOPEHHODO
AIMMKA JePHBIH mWap.
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Pewenne. Obo3naunm cobbrrus:

Hy — ebibpaH nepebiit aiuk, H2 — BeIGpaH BTOpo# Aanmk, Hy —
BLIOpaH TPETHIT AILUK.

[ockonbKy BHIGOP TOTO HIIH HHOTO AUHKS — COOBITHA PABHOBE-
posrTrble, To p(H1) = p(H2) = p(H3) = 1/3;

p(A/Hy) = 20/50 = 2/5 — BepoATHOCTb TOro, YTO YepHBIH Wap
BBITALLWIM U3 NIEPBOTO ALIMKA;

p{A/H2) = 15/30 = 1/2 — BepoATHOCTB TOTO, YTO YEPHBIH Wap
BBLITAIWIH U3 BTOPOTO ALLNKA;

p(A/H3) = 15/20 = 3/4 — BepoATHOCTS TOrO, YTO YepHbIl Wap
BLITALNIIM U3 TPETHErO SILKKA.

o dpopmyate (7.15) HaligeM HCKOMYIO BEPOSTHOCTD:

P(A) = p(H1) - p(A/H1) + p(H2) - p(A/ H2) + p(Hs) - p(A/ Hs) =
12,11 13

=3 5F3 2tz 170%
[Iycrs umeerca nonnas rpynna cobwruit Hy, Ha, ..., H,,
H NyCTh B PE3yJIbTATe TNPOU3BEJCHHONO HCNLITAHUS HOSBHJIOCH

HeKoTopoe coObiTHE A.

B npakTHYecKHMX NPWICKEHHAX 4YacTe TpebyeTcs BHICKA3ATL
Cy>KjeHue O ToM, Kaxoe u3 cobuituit H; (i = 1,7) umeer Mecro.
PeluuTs 3TOT BONpOC ¢ NONHOR OMpeeIeHHOCTRIO HeBO3MMmKHO. [To-
3TOMY CTSBHTCA T2Kasl 33Ja4a: KAKYIO BEPOSITHOCTb HY)KHO MpPHIK-
caTh KaKgomy us cobmruio H; (i = 1,7), ecan M3BeCTHO, 4TO
mpousoulio cobsrrue A. Ipu 3TOM npeanonaragrcs, YTO W3BECTHbI
anpuopusie (JoonuiTHE) BepoaTHocTH P(H;) u yCloBHbIe BeposT-
sHocn P(A/H;) cobbirus A (i = 1,7).

Taknm 00pa30M, NOCTABIEHHAS 33Ja43 CBOGHTCA K NEPEOLEHKe
BEPOAITHOCTEH COOLITHH B CBA3H ¢ HAJHYHEM HOBOTO (DaxTOps —
HaCTyIJeHHs cobbiTus A. Pelennye 3a134n aaercs caeayioeii Teo-
peMoii.

Teopema 2 (popmyna Bafteca).

[Tyctb Aana nonHas rpynna ¢oburruit H; (i = 1,7) u HekoTopoe
colpiTRe A, HMEOLLEe NNIOKUTENBHYIO BeposTHOCTL. Toraa yenos-
Hasl BepOATHOCTb cobmust H; (i = 1,7) npr ycnoBHHM, 9T0 COGHITHE
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A npousounio, onpegenserca no popmyae
P(H ) P(A/H;)

ZP(H» - P(A/H)

=1

P(H;/A) = (7.16)

[Ipumep 4. B rpymme 10 cTyneHTOB, NpUIIEAMINX Ha SK3aAMEH.
Tpoe moaroTOBACHBI OTMITYHO, 4 — XOPOIIO, 2 — NocpelCcTBeRHO, 1 —
nioxo. B sx3ameHaloHnbIx 6uneTax nMeercs 20 sonpocos. Oy~
HO NOATOTOBJICHHbIN CTY/JEHT MOXKeT OTBETUThL Ha Bce 2() BOnpocos,
XOpOLIO MOArOTOBMEHHbIN — Ha 16, nocpeacreedso — Ha 10, nuoxo
NOArOTOBNEHHBIH — Ha 5. BhraBaHubilt HAyrag CTYJEHT OTBETHJ Ha
3 3amaHnbIX BOonpoca. HaliTh BeposiTHOCTE TOrO, YTO ITOT CTYAEHT
NOATOTOBJIEH:

1) orauyno,  2) muoxo.

Pewenue. PaccMoTpuM NONHYIO rpynmny coBbITHA:

Hy — nogroroeies oTnuy4HO,

Hs — noarorossen xopoiuo;

Hg — noaroroB/ieH NoCPEACTBEHHO;

H4 — noaroToBieH mioxo.

BeposTHOCTH 9THX COOBITH PABHbI:

P(Hl) =0,3, P(H2) =04, P(H8) =0,2, P(H4) =
HaiiaeM cooTBeTCTBYIOUIME BEPOSITHOCTH:

16 15 14
P(A/H) =1, P(A/Ha)=5 -3 7z = 0,491,
0 9 8 5 4 3
P(A/H3) = 551575 = 0,105, P(A/Hq) = 55 707 = 0,009,

P(A)=0,3-0,1+0,491-0,4 + 0,105 - 0,2 + 0,009 - 0,01 = 0,518.
o dopmyne (7. 16) HajijeM:

0,1
1) P(H1/A) = 0,3 520 = 0,58;
2) P(Ha/A) =0,1- 290 = 0,002
[pumep 5.B ne’pnoﬁ kopoGke 5 GesbIx MAPOR U 4 YEPHLIX, BO
BTOpO# — 3 Genbix ¥ 1 yepHbIit, B TpeTbeil — 2 Geabix 1 1 yepHbiii.

Hayrag Buibupaerca kopobka H M3 Hee ABa mapa. Okazaniock, YTO

16 INasmywxos H.B.
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oba wapa Genvie. HajiTu ycioBRYi0 BepOATHOCTL TOrO, YTO HIAPHI
W3BJIEKAJIUCH U3 NEPBOl KOPOOKM.
P e m e H ue. UmeroT MecTo cllefyiowsas: NojiBas rpynia coobrrmit:
H, — BriGpana neppasi KOpoOKa;
Hy — Bribpana BTOpaAsi KOpobOKa;
H3 — snibpaHa TpeThs KOpobKa.
Brifop ka0l U3 KopoBOK paBHOBEPOATEH:

p(Hy) = p(Hz) = p(H3) = g.

Haitgem ycoBHbIC BEpOATHOCTH.

1 kopobka:
p=Gi=2tog, moci=Bioyg
10 _ 5
2 KOpobKa:
1
n=C’Z=6, m=0§=3, p(A/H2)=§
3 kopobka:

1
n=Ci=3, m=Cj=1, p(A/Hy)=1.

[loacraBnsis 3Th Jaunste 8 popmyay (7.16), nafizem
1 5

: 1
P(A/H) = § 53 118 n 4
5(%*5*5)

7.1.8. ®opmynb) BepHyuin 1 lMyaccona

Cxemoti BepHynnu 6yaeM Ha3bIBATb CXEMY OZHHAKOBBIX HE3aBH-
CHMBIX HCIIBITAHUH, KAKJ0€ N3 KOTOPbIX 3aKAHYHBAETCH OJHUM H3
ABYX HECOBMECTHBIX MCXOAOB: WM HACTYNAET HEKOTOpoe COObTHEe
A, WIH OHO He HACTYNaerT, T.€. HaCTYNaeT NPOTHBOMONOXKHOE eMy
cobbrrne A. HesapncumocTs Mennranuit osHagaer (cM. (7.13)), uro
BEPOATHOCTb COOLITHA*A B JIIOOOM HMCIBITAHKA He 3aBHCHT OT TOrO,
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KAKMMH CBEJEHUAMYA MBI DACNONAraeéM OTHOCHTENbHO Pe3yJbTaTOB
apyrax ncnbrranui. Kpome Toro, B cxeme Bephynan npeanonara-
€TCsl, YTO BEPOATHOCTb COBBLITHS A B OJHOM WCHIBITAHHY OCTAETCA
ITOCTOSAHHOM BO BCeli CepUM UCTTBITAHUHA.

MHoOrue npakTHYeCKH BaXKHBIE 384344 MPHBOJAT K OTHICKAHHIO
BeposiTHoCTH Py, (M) Toro, YTo Npn 7 MCNBITAHKAX, NPOU3BEACHHBIX
o cxeme BepHyauu, cobbiTHe A npousoiiger m pas (m =0,1,2,...
... y 71}, €CJIH USBECTHA BEPOATHOCTD P COOBITHS A B K&XKJ0M HCIIBI-
TaHHH.

Crnpasegnupa caefyomast gopmyae Bepryanu:

Py(m)=Cl'p™ -¢" ™, (7.17)

raeg=1—-p,m=0,1,2,...,n.

[Ipumep 1. YTo BeposAiTHEE BHIMTPATh Y PABHOCHUJIBHOIO NpPO-
TUBHUKA!

1) TpU NapTHH U3 YETHIPEX WM N5ITh H3 BOCHMH?

2) He MeHee Tpex MapTHif U3 YeTbIPeX UM He MeHee NSTH IapTHil
M3 BOCLMA?

P e wi e 1 ne. Tak KAk MPOTHBHUKY PABHOCHJIbHBI, TO BEPOSITHOCTD
BHIMI'PBIINA M [IPOUrPHILIA B KAXKAOH NIAPTHH OJMHAKOBHI.

1) BeposiTHOCTb BHINIPATH TPH HAPTHH H3 YEThIpex:

riw=ct- () 3=1

BeposaTHOCTH BBIMCPaTh OSITh NAPTHI U3 BOCBMH:

ror=ci- () ()= &

Tax xak 1/4 > 7/32, 10 BeposiTHEe BBHIMIPATbL TPH MAPTHH MX
YETBIPEX.
2) BepostTHOCTD BBHIMIPaTh He MeHee TpeX NapTHHl U3 YeThIpex:
1 1 5
= P4(3)+P4(4)—-Z+E =1

BeposiITHOCTb BLIMTPATL HE MEHEE MATH NAPTHI U3 BOCLMH:
p=P(8)+ P (6)+ Ps(T)+ P (8) = _

7 8-7 1\ 93
=5 +(F+8+1)-(3) =6

16*
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MMockoneky 93/256 > 5/16, T0 BeposiTHEE BLIMIPaTh HE MeHee
MATH NapTHil H3 BOCHMH.

INpumep 2. Cryzent oTBedaeT Ha 4 AONOTHUTENLHLIX BOMPOCA
NPH cAave sK3ameHa. BepoaTHOCTh NPaBHIILHOTO OTBETAa HA KAXKAbINH
Bonpoc Gypem cunTate paBHolf p = 1/4. [Ipeanonaras, yro BCe
OTBeTbl — CODLITHA HE3BBUCUMbIE, HANTH BEPOATHOCTL TOIO, YTO
6yaeT AaHO XOTs Gbl ABa NIPABWILHBIX OTBETA.

Pewmenne. A = {zoma 6w dea npasusvuuic omeema} — 370 2,
3 wm 4.

Tak kak p = 1/4, 10 ¢ =1 — 1/4 = 3/4 — BepoATHOCTDb Henpa-
BHJILHOTO OTBETa Ha BOTNPOC. DTy 38434y yA00HO peilaTb, ACTIONb3Yys
HPOTUBONIOVIOXKHBIE COOBITHS, T. €. NOIb3YsCh paBeHCTBOM: P (A) =
=1—[Pg(0) + Py (1)):

Nt 81
P4(0)=C4°p°q‘=1~1'(2) = 756°
ol doa. b (2
Pi(1)=Cyp ¢° =4 y (4) =

s 18 o
256 ' 64)  © 256 256

B cayuasx, Koraa n BeHKO, & P MaJI0, HCNINIL30BaHHKE (hOPMYJIb!
Bepiiynau suiabisaeT 3aTpyauenns. JacTo orpannuusalorcst hopMy-
qo#t [Tyaccona

P(A)=1-[

”

Pp(m) = %e‘“, i =np. (7.18)

[Tpumep 3. [Ipu neperoszke 1000 cTekNTHHLIX KOO BepoaT-
HOCTBL pa3buTs 1 konby papua 0,002. KakoBa BepoaTHOCTS, TOrO 4TO
b6yayr pasbuthbi 4 KonGwI?

Pewenue. Pgo(4) = (1000-0,002)% _ 2

© TA000R%) 7 110000002~ = 77973 g

== 0,08.

CamocrostennHan paborta

KomGaRraropuxa
1. CxkonbkUMM CHOCOGAMH MOYKHO BRIOPATH TPH PASIMYHBIX KPACKH W3
AMEIOMHXCA RATH?
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2. CxonpKuMH CIOCOO3ME MOXKHO COCTABHTD TPEXLIBETABIN NTOVIOCATHIN
Gnar, ecid KMEETCst MATEPUAT 5 Pa3INYHbIX LBETOBT '

3. Ckaneko cioBapell Hajo H3JATL, YTOOR MOXKHO OBIJIO Hemocpen-
CTBEHHO BBINGJIHATH NEPEBOALI ¢ JIIOGOr0 U3 NATH S3BIKOB — DYCCKOTO,
aHrnuiickoro, paHIy3CKOro, HEMELKON0 H HTAJLAHCKOIO — Ha J0bok
APYroif N3 THX NATH A3LIKOB?

4. CocTaBnalTcs 3HAKH, COCTOANIME M3 TeoMeTpHuecKol (uryps
{oKpy>KHOCTD, KB2APAT, TPEYTONLHAK HJH WECTHYTOABHHK ), GYKBEI M -
pil. CKONTBKO TAKHX 3HAKOB MOYKHO COCTABHTB

$. Jas sxcnepuMenTa 10 ONPe/IeSICHHIO CKOPOCTH POCTa Tpebyercs: Bbi-
6paTb 4 IrraMMa GaKTepuit H3 UMEIoLMXCA BOCbMH. CKONMbKHME COCOOaMH
ITO MOXKHO CANATL?

KnaccHueckasi BepOATEOCTD

6. Cryaenr 3naer 40 BonpocoB w3 60, BKAIOYEHHBIX B MPOrpaMMy.
HalTi BEpOATHOCTH TOTO, YTO CTYAEHT 3HaeT 2 BONPOCA, COAEPIKAMMUXCH
B €ro 5K3aMeHalnonHoM Onnerte?

7. B oanoM akBapuyMe HaXOJATCA 5 Gesbix, 4 KpacHbiX B 3 ronmyGbix
puifkn. JIByx ciayuaiino snifpaHHbIX pRIGOK NepeHocAT B APYroll aKsapu-
¥M. KakoBa BepOATHOCTE TOTO, 4TO 00e phIGKH ronydne.

8. Uz gecaTn GuneTos BHIUIPHINHBLIME ABAAIOTCA ABa. ONpesesuTb
BePOSATHOCTh TOIO, YTO CPEAN B3ATHIX HayAaqy ATy GuieTos:

1) oAuH BEIMPPHIIHKE, 2) ABA BBIATPLIIHEIX,

3) xoTa GBI OAUH BHIUTPBILIHBIN.

9. Halupaerca 4erbipex3aHavnuiit Homep Tenedona. Kakopa eposar-
HOCTb HAOpaTb ero MpasM/LHO ¢ MEPBOro pas3a, ecyun ece uudpe HoMepa
HEYETHbIE U POBHO TPU U3 HUX NMATEPKH.

10. Cpeay KaHAWAATOB B CTYAEHYECKHH coBeT aKynbTeTa TPy nep-
BOKYPCHHKA, NATH BTOPOKYPCHHKOB M CeMb TperbeKypcHukos. W3 sToro
COCTaBa HAayTAJ] BBIGHPAOT NATH YeloBeK Ha KoHdepenumio. Halirn sepo-
ATHOCTH CJIeAYIOIWMX COObITHA:

A — GyayT BLIGpaHL! OfHH TPETHEKYPCHHKY,

B — Bce nepBOKYpCHHKH NONadyT Ha KOHGpEPEHINIO,

C — He GyseT BHOPaHO HH OHOrO BTOPOKYDPCHHKA,

D — BpiGepyT 0fHOTO NEePBOKYPCHUKA, ABOWX BTOPOKYPCHHKOB U JIBOMX
TPETHEKYPCHHKOB.

Cnoxxenne H yMBEOXKEeHEe BepodTaocTel

11. Ha xaymbe pactyT 20 xpacubix, 30 cuaux u 40 Gennx acrp.
KakoBa BEpOATHOCTD COPEATb B TEMHOTE LBETHYIO 8CTPY, €CNK CPHIBAIOT
oaHy acTpy?

12. Crygent npumen Ha 3adeT, 3HaA K3 30 BOMpocoB TONBKO 24.
Kakosa BepoATHOCTE GHATh 334eT, eC/M NOCAE NEPBOTO OTKA3A OTBEYATh
Ha BOTpOC, NPENOJaBATEDb 33J3€T elle OJHH Bonpoc?
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13. IecTs yenosek BobHE 3aG0IEBAHNEM, AN KOTOPOro Kosdduuu-
€HT BBI3Z0PoBAeRns cocTasaser 98%. Kakosa BepoaTHOCTS TOTG, TO:

a) BH3I0POBEIOT BCE LIECTEPO;

6) BLI3ZOPOBEIOT TONMBKO NsFTepo?

14. B ynranvhom zane 6 y4yeOHUKOB TIO TeOpHH BepoATHOCTeH, U3
KOTOpbIX 3 B nepennere. Bnbinorexaps B3 Hayrag 2 yuebnuka. Hafltn
BEPOATHOCTH TOIQ, YTO 068 y4yeOHNKA OKBKYTCA B TIepeneTe.

15. [dsa crpenka crpendror no MumeHu. BeposTHocTh nonajganua
B MMILICHb NTPH OJJHOM BHICTpesie i 1-ro cTpenka pasga 0,7, a And 2-ro —
0,8. HafiTh BeposATHOCTE TOIO, YTO OPK ONHOM 33JINe B MHUICHEL NON3JET
TOJILKO OfHH H3 CTPEJIKOB.

16. Crygent 3uaer 20 u3 25 Bonpocos nporpaMMul, Halitk sepoar-
HOCTb TOFO, MTO CTYACHT 3HaeT NPEAJIOKEHHbIC €My DK3aMEHATOpoM 3
BONPOCA.

17. B yexe paboraer 7 myxkuus u 3 >xenupnsl. [lo TabenbusiM Ho-
MepaM Hayrag oTobpaun 3 venopeka. Halire BepostHocTs TOrO, YTO BCe
O0TOGpaHHbIE JIHIA OKAKYTCA MY>KYHHAMHU.

18. Hekro Hanucas 3 muchMa, 3aMe4aTal X B KOHBEDTH, a 3aTeM
HAyT2J Ha KAKAOM M3 HUX HAMMCAN pasninynbie agpeca. OnperenuTdb
BEPOSTTHOCTD TOI0, 4TO Ha BCEX KOHBEPTAX HANMUCAHL! NPABHILHEIE 3Jpecs.

Popmya noiEoN BepOATHOCTR

19. B nepaoit kopobke 20 ammyt, 13 HUX 18 CTAHAAPTHBIX, BO BTOPOi —
10 ammyn, w3 Hux 9 crangapraerx. Mz Bropoll xopobxm B3ATa HayTaj
aMIyJ1a H NIepeNioxKeHa B NepByio kopobxy. Halitu BepoATHOCTE TOrO, YTO
CRY4AHLIM 00PasOM W3B/ICUEHHAS U3 TIEPBOH KOPOOKHK aMIyJIa OKIOKeTCS
CTAHAAPTHOR.

20. B BuunchuTensHoM J1abOpaTOpPHH MMerores 6 KIaBHIIHBIX aBTO-
MaToB ¥ 4 nonyasromMaTa. BepoATHOCTbL TOro, YTO 33 BpeMst BLINIOVIHEHUS
PacyeTa ABTOMAT He BRILAET U3 cTpoA, pasHa 0,95, 3 114 NOTyaBTOMATS 378,
BepOsITHOCTD pasHa 0,8. CTyaeHT BLINOMHACT PacyeT Ha HayTa ] BROpanuoH
maumune. HalTH BePOATHOCTL TOMO, YTO O OKOHYAHHS PACHeTa MAIIMHA
He soifigeT U3 cTpod.

21. B nepBoit kopobke 3 Genbix mapuKa ¥ ABA YEPHbEX, BO BPTOPOH —
2 Genbix U 3 uepHbIX, B Tperseit — 1 Gennit 12 yepubix. Haynauy smbupa-
erca KOPOOKa, U U3 Hee B3 wapnka. Kakopa BepOATHOCTL TOTO, YTO OHYU
Pa3HbIX 1BeTOB?

Popmyna Bafteca
22. B nepeoii kopobke 3 Genprx mapuxa U 2 4epHuIX, BO B'mpoﬁ —6
Genbix u 5 yepHbIx, B TpeTbeli — 7 6enbix 4 § yepnsrx. Hayran snibupaercsa
xopobka 1 M3 Hee aBa wapuka. O6a mapuka yepnee. Halitu ycmosnyw
BEPOATHOCTb TOMO, YTO IIADL! H3BJIEKAIUCH M3 [IepBOH KOPOOKH.,
.
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23. B oauo#h seyebanne, cornacuo ouenkam, 50% myxxuun n 30%
JKEHIUH UMEIOT Cepbe3HbLIe HAPYIHeHNA Cepieytoli aesrensnocty. B sToM
JeyebHRUe KEHIIUH BABOE GOVIbIOE, YeM MY>KUYHH, ¥ Cly4aiitHO BhIOpaHHO-
ro NAauNeHTa OKA3AI0CH CEPHE3HOE HAPYIIEHHE CePAeUHON AeATeILHOCTH.
KaxoBa BEpOATHOCTL TOr0, YTO TOT NAUMEHT — MY>KUMHA?

®Popmyna Bepayam

24. Mosery 6pocator mects pa3. Hairrn BeposiTHOCTL TOTO, 4TO repb
BbLINMAJACT:

a} MeHee JByX pas,

G) ne MeHee ABYX pas3.

25. [lpouspoauTca cepud u3 4 BbLICTPENOB NO MHIUEHAM € BEPOAT-
HOCTBIO TONAJAHNA B KKAOM BhicTpene p = 1/4. Tlpeanonaras, wro
Pe3yJABTATH BLICTPEJIOB — COOBITHA HE33BHCHMMbIC, HAKRTH BEpOATHOCTH
TOro, 4To ByeT XoTa Obl Jpa NONAAAHUA.

26. Mouety noaSpackBaioT BoceMb pa3 noapsa. Kakosa BeposTHOCT
TOrO, uTO repb sninager 5 pas?

27. B 6ubanoteke umelorca y4eGHHKHM M0 XMMHM H IO OHOJIOTHH.
BepoaTHocTb TOrO, YTO J060H YNTATENb BOSLMET KHUTY 10 XUMMM, PABHA
0,7, a no 6uonorun — 0,3. OnpeaennTs BEPOATHOCTh TOMO, YTO 5 YHTATENIEH
NOAPAA BOZbMYT KHUTH HJIH TONLKO 110 XHMHH, HJIH TOJILKO N0 GHOVIOMIH,
ec/ty Kaxpih GepeT TONbKO OAHY KHHIY IO 3THM NPEAMETAM.

Popmyna Ilyaccona

28. 3aBoz ornipasna Ha 6a3y 5000 aobpokagecTBeHHbIX H3menuli. Be-
POATHOCTh TOrO, YTO B MyTH H3ge/e nospeaurcs, pasua 0,0002. Haiitn
BEpPOATHOCTB TOr0, 4To Ha 6a3y npubyayT TpH HErogHbIX H3AEAHA (OCTab-
Hble — [OxHBbIe!).

29. Cpenu cemsan psku 0,4% ceMan copusikos. Kakosa sepoaTHoCTb
npu ciy4aitHoM oT6ope 5000 ceMsAH OOHADYKUTL 5 CeMSAH COPHAKOB?

§7.2. CnyyaitHbie BefiMYMHbI U UX 3aKOHb!
pacnpeaeneHua

Jo cux nop Mbl M3y4YaJH cnOcoObl BHIYHCAEHHS BEPOATHOCTEH
Pa3IHYHbIX CIy4daiHbIX cobprTuii. [lpu sTOM nog cayuaitHeIMHA co-
OpITHAMUM ROHMMAJach MOBas KAYEeCTBEHHA:d XAPAKTEPHCTHKA pe-
3YJAbTATA MCNbITAHHA. OQHAKO CYIECTBYeT MHOIO 3334, pelleHHe
KOTOpBIX TPeOyeT M3y'eHUs SIBJICHHH, XapaKkTep KOTOPHIX onpese-
NsieTcA He PAKTOM NMOABJIEHWA WIH HE NMOSBJICHUA TOMO HIH HHOTO
CNyvaiHOTO COGBITHA, & 3aBHCHT OT HEKOTOPBIX BEJIHYMH, MOTYILHX
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RPHHATD UHblE cay4aiinbie 3HaueHus. Takne BeMUMHLI B TEOPUK
BEPOSITROCTEH HA3hIBAIOTCA CTyyaiHBIMU. TaKHM 00pa3om, eciid ci1y-
qaliHoe CODLITHE eCTh KAYeCTBeHHAsA XaPaKTepUCTHKA HCLITAHNUSA, TO
CiTy4afHad BeJIHYMHA ABJISICTCS KOMHYECTBEHHON XapakTepHCTHKOM
ucneiTains. Claemyer 3aMeTUTD, YUTO NOHATHE CTYYaUHON BeIHIUHB
AIBJIFETCA B U3BECTHOM CMbIc/e 0000IeHHEM [IOHSTHA CIy4aiiHoro
CODLITHA, TAK KaK KaXKAOMY CJIIy4YalHoMYy coBbITHIO A MOXKHO Beerga
NOCTABUTH B COOTBETCTBHE CJy4ailiHyl0 BEJMUYHHY, NPUHHMAIOLLYIO
BBa 3HAYCHHS, Hanmpumep 1 umm §, B 32aBUCUMOCTH OT TOrO, [IPOU30-
10 coObiTHe A B pesynsTaTe JAHHOTO HCIIBITAHUSA MJIH HE TIPOU30-
Iao.

IIpueeaeM npuMepb! Cay4aitHbIX BENUIHH:

1) NPOACIKATENLHOCTD XKU3HU 10600 XKUBOTO CyMECTBA,

2) umcno AedbeKTHBIX H3AEAMM B M0GOH BLIGOpKE AAHHOTO
obnema,

3) npubeinp npeanpuaTHA 33 Ji060H (DUKCHPOBAHHBIN OTPEBOK
BpEMEHH,

4) NOrpelHOCTb JI06Oro H3MEepeHHs,

5) Bpems1 GesoTKasHON PabOTH MOBOrO TEXHHYECKOTO YCTPOH-
CTBa,

6) OTKJIOHEHHA MAPAMETPOB JAHHOrO YCTPOHCTBA OT HOMEHAML-
HbIX 3HaYeHuii.

TlpuBepeHKbIe NPUMEpPHI ¢ JOCTATOYHON ONPEAENEHHOCTBIO NOKA-
3BbIBAIOT, YTO €O CAY4aHHbIMI BEJIMYHHAMH NPUXOAUTCA HMETh AEJO
B CaMbIX Pa3HOOBPa3HBIX 00/IaCTAX HAYKW H TEXHUKH.

J7isi NONHON XapaKTEPUCTHKH CTy4aliHolt BenunHb HeoOxoanMo
3HAThb:

1) MHOXKECTBO €€ BOBMOXKHBIX 3HAYEHMH;

2) KaK 9aCTo, T. €. ¢ KAKOH BEPOATHOCTHIO, CllyYaliHAA BEJIHIWHA,
IMPHHUMAET T€ HJIH NHbIe 3HAYEHHA.

Takxan xapaxTepucTHKa CIy4aliHON BEIHYHHBI HA3LIBAETCH €€ 3G~
KOHOM pacnpedercrus. 3aKOH PACcTIpeae/IeHIst CIYYaliHON BeTUIHHBI
MOXKET ObITh 33J8H B PA3JHYHBIX (POPMAX B 3aBUCHMOCTH OT THMS
cayvaliHol pestnauHbl. THn ciyualiHoN BeIMYUHDBI ONpeeIAeTes BH-
JOM MHOXKECTB& 3HaYEHHI, KOTOPHIE MOXKET NPUHUMATb PACCMATPH-
BaeMas caydyaiHaa peauunna. Ocobyio BAKHOCTD A TEXHHYECKUX
APUJIOXKEHU UMEIOT JB3 THNA CNYYalHBIX BEJIMYHH: JUCKPETHOTO
! HENPEPLIBHOTO THNA.



4 §7.2. CnyvaidHble BEAUMMHBI M UX 3aKOHLI pacnpeneneHna ¢ 249

Onpenenenme. CayyaltHasi BEJMYHHA HA3BIBAETCS BEJIUYMHON
ducxpemn0z0 mung WIH TPOCTO Juckpemuotl, eCcn¥ OHA MOXeT
NMPHHUMATh KOHEYHOE HJIH CHETHOE MHOXKECTEBO 3HaYEHMI.

- Onpepenenme. CayyaliHaa BeJIMYMHA HA3BIBACTCA BEJIHYMHOMN
HENPEPHIGH020 MUNQ, €CJIX OHA MOXKET NPUHHMATD J100bIe 3HAYEHHS
B OZHOM HJIHN HECKOJBKHX 3aaHHBIX HHTEPBaJIaX.

7.2.1. 3aK0H pacnpegeneHua BepORTHOCTEN ANCKPETHOW
CRy4aitHON BeNUYNHbLI

PaccMOTPHM AHCKPETHYIO CNy YaiiHy10 BeaHYuHy X ¢ KOHeYHbIM
HJIM CYETHBIM MHOXKECTBOM 3Ha4YeHHH %1, Z3,...,Ty,. 38KOH pac-
npejeneHns 9Toi cayvalHON BeJIMYHHBI 33JaH, €CJIH M3BECTHBI BCE
BeposrHocTd P(X = z;) = p; (i = 1, /).

CoBOKYNHOCTD Beex 3Hauenuh x; cirydaltHol pesuumHbl X H Be-
POSITHOCTel p; HA3LIBAETCA PAJOM DacnpejieNicHHs BeJHYHHBI X,
KOTOPBI#f MOKET ObITh 324aH C TOMOUIBIO TAGAHLBI CJ/IEAYIOLIEro

BHUIA:

X A T2 von Tn
PX=z) | p | p2o | .- | pn

OueBrAHO, YTO BCErJa AOMKHO OBITH BBIIOJHEHO YCIOBHE
3 pi =1, Tax xak cobwirua {X = z;} (i = 1,...,n) obpasywor
TOJIHY10 Tpynmy cobuiTHii.

Baxxublit npuMep ZUCKPeTHOH cily4yaiiHON BeIMYMHBI A3ET YHIO
N TIOABJICHNH HEKOTOPOTO COOBITUSL A B CepuH MOC/IEA0BATEIbHBIX
NCOBLITAHANI, MPOBeieRHbIX N0 cxeme Beprynan.

O6osHauum yepe3 X 4UCIO NOABIEHHHA coObITHA A B N yuCHbI-
TAHHAX, ¥ NYCTh BEPOATHOCTL HACTYMJ/IEHHs: COOBITUSL A B KAXXIOM
HCIBITAHWH PaBHA P.

FosopsT, uto cayuaithaa BeaugnHa X MMeeT GuHOMUGABHOE Pac-

npedeserue C IAPAMETPAMH 1t M P, €GN
P(X:m):c;npm(l—p)n_m, m=0,1,2,...,n.

Fine oanuM npumepoM JUCKPETHON ¢TyqyaiiHON BeSTMYHHBI SIBA-
erca cnyyaiiHas penHuMHa X, UMeOLaa pacnpedesenue Ilyaccona
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¢ napamerpom A > 0:
P(X=m)=)‘—-,-e")‘, m=0,1,2,...
m!

HanomunaeM, 4ro pacnpegenenne IlyaccoHa sBasercs npegennb-
HbIM A8 GuHoMuaabHOro pacnpegenenns (cm. m. 7.1.3). Otme-
THM TaKXe, 4TO cilyvailhias Beanuuna X, UMEIonias pacnpeaeicane
ITyaccona, npuHuMaeT GeCKOHEUHOE YUC/IO 3HAYEHHNA,

3aKkoH PaCHpPeesICHUs QUCKPETHON cnyvafiHol BeunHbl MOXK-
HO 33aBaTb MO-APYrOMY, & HMEHHO C TMOMOILIO TAK HA3LIBAEMOro
HMHTErPaJibHOTO 3aKOHA, pacnpejesreHus, Han GbyHKUMUN pacnpeaene-
HuA BepoaTHocrelt. Pynkuuelt pacnpegenenna F(z) cayvaiinoil Be-
JIMYHHBI X Ha3LIBAETCA BEPOSTHOCTDL TOTO, YTO BeTH4MHa X NpuMeT
3HaueHue, MeHbluee yeM z: F(z) = P(X < z), rae £ — npoussoiib-
HOE BElLIECTBEHHOE YHCIO. '

ameTum cpasy ke, uTO (byHKLNS PACTPEJENEHHST BEPOSITHOCTEH
F(z) cayqaiinolt Besmunnbl X ABIAETCS YHHBEPCATBLHON XapaKTe-
puCTHKOH X, oHa cymiecTByeT AJs CIy4alHON BeJuuuHbl JI0GOro
THNA.

Ouesnano, yro ecmu X - QUCKpeTHAA ClyvalHAA BE/IMYMHA, TO
ee QYHKIHA PACUPESEIICHHA ONPEeNAETCA TOCPeACTBOM PABEHCTBA

F(z)= Z i (7.19)
;<2

[MTpumep 1. IlocTpouts pyHKUMIO pacnpeaesieHUs JUCKPETHOMN
cnydaiiHolt BesmanHb X, €CYIH H3BECTEH €€ PsAJ pacnipele/IeHus;

X | o 1 2
Plo3s]| o2 05

Pemenne. Ecnu 2 < 0, 7o F(z) = 0, nockonbKy B JaHHOM
cayyae cobuitie {X < z} sBRA€TCA HEBOSMOYKHDBIM.

Ecin 0 < z < 1, 10 cobbite {X < x} paBHOCU/ILHO COOBITHIO
{X = 0}. Hooromy piist gamnoro npomexkytka F(x) = P(X =0) =
=0,3.

Anasornano, ecmu 1 < z € 2, 10 Fz) = P(X = 0) + P(X =
= 1) =0,5.
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Hakowney, eciiu & > 2, 7o F(x) = 1, nockoabKy Tenepb cobbirhe
{X < z} cranoeurcs gocroBepubiM. MTak, pyHkuns pacnpexene-
HHHA TAKOBAa.

0, <0,
F(z) = 03, 0<z<g],
0,5, 1<z<x2,
1, x>2

padux janno#k PpyHKIN pacnpe,qenenﬁn HUMCET BUJ,

0,5 r ------- P P Ry,
0’3 o———-} ........
L]

- -

0 1 2 ki
Puc. 7.8. ®ynxuys pacupeaenenns JCB.

I'pacdux F(x) puckperHolf cayvaiHOH BeandMHBI U B 0BLieM
CITy4a€ OKA3HIBAETCA CTYTIEHIATHIM CO CKAYKAMM B TOYKAX X1, &2, .. -
. y &y, PABHBIMH COOTBETCTBEHHO Py, P2, . .., Pn. CaMo pacnpege-
JICHHE AUCKPETHON CIy4alHOU BeANYHHBI TaKXKe Ha3bIBAeTCsT JUC-
KPETHbLIM.

Hpumep 2. TlocrpouTs psAxn pacnpepeleHns Ciy4ahnoli Be-
Jusutbl X, npejacTaBasiomett coboit uneiio BuinageHna repba npu
JIBYKPATHOM GPOCAHNHM MOHETHI.

Pemenne.

X | o 1
p | 174 | 172 | 1/4

[\

' i1 1 11 1
11 1

HApumep 3. Y3 napruu B 25 nzgenut, cpegu KoToppix HMeIOT-
cs1 6 6pakoBaHHKIX, BHOpanyl cnyvalinsiM o6pasoM 3 usjenns Aas
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npoBepKH UX KayecTsa. [locTpours paj pacnpegeneHus cyyafiHOro
yncta 6paKOBAHHBIX H3JENHH, COAepKalHXcs B BLIDOpKe.
Pemenue,.

Ciy ek
p(X =0)= —~042 p(X =1) = =2 ~ 0,45,
26 025
2 3
X =2)= 190 —=r =012, pX=3= _C_'__ = 0,01.
25
0 1 2 3

» | 042 | 045 | 012 | 0,01

7.2.2, @yHKUMA pacnpeaeneHna ¥ NAOTHOCTL BEPOATHOCTH
HenpepbLIBHOW Cy4alHOW BeNMYKHb

Ilycre X sBnsierca cayvalinoit BenMMMHON HENpPEpLIBHONO TH-
na. MHOXecTBO 3HaueHUtl Takol ciywailHON BeMYMHK! HECYETHO,
NO3TOMY Mbl HE MOXXEM BBINHCATL B IO-
CHIEAOBATENILHOCTD U 38HYMEPOBATD BCE €€
3HAYEHUS M, CICJOBATEJBHO, He MOXeM
38JaTb 3AKOH €€ PaCNpefeNieHUust PAXOM
pacnpeaeneunsi. B arom ciayvae Ha mno-
MOLIb HPHXOANT (DYHKUHA pacrpejeie-
5 - HHA, ¢ MOMOLILI0 KOTOPOH MOXKHO Xapak-
TepU30BaTh 3aKOH PACNpEACneBHs Ciy-
mn:e:w?u;n}%Bm' qaitnoit BesTuumHbI oforo THina. Cryuait-
Has BenuyuHa X (ymoBoro Thna) cyuTa-
erca 3aJaHHOH, ecT H3BECTHa ee (YHKLUHSA pPacnpeReNieHHs, T.e.
dynkuua F(z) = P(X < z).

PaccMOTPHM HEKOTOPBIE OCHOBHBIE CBOHCTBA (yHKUUH pachpe-
penewns F(z) npowssoibHOH ciydainoi semuwamnst X. Ilpexpae
BCEro, KaK BCAKas BEPOSITHOCTb, F'(z) npu moGoM & yaosaeTBopsier
nepasenctey 0 € F(x) < 1, Tak yrto rpacduxk dyuxuuu y = F(z)
BCerja JIKHT B nojoce MexKAy npaMbiMu ¢ = 0, y = 1.

C nomompio pyrskuun pacnpesenenus F(2) MOXHO Beersa onpe-
ACJIUTb BEPOATHOCTb NONAJAHMS CyqalHOH BeJIMuMHB X B npoMe-
KYTOK [, B) npu mobbIX 3HaYeRnAX @ U B.
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B camom jgeie, eciu yepes A obosHaquTs coburrie {X < S},
uepes B — cobuirue {X < a}, u , nakonen, yepes C ~ cobbrrie
{a € z < B}, To oueBHAHO, YTO A = B + C. CaeposatensHo,
RO NPABUAY CJIOXKEHMsI BEPOATHOCTeH AJIsi HECOBMECTHBIX COOLITHH
P{A) = P(B) + P(C), orkyaa P(C) = P(A) - P(B).Ho P(A) =
= P(X < B)=F(B), P(B) =

IlosToMy OKOHYATENBHO

P(a < X < B) = F(8) - F(a), (7.20)

T. €. BEPOATHOCTL MONAaJjaHkA ClyqaltHoN BEMHYHHM B NPOMEXYTOK
[a, B) paBHa npupamennio GYHKIHK PACTIPEACICHHA Ha STOM Mpo-
MeXKyTKe.

Tak xak BepositHocTs P{a € X < f) meorpunarensHa, Kak
BCAKAA BEpPOSAATHOCTb, TO M3 NOCASAHEr0 PABEHCTBA CJEAYeT, 4TO
F(B) 2 F(a), ecmn 8 > a, T.e. dyHKuna pacnpeaesienus aioboit
CIyyaiiHOl BeJIMYHHBI ABAAETCA HeyObiBatowen dbyHKunei.

Ecnu cnysalinaa senuuuna X ABNSETCS OrpaHUYEHHOMN, T. €. BCe
€e BO3MOKHBIC 3HAYEHHA JIEKAT B KAKOM-JIN0O KOHEYHOM OTpe3ke
{a, b], Mp1 Gysem umers paBescTsa.

0, z<a,

F(a:):{ 1, z>6b.

B ofwem ciayuae, xorna sennvuHa X MOXeT ObITb M HEOIDaHH-
yesHOl, Oy YT MMETh MECTO CIICAYIOUWIME COOTHOMIEHM:

F(—o0) = zEToo F(z) =0, F(+o00)= zli)r_{_looF’(x) =1

Ipumepom MoXkeT cnyKMThb YHKUHMA Ppaclpeaeiends Cciy-
YaiHOH BEJMYUHBI, PacCNpPefeSIEHHON TI0 NOKA3GMEADHOMY 3I0XOMHY

(> 0):

0, z<0,
P 7.21
()= {1—e“, z>0. (*:21)

BEcmn cnyyatinas penuynna X NPHHAAAEKUT K HENPEPLIBHOMY
THITY, T. €. HMEET HEMPEPhIBHYIO (PYHKLHIO pACTIPEHesIeHHs, TO ANIst
M0B0Oro £ NMEeM PABEHCTBO

P(X =z)=0.
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HanoMHHM, 4TO 1 AMCKPETHBIX (J1y4aiiHbiX BeIKYHH BEpOAT-
Hocte P(X = &) oTnuyuHa OT Ky, €CH & COBNAJAET C KaKHM-THG0
4YACTHBIM 3HaYEHHEM 3TOf ciiydaliHol BeJIMYNHBL

Taxkum obpazom, mobasa HenpepbiBHAR Cayvalinaa sennunHa X
He MOXKeT ObITh XapaKTepH30BAHA BEPOATHOCTAMH CBOKX 3HaUeHUH,
[OCKQNBKY BCE 3TH BEPOATHOCTH PABHEI HYJIIO.

Yrobb1 npeoaaneTb 3TY TPYAHOCTDb, BBOAUTCSH NMOHATHE NAOMHKO-
CINU BEPOANHOCTIU.

InoTHOCTEIO BEpPOATHOCTH, UK AuddepeHIHATLHBEIM 38KOHOM
pacnpeAeneHNs BepOATHOCTEN cryyuaiiHol BeN4nHb! X Ha3bIBAETCH
bynxkumz f(x), onpefensieMan paBeHCTBOM

Plz < X < z+ Az)
f(z) = hm e .

PaccmoTpHM ¢BOHCTBS IIOTHOCTH BEPOATHOCTH,

Bo-nepebix, o4eBuaHo, uTo f(z) = 0, nockonbKy BeposiTHOCTHL
HEOTPHLATEbHA.

Bo-BTOpbIX, YNCINTENbL NPaBO# YacTH nocieguell dhopMysbl Mo-
keT GpiTh 3aMeHer pasHocThio F(x + Ax) — Fz).

Ha ocnopasny onpeaesenus npon3poAHofi Moty4uM BHIpaXkeHHe
IVIOTHOCTH BEPOATHOCTH Yepe3 MYHKUMIO pacnipee/eHns:

f(z) = F'(z). (7.22)

'I‘pe'rbe CBOMCTBO MIOTHOCTH BEPOSTHOCTH MOXKET OBbITh 10Ty ve-
HO, ecIH COnocTaBuTsh paseHcTB0 Pla < X £ B8) = F(B) — F(a)
A HEeMPEPLIBHOM C/Iy4YalHON BENHYHHBI C cbopuy.noﬁ wa'roua—
Jlefibanua

o]
[ 1@ dz = F8) - Pl (:23)

DTO CONOCTAB/IEHNE NIO3BOJSET NATYIHTb BbIPaXKeHHe IJIs1 Bepo-
ATHOCTH MOOALSHHMA CAYualHOH BesyHHBI X HENpepbIBHOTC THNS
8 nHTepBai (o,8) Yepes ee NAOTHOCTL BepoaTHOCTH f(2):

8
Pla< X <B) = J F(z) d. (7.24)

4
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3aMeHAs B MOCACIHEM PaBEHCTBE 3 HA ¥, YCTPEMAsAA @ — —00
M noub3ysch onpegenenneM DyHKUMH DACIPENENCHHS, NOXYYHM
YeTBepToe CBOICTBO MIOTHOCTH BEPOSTHOCTH, TIOSBOIAIOIee HANTH
byHKUMIO pacnipeAenenns, eCTH H3BECTHA IIJIOTHOCTb BEPOSATHOCTH:

T

F(z) = J f(z) da. (7.25)
—0oQ
Hocnesnee, naToe, CBOACTBO MOJYYNM, €C/IH BepXHUH npegen &
HHTerpaja nocyeHe GopMyJibl YCTPEMHM K +00:
“+o00
J f(@)dz=1. (7.26)
—00

ST0 03HAYALT, YTO MNOLIAAb, OTPAHHUEHHAA OChIo abcuuee U rpa-
(bHKOM MJIOTHOCTH BepPOATHOCTH, paBHa 1.

OTmeTuM, YTO He BCAKAS HEMPEPHIBHAA Cliydaitnas pesuuuna X
MMeeT NJIOTHOCTb BEPOATHOCTH, HO JMILL T2, (DYHKUNA pacnpeseie-
HUA KOTOpoit JuchdepeHunpyema..

Mpumep 1. [lana pyrkuna pacnpesenenss HenmpepblBHOH cay-
yaiiHo#t BeaMyuHL X :

0, z<0,
F(z)={ sinz, 0<z<7/2
1, z>7/2

HaiiTi maoTHOCTL BeposTHocTH f() u nocTpouTts ee rpadux.
Pemenne.

0, <0,
f(z)=F'(g) =4 cosz, 0<z<n/2,
1, xz>7/2

INpumep 2. [lana naoTHOCTL pacnpeAeneHus ClyYaiHON Benn-
YUHH X
6, = =z<0
f(z)={ asinz, 0<z<m,
0, x>,
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Onpenennts ko3 druenT a u pyHKuuio pacapesenenus F(z),

noctpouth rpacdux dynxknuu F(z).
i) Pewenmne.

0 0
[ f(x)dz = [ dr+
-0 —00
o n/2 z

Pac. 7.10. [InorHocTs pac-

npejenenns K npuMepy 2. +

[» o]
asinmdz+fﬂ-dw=1=>a=%.

w

Q Cra, 3y

&
z<0, F(z)= J 0-dz=0.
—~00

x

. 1
-sinzdx = -3 COBZT

PO =

0 z
O<zgm, F(z)= JO-dx-l-J o
. 2 3

0 T x

r

z>w, F(z)= Io-d:w %sinzdx+J'0-dx=1,
o ; -

T. €.
. (0, & <0,
F(z) = J flx)dx =< %(I—cosx), O<zgm,
—co
1, x> 7.

7.2.3. Yucnoeble XapaKkrepucruky CiydaiHbIX BenuuuH

Hns nonHo# XapakTepHCTHKM pacnpeaesieHEs Cay4aiHoH Beau-
yyHE X HeoOXOUMO 3HATH, KAX MBI BUIeNM, ee DYHKIMIO pacnpene-
JICHUS WK, B C/Iy4ae HENpepuBHOH X, e¢ INIOTHOCTh BEPOATHOCTH.
Oarako B psafe OPaKTHUYECKWX 33/1a4 HET HeoOXOHUMOCTH B TAKOM
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TIOJIHOM HCCNEAOBAHMH CayHaHON BesHuyMHbI X M ObIBaeT JOCTA-
TOYHO MMeTh XOTA bl rpyboe npeAcTaBNeHHe O pacnpejeneruy X,
ONKCATH €0 NOCPEACTBOM HEMHOIMX NPOCTHIX napamerpos. B page
CJTY48€B AOCTATOYHO 3HATH:

1) npuMepHOe PacToIoXkeHKe TOr0 MHTEPBaIA 3HAYEHHN, B KOTO-
POM HAXOOMTCA OCHOBHAA MaCCa BEPOATHOCTH Ciy4aliHol BeauynHbl X,
a TaK ke NOJNOKEeHHe <LEHTPa PPYNNUPOBAHHAY HA YHCIOBOM OCH;

2) HACKONILKO LIRPOKO PA3BPOCAHbI 3HAMCHUS CYyHAHHON Besv-
YHHB X 710 KWKAYIO CTOPOHY OT «ILIeHTpa IPYNIMHPOBAHHSY.

[TapameTpsi nepsoro poja, XapakTepHayIoiue NOJOKEHHe HeH-
Tpa FPyNIIMPOBAHNA, HA3BIBAIOTCA XAPAKTEPHCTHKAMY PACIIOIONKE-
HuA (MM NONOXKEHNA); NapaMeTPhl BTOPOro Pofa, XApaKTepH3YIO-
e pa3bpoc 3HadeHHit cayyaliHoit BeIMYMHBI OKONO LiIeHTPa rpym-
NUAPOBAHUA, HASLIBAIOTCA XAPAKTEPUCTHKAMH PACCEUBAHUSL.

Hanbonee uacro ynorpebasiemoil xapakTepUCTHKON pacceMBaHUs]
ABNAETCA TaK HA3bIBAEMOE MATEMATHYECKOE OXKUJAHHE CIY4aiHOMi
BeauunHb: X, koTopoe GyaeM obosHavaTh cumponom M(X). Pac-
CMOTPUM CHAYAA MATEMATHICCKOE OXKHIAHHE JHCKPETHOH ciyuaii-
Holt Besiuunabl X, 3agaHHol Tabnunell pacnpeaenerus (cm. 1. 7.2.1).
MaTteMaTu4ecKoe OXKHAAHHE TAKOH BeTHYUNHBL €CTh 10 ONPEACICHHIO
CyMMa MPOM3BEACHUH BCeX €e BO3MOXKHBIX YaCTHBIX 3Ha4YeHHH Ha
COOTBETCTBYIOLIHE HM BEPOATHOCTH:

M(X) = i Tipi. (7.27)

-

=1 -

Ecnin BO3MO)KHBIE 3HAYEHHS JUCKPETHOH CayyatiHOH BeAW4H-

Hel X COCTaBJAIOT CYETHOE MHOXKECTBO H OHA 33JaHa PAIOM pac-

npeaenenus P(X = z;) = p; (i =1,2,3,...), TO no onpejenennio
MaTeMaTHYecKoe okuJaHue X paBHO CyMMe psiaa:

(o n)
M(X) = mips, (7.28)
i=1
€CJTH 3TOT PSIZ CXOAUTCS, U NONAraeTCA PaBHBIM GECKOHEYHOCTH, eC/IN

PAA, PACXOaUTCS.
MaremaTnyeckoe O>kKMJaHHe HeNnpepbiBHOR CyualfHON BeaHuu-
Hbl, HMeIOWEN N0THOCTL BepoaTHoeTH -f(2), onpenensiercs paBeH-

17 Masrywkos U.B.
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CTBOM
. +o0

M(X) = J zf(z)de. (7.29)

Hpumep 1. Haitru maTemaTHueckoe OKHAAHRE ciyqaiinoli Be-
JINYNHDI, IPHHUMAIOWER TOJIBKO ABA BHAMEHHS: 1 u 0, ¢ BepoATHO-
CTBIO P M1 ¢ = 1 — p COOTBETCTBEHHO.

Pewmenune. Ilo onpenencHuo MaTeMATHYECKONO OXHAAHHSA
HMeeM

M(X)=1-p+0.g=p.

Hepeiiaem k nepeuncneHn0 OCHOBHLIX CBOMCTB MaTeMaTH4YeCKO-
r0 OXKHARHUS.

1. MaTemaTu4eCKOe O>KHIaHHE NOCTOSHHOM PABHO STOH NMOCTOS-
HHOil, T. ¢. ecsin C' — KoHCTAHTA, TO M(C) =

2. MaTemaTuueCKkOe OXKMIAHHE CyMMBI ABYX ITPOM3BOJILHBIX CJTy-
yaifHeIx eyt X U Y PaBHO CyMMe UX MaTeMaTH4YeCKHX OXKUAa-
mnit: M(X +Y)= M(X)+ M(Y).

Caeacreue. MaTemaTnueckoe OKHAaHNE CYMMBl KOHEUHOTO YH-
CJ1a IPOH3BOJILHBIX CAYYailHbIX BEJHYUH PABHO CyMME HX MaTeMa-
THYECKHX OKMASHHU, T. €. M(Z X)) = z M(X;).

lIpumep 2. Haiiru Ma'reuamqecxoe oxxuAaHne vuciia X Ha-
crynaesuti cobbiTia A NPH 7 HE3ABUCHMBIX HCIILITAHUAX, B KasK/0M
H3 KOTOpHIX cOObITHE A NOABIAETCH C BEPOATHOCTHIO P WM He
NOABJIACTCA ¢ BEPOATHOCTRIO ¢ = 1 — p. JIpyrumu cnosamu, X umeer
GHHOMNAJIBHOE PACTIpefe/ieHNe ¢ mapamerpamMu n 4 p (cM. . 7.2.1).
Pemenne. Ouenngno, 4ro X MOxeT ObiTh NPesCcTasACHO B BUAE

n

cyMmbl: X = E X, rae Xj ecTb ciiyvailnasa BeJMYMHA, paBHas
k=1
eAMHHLE, eClH coObITHe A Npor301I0 B k-M MCIBLITAHHH, M HYJIO,

ecnu cobbiTHe A He npowsomnto. Takum obpasom, P(X, = 1) = p
n P(X,=0)=gq.
Ha ocHoBanun nociaeauero cBOACTBaE MATEMATHUECKONO OXKMAS-

Hus uMeem: M(X) = é M(X).

Kax Gbuto ,uoxasano- B npumepe 1, M{ X} = p. Creaosarenbyo,
M(X)=mn-p.
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Htak, MaTeMaTnyeckoe O>XKMIAHKE CITyqaliHol BESMYHHBI, pac-
npeaeneHHol no 3axoHy BepHynnu (¢ napamerpamu n M p), PaBHO
n-p.

3. Maremarnyeckoe OKHASHWE NPOU3BEACHHS HE3QGUCUMNE
CAYNOUHVIL 6eAUNMUN DABHO TPON3BEIECHHK) WX MAaTEeMaTHYeCKnX
oKuAaHulM:

M(x Y) = M(X)- M(Y)

(BBIpaKASiCh HE COBCEM CTPOIV, CITyJailHble Bestmuuubl X 1 Y cunTa-
Y0TCSA HE3ABUCHMBIMH, €CJTH 3HAYCHMS, IPHHUMAEMbIC BeudHHONH X,
HE 3aBUCAT OT TOTO, KAKOE 3HaYCHHE MPHHANA BeJHYUHA Y, 1 Haobo-
poT; GopMabHOE ONpeAesIeHHe HE3ABHCUMOCTH C/y4aliHbIX BEJIHIHH
X 1Y MOXHO HaliTd B . 8.4.2).

Cneacreuem 1-ro u 3-ro croiicTe sRjsieTca yTBepXKAESHUE: NO-
CTOSAHHBIN MHOXKHTE/Ib MOXKHO BHIHOCHTD 33 3HAK MATEMATHYECKOro
oxupanus, T.e. M(C - X)=C - M(X).

Haubonee ynoTpeGHTE/NbHON XAPAKTEPUCTHKOR PACCEMBAHUA
cnyyaiHoll BemnuuHbl X FBIAETCA TAK HA3LIBAEMAA JHCTIEPCHS,
KoTopyio ByaeM obosHayaTs cumsotoM D(X).

Onpenenenme. Jucnepeuelt ciyyalinolt BeJIMYHHBI HA3BIBRETCA
MATEMATHYECKOe OKUAAHME KBAXPATS OTKIOHEHU X OT CBOENo Ma-
TEMaTHYECKOTO OXKUJAHHSA:

D(X) = M(X ~ M(X))*.

Taxum oOpasom, ecm X — AMCKpeTHAA ciaydallHas BeJHYUHA,
NPHHAMAIOWAA KOHEYHOS WJ/IM CYETHOE YMCIO 3HAYeRHN X1, X3, . . -

. s &y, C BEPOATHOCTAMH, COOTBETCTBEHHO PABHBIMH P1, P2, + + ¢ Pns
rae n < 00, TO No ONPeAECTICHNIO
n
D(X) =) (zx — M(z))’ps. (7.30)
k=1

Mo ananoruu ¢ ¢popmynoi (7.29) ancnepeus D{X) cayvativoft
BEJIHYHHHE C MJIOTHOCTBIO BeposTHocTA f(Z) onpejensercsa ¢ moMo-
WIBIO PABEHCTBA

4-c0
D(X) = J (@'— M(X))*f(z) dz. (731)

17*
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[Tepeuncnnm Tenepb OCHOBHBIE CBOWCTBA AVICTIEPCHEA:

1. Jucmepcus noCTOsIHHON paBHa Hymio, T.e. ecin X = C, T0
D(C) =

2. Jucnepcusg aoboit cryvaitHoli BeVYHHB! €CTh YUCIO HEOTPH-
uaresnbHoe, T. €. D(X) 2 0.

3. Hucnepcus cnyyaiiHo!l BeIMYHHBI PaBHA PAa3HOCTH MAaTEMa-
THYECKOr0 O>KHIAHHA KBaJpaTa C/ly4aitHoli BelM4YMHB! M KBAJDaTa
MaTeMaTHecKoro oxuganus, T.e. D(X) = M(X?%) - (M(X))2.

4. Eemu C — xoncranra, To D(CX) = C2D(X).

5. [ucnepcus cyMMbl BAY PA3HOCTH HEBABHCUMBIX CAYYaltHbixX
BeJINYHH paBHa cyMme ux aucnepenit: D(X £Y) = D(X) + D(Y).

ITocneanee cBofiCTBO OCTAETCA CRPABEANHBBIM A m06oro Ko-
HEYHOro 4HC/Ia TOMAPHO HE3aBUCHMBIX CiydyalHBIX BeauduH Xi,
Xooo oy X, Te. D( X1 £ Xo: Xg+ ... 2 X,) = D(X1) + ...

.+ D(X,).

[Tpumep 3. Haiiru aucnepcumio cnyyatizott Bemuuuubl X, Ko-
TOpas UMeeT GHHOMHNANIbHOS pacnpejiefienie ¢ NapaMeTpaMn 1 H P
{cM. npumep 2).

P e”m exue. Kak ykasaHo B npumMepe 2, cCopaBesuBo paBeHCTBO

X =3 X, vae Bce Xi (k = 1,2,...,n) nonapHo He3aBHCHMBL

k=1
M UMEIOT 33KOH PAcIpeAe/IeHNs]

X, 1 0] 1
p | g | P

Ha OCHOBAHHH 5-TO CBOWCTBA MMeeM pasenc'mo DX} =
= Z D(X).

Ha OCHOBaHMN 3-ro cpolicTBa umeem papencreo D{(Xp) =
= M(Xk) M3(Xy).

Boiwe 6buto HaifigeHo, yto M(Xy) = p. QueeugHo, uro
M(X?) = M(Xy) = p, cnegosatenvho, D(Xy) = p — p* =
= p(1 — p) = p - q. OkonuarensHo nonyqaem: D(X) =n-p-gq,
T.©. AWUCTIEPCHR ciiyvaliHO#l BeAMUMHbI, UMeloulel ODHHOMMAJBHOE
pacnpeaenenve ¢ NapaMeTpaMyu 1L ¥ p, paBHa L - P - ¢.

B BbLIMHCIMTEALHOM OTHOWIEHHH Gonee ynoOHA He OUCIEpoud,
a Apyras Mepa pacceMBaHHS CTyvalinolf BeiHunKbl X, KOTOpast yaine
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BCEr0 H MCTIONb3YETC s, — KOPEHb KBAAPATHLIN H3 AHCTIEPCHH, B3ATHIN
€ NOJIOXKHTELHBIM 3HAKOM, — KOTOPas Ha3bIBAETCH cpedrum xeadpa-
TNUYHDM OTVKACHENUEM WITH CTIGRIGDINHOIM OMKAOHERUEM CTYYali-
HOIl BeJIMYMHBI.

CranfapTHOE OTKACHEHHE OOLIMHO 0603HAUASTCA CUMBOJIOM O

nn o X):
o{X) = v/ D(X). (7.32)

YnobcTBO CTAHASPTHOrO OTKJIOHEHHMSI COCTOMT B TOM, UYTO OHO
HMMEeT Pa3MepHOCTb CaMOii ClryyaitHol BeInuuabl X, B TO BpeMsl KaK
JHCTIEPCUA HMEET Pa3MEPHOCTD, IIPEACTABIAIONYIO KBAAPAT pasMep-
HoctH X.

B 3ak/04eHHe OTMETHM, YTO AUCTIEPCHA CPEAHEro apudMeTnye-
CKOro X M3 1 HE3ABUCHMbIX OJHHAKOBO PACIPeNEICHHbIX CTydaiHbIX
sequun Xi, Xs, ..., X, paBHa gucnepcun Kakoi-nmubo M3 THX
BEJIMYUH, AeJIeHHOI Ha oblee YHCI0 BeTMYHH:

D(X)=D((X1+ X2+ ...+ Xn)/n) = D(X)/n.

Orciona cnepyer, wro o(X) = o(X)//n.

Umenno Tax oBcToUT Aeno, KOraa Mbl NPOM3BOAUM 7t H3MepeHHH
Kako#h-nubo dbusnyeckoll Benuyunsl. Baxkno To, 4TO pesyabTaT KaoK-
JIOr0 H3MEPEHHA He 3aBHCHT OT PE3YJIbTATOB OTAECIbHBIX H3MEPeHUl;
TOrAa NOCNENOBATEbHBIE U3MEPEHH MOXKHO PAacCMATPUBATL KakK
3HAMEHHMSA HE3ABUCHMBIX M OLMHAKOBO PaCNpeAcIeHHbIX CIyvalHbIX
sesuun. CpeHAsA KBaAPaTHIHAA OLINGKA OQHOIO H3MEPEHUs (CTaH-
AaprHoe orkjoHenHe X ) Byaer npu arom o(X), a cpepnss Kaj-
paTH4Has OWHOKa cpefHero apugMeTnyeckoro X K3 n usMepenuit
6yner B /1 pa3 MeHble cpeaHeli KBapaTuIHOK owMbKH ofHOrOo
usMepennsi. Celyer 3aMeTUTh, YTO €C/IH B ONbiTe HAIl MpUGOp AaBaJt
CUCTEMATHYECKYIO OLIHOKY, TO HUKAKMMH NMOBTOPEHUAMH ONBITA OT
Hee He u30aBUTBLCA.

3ameuanne. COBMECTHBIN 32KOH PacpeJe/ICHUs] H YHCIOBBIC Xa-
PAaKTEPUCTHKH ABYX CNIyYalHbIX BeJHHMHH 00cy>kgaloTca B I 8.4.2.

7.2.4. HopmanbHbiit 3aKoH pacnpegeneHua

Cpesm HenpepbIBHBIX pacnpegesieHull HauGonee BAXKHYIO POJb

HI'PAET HopMaavHoe pacnpedeserue. K HopManbHOMY 3aKOHY pacnpe-
JACJIEHHs1, HA3BIBAEMOMY TaK K€ 3aKOHOM It aycca, NpH BECbMa 4acTo
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BCTPEYAIOMMXCA YCAOBUAX NPUOAMKAIOTCA APYTUe 3akoubl. B qacT-
HOCTH, eC/Td Mbl HMeeM CyMMy GONbIIOrO YHC/IA HE3ABUCHMBIX BEjIM~
YHH, NOAYHHEHHBIX KAKUM YTOJHO 3aKOHAM DaCNpeneieHus, TO Npu
HEKOTOPBIX OOIMX YCJIOBHAX OHa OyAeT npubanKeHHO NOAYUHATLCS
HOPMAJIbHOMY 33KOHY. .

CayuaiiHas BeMunHa, pacnpeAelieHHas IO HOPMaJAbHOMY 33K0-
HY, IM€€eT NJIOTHOCTh BEPOATHOCTH BHIAA

@)= —L"5T, (7.33)

ov2r

rAe NOCTOAHHBIE @ K 0 — NApaMeTpsl pacnpeaenerns; rpadux aroi
TUIOCTHOCTH CXEMaTHYECKH M300paskeH Ha puc. 7.11.

v

(cv2x)~1

Fmrrmn - .-
- ———————

H :
- L H H
a—3c¢ a—20 a—c a ‘a+0 a+20 a+8 %

Pac. 7.11. [InoTHOCTHL BEPOSTHOCTH HOPMAJIBLHOIO PACMPEACICHHA.

1

Jlerko Bupets, ure f(a + ) = f(a — z), Tak uyro KpHBas
NVIOTHOCTH CHMMETPHYHA OTHOCUTEIbHO npsiMolt & = a. MetTogamu
AuchdepeHIMaNBHOTO HCYHCIEHHS MOXKHO YCTAHOBHTB, YTO KpHBast
TIAOTHOCTH UMeeT eJUHCTBEeHHbI MAKCHMYM TipH & = g U JBE TOYKH
neperubanpu z =a =+t 0. ‘

Ecnu cnyvaithas BeMn4MHa TIOAYMHEHA HOPMAJILHOMY 3aKOHY
pacnpene/icHHsA BEPOATHOCTH ¢ NAPDAMETPAMH & U O, TO 3TOT (aKT
AJIs KPATKOCTH MOXKeET BbiTh 3anucan B Buge X ~ N(a, o).

BepoAaTHOCTHBI# CMBIC/I NAPAMETPOB @ H ¢ BBIACHAETCA NMOCTE
HAXOKIEHHA MATEMATHYECKOrO OXKMIAaHHA U aucnepcud. OKasbiBa-

erca, wro M(X) = ¢, D(X) = 0.
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OnpeseteHHbIE HHTErpall ¢ FNEPEeMEHHBIM BEepXHHM INPeAEAOM
BHJIA ’

T

&(z) = 712_; J et 12 4. (7.34)

HOCHT HA3BaHME HOPMUPOBaHHOH Pymxuyuu Jlanaaca WIH MPOCTO
dynkunu Jlannaca (eM. npunoxkenue 1)
Oyukuusa Jannaca ob6aagaer cneayOWMMH CBOHCTBAMH:

(0} =0, P(co)=0,5, d(-z)=—b(x).

®yHkuua pacnpeaeneHua ciydaknot semuyunet X ~ Nfa, o)
MOXKeT ObITh BhipadkeHa 4epes dpyHkuuio Jlannaca cieayomum o6-
pasoM: .

- F{z}=1/2+ ®((z — a)/0). (7.35)

[Ipuanman Bo BuMatue dopmyay (7.35), HalizeM BEPOATHOCTS
nonajaHus cayyaiuoit semunnsl X ~ N(a,0) B mpoMexyTok

(. 8):

P(a < X < B)=F(B) - F(a) = 2((8 —a)/0) — ®((a - ag'{g()i)

Ecnmu  npoMesKyToK CHMMETPUYEH OTHOCHTEILHO 'rquu' a
(= M(X)), T0 ana ciyuaittolt semnuunnt X ~ N(a, a) noJyvaem
$opMyly cefyIoIWEero BHAA:

P{|X — a| < €} =28(c/0). (7.37)
IMpu £ = to moy4um
P{|X - a| < t-c}=20(t). (7.38)

B 4acTHOCTH, HOAbL3YACH NPHIGKeHHeM 1, npu & = 1, 2, 3 u3
dopmyst (7.38) nonyunum

P{|X — o] < o} = 28(1) = 0,6827, P{|X — a| < 20} = 0,9545,
P{{X — a| < 30} =0,9973.

[Noceanee paBeRCTBO AAST OCHOBAHME K CASAYIOLIEMY TIPAKTH-
YeCKOMY TPABIITY, KOTOPOE 4YacTO HA3bIBAIOT Npasuiom «30»: BCe
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TNIPaKTHYECKH BO3MOYKHbIE 3HAYEHUA CyvallHOlt BeJIMYHHBL, NOAYH-
HeHHOI HopManbHoMy 3akoHy N{a,o), 3aK/IIOYEHB B MHTEPBAJE
(a — 30, a+ 30).

CamocronTtenbHas pabora

JucKpernsie caydalinbie Beanaaas

1. [locTpouTs 3aK0H pacnpeaenecHHA H GYHKIHIO paclpeaenaeHusl Y-
CJI3 NONAJAHUA MAYOM B KOP3IMHY NpH ABYX GpOCcKax, €Ciid BepOATHOCTD
norajaxus pasua, 0,4.

2. B naptun n3 10 getaneit umeercst 8 crangaprabix. Hayras oroSpasn:
2 peram. CoCTABHTD 3aKOH PACTIDEAEIEHHS CTAHAAPTHHIX AeTanell cpeau
OTOOPaHHBIX.

3. B naprru u3s 6 geraneit nmeerca 4 crangapTeeix. Hayrag oro6pans
3 gerann. COoCTABHTb 33KOH PACNpefeNeHus AUCKPETHON ciyHalHON Beu-
gnBN X — 9ACIa CTAHJAPTHLIX JeTasiell cpeay 0TODPaHHLIX.

4. lpe urpansHble KOCTH OAHOBPeMEHNO OpocaloT aBa pasa. Hanucars

OMHOMUHATBHLIA 33AKOH pacnpedesleHna AHCKpeTHOH CiryJyaifHO! BesHun-
Hbl X — YHMC/Ia BLUIAJEHHN YE€THONO MHCIA OYKOB HA ODEHX WIPANBHBIX
KOCTSX.
5. B napruu geraneit 10% necrangaprusix. Hayrag orolpans: 4 ae-
Tann. Hamucars GHHOMMRANGHBIA 3aK0H pacnpeaesieHia gucKpetHoli cry-
YaliHOW BeIMMHE X — 9HCIA HECTAHJAPTHBIX JeTajiel Cpeay YeThipex
OTOOPAHHDIX.

Henpepusasie crygalupie BeIaTRAR
6. /laHa NNOTHOCTb PACNIPEACNEHHS BePOATHOCTH:

0, 20, ;
fz)=< sinz, 0<z<nf2,
0, z>wf2
Hanru F(z).
7. Jana N0THOCTDb PACcnpefeseHust BEPOATHOCTH:
0, x> 2,
f@)={ z-1/2, 1<2<2,
0, z < 1.

Hairru F(z).
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8. Jana naorRocTs pacnpeAeneHns BepoATHOCTHY:

0, z < n/6,
f(z)={ 3sin3z, w/6<2< /3,
0, z > w/3.
Haitru F(z).
9. Hana nnoTHOCTL pachpeseneHus cayJaliHol eeiMauan! X:
0, z<0,
f@y=14 cosx, O0<e /2

0, z>nf2

Hafttu dyukuuio pacnpegenenns F{z).

10. Henpepuieaan cnyvatinan Besuanna X 335aAa (JIOTHOCTHIO BepO-
ardocrh f(z) = 2/3sin3x B unrepsane (0, /3), sHe 3TOrO MITEpBANA
f(z) = 0. Halitu seposTHOCTS TOrO, 470 X NPUMET 3HAaUEHHE, IPHHAIE-
samee uarepsadty (7/6,w/4).

11. Cayuyaitaas seayuuna X 3agaHa dpyHkuaeli pacnpejesieHus:

0, =<0,
F(a’)= 32: 0<x<g],
1, =z>1.

Halitn BepOATHOCTL TOIO, YTO B PESYJLTATE YETHPEX HEIABHCHMBIX
HCNBITaHMY BeMaAHa X POBHO TPH Pa3a NPEMET 3HaueHHe, MPHHALIEKA-
mee unTepsany (0,25, 0,75).

Yuciiopbie XAPAKTEPECTHKN

12. B napruu geraneit 10% wecraugapruecx. Hayran oroGpaust 4 ae-
Tanu. Hanucars GHHOMUHANBLHEI 33KOH Pacnpeie/ieHUA JUCKPeTHOH cry-
yalHol BeanuuHnl X — YUCHha HECTAHAAPTHHIX AeTatell cpeamn YeThipex
oToBpaHABIX.

13. Cayualinas senuyunda X 334aHa 3aKOHOM PacnpeseaeHus:

X 0 1 2
p 1025 | 025 | 05

HaliTn mMaTeMaTHUecKoe OXKHAAHNE, AUCTIEPCHIO, CPefiHee KBaspaTHY-
HOE OTRIOHEHYUE, NOCTPORTD DYRKUMIO PACTPEACHCHHS.

14. Ha#iru gucneperio guckperrolt cyyatinoli peauurasr X — wucaa
nosiBAeAnl COBBITHA A B IATH HE3ABHCUMBIX HCMBITAHWSX, €CAH BEPOAT-
HOCT® MOABJIEHNA COOLITHA A B KRXKAOM ECNKTaHUN pasra 0,2.
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15. Adnckperhaa oryualidas BendunHa X NPHHEMSET TONLKO JBA
BO3MOXKHBIX 3HAYECHUA Ty W T2, T1 > 22, P(X = z;) = 0,6. HaliTu 3aKon
pacnpeaenenns pesimannn X, eomu M(X) =44, D(X) = 0,24

16. Cnyvalinas sennyusa X 3ajana ¢pyHKUuell IIOTHOCTA BEPOSTHO-
CTH:

a, a:{(l,
fl)=4 22, 0<zg]1,
0, =z>1.

Haiitu MaTeMaTHyeCKOE OKHIBHUE BETHIrHEN X,
17. Cnyuaitnas sensnunda X sagana GyHKOuell ILIOTHOCTH BEPOATHO-
CTH:

0, z <3,
4
J(z) = %a:z-l-ﬁm-—é, 3<z<5,
0, ' x >3,

Halrr MaTemMaTRUECKOE OKHAaHNE BemHunHmM X .
18. Cayuaiinan pennyuna X 3agaHa GyHKUMed NIOTHOCTH BEPOATHO-

oTH:
e, zg =3,
1
= —_— — £
f(m) . 9—:62, ‘ I<egy,
0, z>3.
Hatitit gacnepesio X.

19. HaorHocTL BEpOATHOCTU chyuaiinol BeAwdnHb! X, PABHOMEPHO
pacnpenenentol ua {a, 6]:

0, z<a,
z) = . '
f(=z) o a<z<bh,

0, x> b

Haltru:

1) dyuxuuto pacnpeaencnus F(z) U Ha4epTHTD ee rpaduk;

2) MaTeMaTUveCKoe OXKUAAHUE, AUCIEPCHIO U CpeaHee xna,npa'mqﬂoe
OTKJIOHERHE ciy9vaitnoft Bestaguner X. .

HopMmamsasil 3aK0H

20. Macca B3POCIOTO XHBOTHOTO ﬂexmpom BU3 ABJIACTCR HOP-
MAJIbHO PAcrpefeNleHHON CyyaliHolfi BesmyuHOl €O CpefHUM 3HAYCHHEM
100 Kr ¥ cTaEAapPTABM OTKACHeHuUeM 8 kr. Haygauy sbrﬁupato'r B3pocioce
xupotHoe. Haltti BeposiTHOCTH chenyompx cobuTwi:
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1) macca yxuBoTHOrO Menbuie 90 Kr,

2) 6onbime 110 Kr,

3) waxoaurcs 8 waTepsane or 95 a0 105 kr,

4} u B uHTeppase or 97 go 112 kr.

3ameqannme, Jii000e HODMAILHOE pacnpefeleHne MOXKET NPHHUMATD
KAK MOVIOKATE]bHBIE, TAK U OTPULIATENbHbIe 3Ha4YeHad. TTosToMy MoXxKHO
JHWE MpUbINsKEHHO CYHTATD, YTO (NIyJyallHas BeIMYUHA B 3TON M ApYruX
33Ja4aX UMeeT HOPMAJIbHbIH 3aKOH.

21. JuacTonuyeckoe AaBjICHHE KPOBH BHITYCKHHKOB HEKOTOPOro y4u-
JUIa SBAAETCA HOPMAJILHO pacnpefeneHHoit cnyvaliHoli BesdynunAon co
cpeinum sHaqenueM 80 MM U CTAHJAPTHEIM OTKIOHEHKEM § MM. MaMeps-
10T JaBjIeHHe KpOBH y ciy4afiHo BbiGpanHoro BuimyckHuka. Onpeneauth
BEPOATHOCTH TOrO, YTO:

1) pasnenne vuwke 70 MM,

2) Borue 85 MM,

3) swme 90 MM, HO NpHM KONONHWTENDHOM YCJIOBHM, YTO NAUUEHT
BHIOPAH U3 9HCNIA TeX, Y KOO Ha JeHb NPOBEPKU AUSCTOINYECKOE JaB/IeHHe
OKA3AJIOCH Bhile 85 MM.

22. llpeanpAATHE BRITYCKAET CTEKIAHHBIE AMITYJIbl, PA3MEPbI KOTOPBIX
OyAeM CYHTATH DaCnpeAcNeHHBIMM M0 HOpMaJibHOMY 3akoHny. CpegHas
anana 100 MM, a craspaprioe oridiotiende 1 MM, AMnyna cuuTaeTcs
GpakoBaHHON, ec/iu 0Ha Kopoue 98 MM uan gymanee 101 MM, Halitu cpeanee
4o GpaKOBaHHBIX aMRAYJ Cpeay 3 HayAauy B3ATHIX aMITyJl.

23. B ycnoBuax 3anavy 22 HaliTy UHTEpBAN, CHMMETPUYHBIH OTHO-
CHTEJIbHO CpeJHero 3Ha4eHus1 GPaKOBAHHEIX aMILYJl, B KOTOPLIA nonajaer
peaNbHOoe HUCI0 OPaKoBaHHEIX AMMYJI ¢ BEPOATHOCTHIO He Menee 0,96.

24, OnpezennTs CPeaHEKBAAPATAYECKYIO OMMOKY BECOB, 6CNH CHCTE-
MaTHYECKHX OINGOK BECH HO MMEIOT, a cayyallHbie pacnpegefeHbl o HOp-
MAJBHOMY 38KOHY B € BepoaTHOCTLIO 0,9 He BexoaaT 3a npegenst £20 mr.

25. AmnepMerp umeeT cucTeMaTndeckyo omnbky 0,5 A u cpegue-
kBagparayeckyio omubky 0,1 A. Hakita BeposTHOCTs TOrO, 9TO OWHMGKA
naMepeHus He npessofiger 0,5 A.

26. Becnl uMelor cpeaHexBapaTuIecKyo omubKy 60 Mr, cncreMaTi-
yeckue olubku oTcyTcTBYIOT. CKONbKOo HeOBXOANMO NPON3BECTH B3BEIIN-
BaHul, 4ToObl ¢ BEPOATHOCTBHIO He MeHee 0,9 cpeaHAs omuOKa He MpeBoc-
XO/HN3 N0 abCoNOTHOMN BesTHunne 7,5 MI

27. [pouseroauTcs ABa HE3ABRCUMBIX B3BEHIWBAHNA HA BECAX, UMEIO-
LIHEX CPEJIHEKBAAPATHYECKYIO olunbKy 30 Mr 1 cHcTeMaTHYecKy0 ouubKy
410 Mr. KakoBa BEpOATHOCTE TOro, 4TO 0be OWHOKH M3MepeHHs, UMes
pasHLle 3HAKH, Mo abcoMIoTHON Beau4yune npessonayr 10 mMr?

28, Uzgenue CYNTAETCA BHCIIErO KRYECTBA, €CJIH OTKJOHEHHE €ro
JUIMHE! OT HOMHHAJIA He MPeBOCXOANT N0 abcomoTHOK Beanynte 3,45 MM.
CnyuaitHoe OTK/IOHEHNE JUIMHK M3AEMUA OT HOMUHAJIA NMOAYHHAETCS 3a-
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KOHY CO CpeJHEKBaAPATHYECKNM OTKIIOHeAneM B 3 MM, CicTeMaTuveckue
OTKJIOHEHHS OTCYTCTBYIOT. Qnpefe/nTs CpeaHee YHCIO U3AENAN BLICHIEro
COPTa. eCJIH H3TOTOBAIOTCA 4 n3genud.

29. Ilpu GonbinoM Yncae A3MEPEHNAN YCTAHOBIEHO, 9T0 75% ownbok:

1) He npesocxoguT 1,25 M,

2) se npeBocxoAUT N0 ABCOMOTHOH Besuuuke 1,25 uM,

SaMeHss YACTOTH NOABNEHNA OLINOOK X BEPOATHOCTAMHA, ONPEAEANTD
B 000X CNYy9YasAx CPeAHEKBAAPATHYECKYIO OIUNOKY H3MEPEHUS, €CIIH CHCTe-
MaTHIECKHKE OIUOKH OTCYTCTBYIOT.

30. Becm He uMeroT cucreMaTRyeckux omubok. Coyqabinasa omnbra
pacnpesesiena NO HOPMANBbHOMY 3aKOHY, npuueM ¢ = 10 mr. Ckonbko
HY>KHO [POM3BECTH B3BEIMBAHHE OFHOO W TOrO XK€ MpeaMeTa, YTobh
¢ BepOATHOCTEIO He MeHee 0,98 cpeaunit apudMeTHUECKRAI pe3ynbTaT HMe
ownbKy B npegenax +3 mr.

31. B ycioBusx 3afa4u 28 CKONbLKO HY)KHO B3ATh H3Zendt, 4ToOb!
CpeAu HUX ¢ BepOSTHOCTbIO He Meree 0,97 Guino xoTa Gbl 0HO U3AEAHE HE
BbICHICNO KagecTBa?

32. Cpeauns xUpHOCTL JaHEOH NnapTrH Mavnioka 2,5%. OrTknonerne
KHPHOCTM B OTACNBHHIX MAKETAX OT HOMHUHAMA cocTaBaser £0,1% ¢ Be-
posTHocTbIO 0,9973. CKONBKO NAKETOB MOTOKA HYXKHO NPOBEPHTDb, YTOOE]
cpeay Hux Gbu1 xora Obl OAHH ¢ MOIOKOM XupHOCTH MeRee 2,4% c BeposT-
HOCThIO Be Meree 0,9.

33. Poct B3poc/biX My>KYAH ABIAETCS Ciydafinol Bemantoli, pacnpe-
JdenerHoli o HOpMaNbHOMY 3aKoRY. [lycTh MaTeMaTyueckoe MKHAHYUE €8
pasHo 175 cm, a cpefiHee KBapaTuieckoe oTkIoReHue — 6 cM. Onpegenuts
BEPOATHOCTD TOrO, YTO XOTA 611 0fAMH U3 3 Haysauy BHIGPAHHLIX MYKUUH
Gyaer umeTsb pocT ot 170 g0 180 cMm.

34. Cayyalinan senpuusa X pacnpejesens HOPMATILHO C MATEMATH-
JeckHM oxujanueM a = 25, BepostdocTs nonaganns B uatepsan (10, 15)
pasna 0,2. Yemy paBHa BepoATHOCTE nonagadus X B uaTepsan (35,40)?



4800 ¢
3NEMEHTbl MATEMATUYECKOW
CTATUCTUKHA

MaTeMaTHYeCKON. CTATUCTHKOM HA3bIBAIOT pPas3jiell MATEMATHKH,
NOCBSIEHHBI! MATEMATHYECKUM METOJAM CHCTEMATH3aUHH, obpa~
BOTKYM M HCMONMb30BAHHA CMOMUCTRUNECKUL JAHNWT AN HAYYHBIX
R MPaKTU4eCKUX BbIBOAOB. CTATHCTHHECKHE ASHHBIE 3/€Ch NMOHU-
MAIOTCsl KAK CBEAEHMS O YMCiIe 00beKTOB B KaxoH-mbo Gonee uau
MeHee OGIIMPHOl COBOKYNMHOCTH, 062analomuX TeMH WM MHBIMU
MPU3HAKAMH.

B nepeoMm npubimkeHHH MOXHO CKa3aTbh, YTO [WaBHas LeJb
MATEMATHYECKON CTATHCTUKH — MOAYHERHe OCMBICIEHHBIX, HAY4YHO
0BOCHOBaHHBLIX BBIBOJOB M3 MNOABEPXKEHHbIX CiydaitHomy pazbpocy
JauHbIX. Ilpu 3TOM caMo M3ydaemoe sABJeHHe, TEHEPUPYIOLlee ITH
JaHHBIE, Yallle BCErO CIHLIKOM CJOXKHO, YTOOBI MOXKHO ObLIO €O-
CTABHTb €ro NMOJIHOe OMKCaHKE, OTpaxKaiowee Bee Aetaau. [lostomy
CTATHCTHYECKHE BLIBO/AM JE/IaI0TCA Ha OCHOBE HEKOTOPOM MSTeMa-
THYECKOH BEPOSTHOCTHON MOJEH PeaJIbROTO CYYaiHOro siBJIeHNA,
KOTOpast AWDKHE BOCRDOM3BOJNTD €0 CyLIECTBEHHBIS YePThl W uc~
KJIIOYATh T€, KOTOphie NPeaNoJaraloTcs HecymecTseHHbMA. MeTo-
Abl MATEMATHYECKON CTATHCTUKH MO3BIAIOT 1O HAOJIIOAEHHAM HAX
H3YUYaEMbIM SIBJICHHEM ONPeJe/]NTb BEePOATHOCTHBIE XAPAKTEPHUCTH-
KK CTyqalHbIX BeJIMYHH, YYACTBYIOHHNX B MATEMATHYIECKOH Moaenu,
ONKCHIBAIOLISH 3TO ABJICHNE.

[IpuMeHuTENBEHO K NMPEICTOAWIEMY HM3JAMKEHHIO, Ml B NEPBYIO
ouepeAb OyAEM HHTEPECOBATHCA 334a4aM¥ TOYEHHOTO H HHTEPBAb-
HOTO OLICHMBAHHA NApaMeTpPOB pacnpeiesieHHH HCCIeHyeMBbIX CITy-
yaliHRIX BEJIMYMH, 8 TaKXe 3aJa4YaMM CTATHCTHYECKOH MPOBEPKHU
TUNOTE3 OTHOCUTENbHO THX TapaMeTpos.
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§ 8.1. BoibopouHbt MeToA

8.1.1. TeHepanbHaf COBOKYNHOCTb. BbiGopka

BeAikoe KAKHM-TO 00pasoM BbIJEJCHHOE MHOXKECTBO O0LEKTOB,
KOTOpbIE MOTYT OTIHYATLCA APYT OT ApPYTa SHAYEHHEM HEKOTOpol
ONpeAe/ICHHON XAPAKTEDHCTHKH, HA3LIBACTCA 2EHEPRALHOL COSONYN-
HOCTDIO.

Yuc/io 3/1eMEHTOB reHEpaibHOM COBOKYNMHOCTH Ha3biBAETCA ee
o6Bemom. :

YacTb reHepaabHON COBOKYMHOCTH, ClyvaliHeiM obpa3oM oTo-
OpanHaa ana HabmoaeHuil, Ha3bIBAETCA cayyatinod eubopxoti uau,
AN KPATKOCTH, eéwbopxoil.

Yucno 3ieMEeHTOB BHGOPKH HA3LIBACTCA €€ 00BeMOM.

Tak, C/IH H3 CTA THICAY YIAKOBOK HEKOTOPOrO JIeKapeTBa (reHe-
pajibHas COBOKYMHOCTB) AJIA KOHTPOIA Ka4YeCTBa OTOBPAHO CTO yria-
KOBOK (BLIGOPKa), TO 06beM reHepalibHON COBOKYITHOCTH COCTABISAET
100 000, a o6vem BrIGOpkH — 100.

[TocKonbKy MBI DACCYMTBIBEEM C MOMOLIbIO CTATHCTHIECKHX Me-
TOZAOB BbICKA3ATb ONpefe/leHHOe CY>KAEHHe O CBOUCTBAX reHepallb-
HO¥H COBOKYITHOCTH N© CBONCTBaM BHIGOPKH, NOCAERHAS JOVDKHA OBITh
penpezenmamushot (NPeACTABUTENIbHOM), T. €. JODKHA ObITH Opra-
HU30BaHA TaKHM 00pa30M, YTOOBI, F0 BOBMOXKHOCTH, OTP3XKaTh BCE |
KWHTepeCyollHe HaC CBOMCTBA reHePaNIbHON COBOKYIMHOCTH.

Hanpumep, npu ofciegoBaHMe HA NPEAMET YCHEBAEMOCTH 1O
GUBHOIOTHH CTYAEHTOB MEAHUMHCKHX HHCTHTYTOB A, B u C, B KOTO-
poix o6y4atores 500, 200 u 300 CTYZEHTOB COOTBETCTBEHHO, BHIGOPKY
oGbemom 100 cnegyeT CTPOUTD Tak, YTOOHI B Hee BXoauAo 50 ciry4aii-
HuIM 0DpasoM BBHIOPaHHBIX ¢TyAeHTOB HHCTHTYTa A, 20 CTYAeHTOB
uHcTuTyTa B 1 30 cryaenroB nucruryta C. [oBopsa kopoye, nponop-
LIMH B BHOOPKE JO/IXKHBI COOTBETCTBOBATD NPOTIOPLHAM IEHEPAJIbHON
COBOKYITHOCTH.

JIna obecrieyeHNs penpe3eHTATUBHOCTH BhIGOPKA AO/MKHA ObITH
J0CTATOYHO 0ObeMHOH ¢ TeM, YTOOB! OXBATLIBATD BCIO NEHEPANLHYIO
COBOKYNHOCTb, H NPOM3BOAUTHCH OSCIPHUCTPACTHO IO OTHOLISHWIO
K OTACAbHLIM ee vacTsMm. [locneanee B onpegeneHHol Mepe obec-
NEeYYBAETCA CY4altHOCTBIO 0T6Opa AIEMEHTOB BRIGOPKH.
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B panbHeitiueM Mbl GyzeM npHAEPKUBATLCA MPOCTON H HANEXK-
HOI1 CXeMbl, B COOTBETCTBHH C KOTOPOH HHTEPECYIOI}as! HAC XapaKTe-
PHUCTHKA 00'beKTOB reHepaIbHOH COBOKYITHOCTH ABJIAETCA Crydaiinoft
BENHMYHHOM X, ¢ YACTHYHO MK IOJTHOCTBIO HEM3BECTHOM (DyHKIMEH
pacnpesesicHnA, a BhIGOpKa obbeMa 1, o KOTopoil Ty yHKUHIO
pacnpeaesieHnsa Tpebyerca onpeaenuTsb, NpEAcCTapiaer coboll n He-
3aBHCHMBIX Ciy4dalinpix BesrauH X1, Xo, .. ., X, pacnpeaesneHHbIx
TaK ke, kak X. Takasg ¢xeMa BOSHHKAET TOrA3, KOrfa HUCCAeAOBa-
TeJIb IIPOBOAUT 7 HE3ABHCHMEIX APYT OT ApYra ONBITOB, B KAXKAOM
M3 KOTOPBIX HAOMICAAETC HEKOTOPOEe 3HAUEHHE OJHOTO H TOre Xe
MHTEDECYIOLIETO ero NPH3HAKA, MTPHYEM TIPeANIOIATaeTCH, YTO BO BCEX
7, ONBITAX YCJIOBHA IKCIIEPHMEHTA OCTABAJINCh HEH3MEHHLIMH, 3ame-
THM, 4YTO nochegHee TpefOBaHHE HOCTATOUYHO YCIOBHO M HeoOXOou-
Mas CTENEHb ero BhINOJHEHH A YCTAHABINBACTCA IKCIICPUMEHTATOPOM
B COOTBETCTBUM C LIEJIAMM OTBITA.

Pacnonoxkup 4ieHs! Bbibopxd Xi, X2,..., X5 (T.e. n uncen
B OMpeAeeHHbIX (HU3MYECKMX eAMHALAX) B NOPsSAKe BO3PACTAHMHA,
MOYYAM BRPUALUOHHNY PRI

Xy € X €--. € Xny- (8.1)

MMpnmep 1.1. BapnaumoHHbl# psij, DOMy4eHHbIH O BBIOOPKE 2,
-1,0,2,0,3,3,0, 4, 2, umeer Bug —1,0,0,0, 2, 2, 2, 3, 3, 4.

Heobxoanmo 0TMETHTD, YTO Ha ACJIE NCCIEAOBATENb PACOIAraeT
He coGCTBeHHO cay4aliHoli BbIGOpKOIL, a AHIIb ee peanH3auuei, T.e.
HAGOPOM UMCENt Ty, X9,..., Ty (WX Clle HALIBAIOT GAPUAHMAMU),
NONYyYeHHBIX B pesynbTaTe Habmopnenn#t Bennuunbl X npu n He-
3aBUCUMBbIX TIOBTOPEHUSIX CJYYaHHOIO 3KCNEPUMEHTA B OHHAKOBbIX
yenoeuax. Takum o6pa3oM; MpH MCMONL30B3HUA COOTBETCTBYIOLNX
dopMys1 MATEeMATHYECKON CTATHCTHKH B HHX BMECTO CITyqaiHBIX
BENYHH X ClieAyeT NOACTABJAATL WX KOHKPETHbIE PEeaU3alHH
. Oanako B JanbHeleM, yToObI He 3arpoOMOXKAATb W3JIOXKEHHE
MaTepuana, M WHorAa OygeM ofo3HauaTh nocpeiacTBoM X Kax
Cly4aifHyI0 BeJIHYHHY, TaK M ee 3HaueHHe.

8.1.2. CraTncTueckoe pacnpepenetmne BuGopkn

[TyeTsb B BoIGOPKE 06bEMA 7t M3 HEKOTOPOI FeHepaJIbHOM COBOKYTI-
HOCTH BAPHANTLI NPHHUMAIOT M < N PASJIMYHLIX YNIOPAAOYECHHBIX
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N0 BOBPACTAHHIO 3HayeHn# 21 < T3 < ... < Ty, NpHUEM 3HATE-
HUs X BCTPEYAIOTCA 1y pas. Yuena ny, na,. .., Ny, HASBIBAIOTCH
YACMOMAaMY BADHAHT Z1, T3, . . . y Ty COOTBETCTBEHHO, & BEIHYMHBI
wg =ng/n, 1 < k < m, MX OMHOCUMEADHBMY HACTROMAMY.

OyeBugHO, YTO N1 +N2+. . .47y =N, 2N +Wot. . .+ Wy, = 1.

Onpenenenue. Cmamucmusecsum  (SmMnupuvecsum) 3axonom
pacnpedeserus subopR, UIN TPOCTO CIMATRUCTRUNECKUM pacnpedesc-
Huem 6ubopKY HA3HIBACTCA HAOOP BAPHAHT &) K COOTBETCTBYIOIINX
HM Y3CTOT 7i; HIJTH OTHOCHTEJIBHBIX YACTOT wWg.

CraTHcTHYECKOE pacnpefiesicHHe BLIGOPKN YAOOHO NPeACTABASTH
B ¢opMe TAGIHLBI pacTpeeeHHa 4acToT (YacTOTHOH Tabanub),
HHOIZIA HA3BIBAEMON CIMAMUCMUYECKum PROOM PACTPEICAENUR,

Tabmama 8.1
Ty a2 e T
n | na | ... N

HJIH B BHJE TaOJIHLUBI pacnpejeeHUsl OTHOCHTEIBHEIX YaCTOT:

Tabmmoa 8.2

) Za “ne Tm
w1 W “ra wm

OTMmeruM, 4To ¢ hopManbHoilt TOUKN 3peHus Tabu. 8.2 onuckIBa-
€T 3aKOH pacnpele/ieHHs HeKOTOpo#H IUmoTeTH4eckod MHCKpeTHOH
CAyuYAHON BeJIMYMHBI.

['pacbnyeckumu ananoramu Taba. 8.1 8.2 asasiorca c'mnﬁuo-
BbI€ JUAI'PAMMBI, T. €. NOCIEA0BATEILHOCTH BEPTHKAILHBIX OTPE3KOB

(opmuHaT) AnnHBI ng BAK W ¢ abcynccamu T, k = 1,2,...,m, Ko-
TOpPbie OTVINYAIOTCA APYT OT APYTa JHUILUL MACIITAO0M [0 OCH OPAHHAT
(puc. 8.1, 8.2).

Jpyras skeuBajeHTHas opma rpadudecKoro H30HPAKEHH:
Tabs. 8.1 u 8.2, Ha3bIBaeMasA noAu2oNOM xacmom (MM noauzo-
HOM OMHOCUTNEADHOT “ACTNOM), BpPEACTaBNeHa Ha puc.8.1 u 8.2
NMYHKTUPDHON JMHHEH, coeauHsiiomiell BepUIHHBI BEPTHKANbLHLIX OT-
pe3sKOB, T. e. TOYKU (Z;, 1;) WM (&;, W;) COOTBETCTBEHHO.

MMpumep 1.2. HaitTn cTaTHCTHYECKOE pacTipefic/icHUe BHIGOPKU
u3 npuMepa 1.1 1 npeacrapuTs ero B GopMe TAbJHLBI Ya4CTOT U OTHO-
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l' ) I' A
Id L) Vs LY
n2 A L w2 KA A
‘e Ay ‘. rd N 4
, * 1 k4 .~ 1Y
™ \ w1 "
‘ A Y
L L)
T I Wm l
0 2L 2 -+ ZTm-1 &m 0 2122 .- ZTm-l ZTm o
Bapuauta Bapunaunta
Pac. 8.1. O6bsacHenns B TeKcere. Prc. 8.2. O6nLacHenns B TexcTe.

CHTENBHBLIX 4acTOT. [Tocrpouts rpaduk U MOMUrOH OTHOCHTENBHBIX
YaCTOT. -

Pemenue. CraTHcTHyecKoe pacnpejenieHne BbIGOPKM npef-
CTaBJICHO B Tabi. 8.3,

Tabmana 8.3

Tk -1 0 2 3 4
ng | 1 3 3 2 1
we | 0,1 1031031} 062 0,1

a rpadHMK H NOIMIOH OTHOCUTENBHLIX YacTOT H300Pa’keHH Ha
puc. 8.3. u 8.4. COOTBETCTBEHRO.

Oru. yacrora
03 f----
0,2 f------}--
0,1
B S S 1 { ]
] o
-1 0 2 3 4 -1 0 2 3 4
Bapuauta BapuanTa
Prc. 8.3, O6vscHeHHA B TEKCTE. Puc. 8.4. O6bacHerud B TEKCTe,

8.1.3. DMnnpuyecxan GpyHkuMa pacnpegeneHun

Onpenenenme. IMNupHYecKoll (yHKIMeH pacnpefeNeHHs, no-
cTpoeHHOM Mo ciydaliwolt BGopke X1, Xo,..., X,, Ha3pIBaeTCA

18 Masaywxos K.B.
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dynukupa Fo(z), paBHast none TeX JIeMEHTOB BLIGOPKH, KOTOpbie
MEHBINE &, Pae & — JI0D0E BelleCTBEHHOE YHCIIO.

W3 npuBeaeHHOTO ONpeAesIeHHs CASAYST, YTO eCi¥ CTATMCTH-
4eCKoe pacipefienieHne BhiOODKY 3aJaH0 YacToTHON Tabauuelt (cM.
Tabs. 8.1, 8.2), T0

Fo(2) =% S =Y w (82)

TRHT Tp<T

OMnupuveckas GyHKUpA pacnpegeneHus F,(z) obnagaer scemu
CBOHCTBAMK OOBIUHON (DYHKUMM pacupejfefieHua, B YaCTHOCTH He
yOBIBAET 110 .

3amevanne 1.1. Ecin craTucTuyeckoe pacnpegenenue BHIGOPKY
3agaHo Tabu. 8.2, To IMIHpUYecKan (pyHKUHA pacupeJelieHust PaBHa
HYJIIO IPU T K T1, PABHA €AUHNLE IPH T > Ty H Fip(2) = 2 Wi,
e z; < T L Tiy,t=12,...,m-—1 1<k

OTmeTHM, YTO CTATHCTHYECKOE PACTIpeASienne BROODKY 1 ee oM-
nupHveckast PYHKIHSA pACHpefe/IeHUs B3aHMHO-0QHO3HAYHO Oompe-
AeNAT ApYyT Apyra.

Npumep 1.3. Hattu smmuphyeckyro QyHKUMIO pacnpegee-
HMsl, COOTBETCTBYIOILYIO BhiGOpKe M3 mpumepa 1.1, u mOoCTpOMTD ee
rpaduK. ' '

Pewenne. O6pem BuiGopkH paser n = 10, a COOTBETCTBYOAA
elt yacToTHas Tabmua ecth Tabn. 8.3. Takum obpazoM, no zameua-

Huo 1.1

' [ 0 npu z<-1,

01 npp -1<z<g£0,
0,4 mpu 0<z <2,
0,7 npu 2< <K 3,
0,9 mpu 3 <z <4,

1 opu z>4.

Fa(z) =<

\

Tpadux pyuxuny F,(x) npeacranien 1a puc. 8.5.

Penpesenrarusnaa BbiGopka nogoGHa renepanbHON COBOKYTI-
HOCTH, U3 KOTODPOH OHa u3BleueHa, B CHIY 4Yero IdMIHPHYECKas
dbynkuus pacnpegenetus Frp(x) o0pKHA ObITH B HEKOTOPOM CMbICJIE
6nuska k dyHKuuH pacnpegenenns F(2) npusHaxka X renepaynnoii
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AFa(z)
1 ---------------------- = ——
0,9 p=r-=m=e=-nmmmnnn —
' '
0,7 f-r-===---- v—‘: E
A
0,4 p————m ' ‘
] ! 1
t ! '
' : :
e I N
-1 0 2 3 4 z

Prc. 8.5. [padux dyHkuun pacnpepenenus.

COBOKYITHOCTH. JTO AefcTBUTENBHO Tak. MeTogaMu TEOpHH BeposAT-
HOCTEll IOKA3bIBAETCA, YTO IMMUPHUECKASA (DYHKUHMS pACTIpEAEIEHIs
Fa(2), KoTOpas, KaK U NPOYHE OLEHKH, MOCTPOCHHEIE N0 CY4aitHbIM
BRIDOPKAM, SIBJHETCA CIyHATHON BeIMYHHOMN, C yBeaHYeHeM obpeMa
BuIfOpKM CXOANTCA (B YACTHOCTH, O BEPOATHOCTH) K TEOPETHYECKON
Gbyuxuuu pacnpepenenust F(z) u ABnsierca XopomdM ee npubiau-
MKEHHEM.

8.1.4. CTaTMCTHUECKA NHTepPBanNbHBLIA PAA pacnpegeneHns.
Mucrorpamma

CTaTHCTHYECKHM JUCKPETHbIM psigoM (WiM  3MOMpHYecKoH
dynxuyuelt pacnpejenenus) oObIYHO MOAB3YIOTCA B TOM Ciyd4ae,
KOTa OTJIHMYHBIX APYr OT ApyTra BAPHUAHT B BLIGOpPKE HE C/THIIKOM
MHOTO, /I TOrHa, KOTAA AUCKPETHOCTD TIO TEM WJTH HHbIM NPUUHHAM
cylliecTBeHHA ANA uccneaoparesis. Ecan ke uuTepecylowMil Hac
NPH3HAK TEHePaNbHON COBOKYMHOCTH X PACHPEse/ieH HeNpephIBHO
WIH ero JMCKPeTHOCTb Helelecoofpa3no (Mau HEBO3MOXKHO)
YYHUTLIBATD, TO BAPHAHTH! IPYINMPYIOTCsE B UHTEPBAJIbL.

Tunu4uHas Npoueaypa BbIIIAZUT cieayommum obpasoM. HUtobbl
CrpynnMpoBaTh JaHHBIE, coAepKaiguecs B Bbifopke oobema n u3
Habmoaenuit Haa cayyaftHoi pennynHoit X, caefyer pasaenuTs OT-
pe3ok |[a, b], conepskawmit Bee BapuauThl, Ha k uHTepBaNoB (hi_1,
hi),i=1,...,k

a=ho<h1<...<hg=b (8.3)
(0bbiuno, @ = T3 = X1y, b = Tm = X(g) (oM. Ta6.8.1 u 8.2)).

18%
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3aTeM HAZO ONPEACHNTDb “aCIMOMY KAKIOIO UNEPSAAa, T. €, KO-
yecTBO HabmogeHuit n;, nonasLNX B {-i uHTepBan. Jna onpegencn-
HOCTH GyAEM NONAraTb 72; PABHBIM YHCIY BADHAHT, TIPHHAIEKAIIUX
NONyHHTEpBadY [fi—1, h;), BKIIOYAA BCe BAPHAHTDI, MIOMABLIME HA
NpaByio TPAHULY, T.&. paBHbE A, B ClEAYIOUIHA NPOMEXYTOK BO
BCEX CIIy4asiX, KpoMe nocjefHero. Komr4ecreo HHTEPBAIOB £, & TaK-
>Ke 3Ha4YeHNA UX Cpanvl A;, 0 HEKOTOPO#i CTENeHH MPOU3BOJILHBI
U ABASIOTCS KOMNPOMUCCOM MEXY TPEOOBAHNAMY SKOHOMHKN U TOY-
HOCTH.

3ameaamne 1.2. Yacro h; — hi—3 = h npu Beex ¢, T. €. rpynnu-
POBKY OCYILECTBJISIIOT ¢ paBHLIM WaroM A. B 1ot cuTyanuyn Mo>XHO
PYKOBOACTBOBATHCHA CISAYIOUIMMH SMIVPHYECKUMU PEKOMEHIAUMA-
M# no Buibopy a, k u h;:

1) & — HaumMeHBblUCE LeOE TaKoe, 410 k 2 1 + 3,321gn (Tak,
ecm n =50, 10 k=7),

2) o = X{y) (unn 4yTh MenbILe),

3) h=(Xn) — X(1))/ & (wnn wyTs Gonbiue),

4) hi=a+ih,i=0,1,...,k (B yacTocrH, b = a + kh).

Tax e, Kak paHee B 11. 8.1.2, nony4eHHy10 rpyNImHpPOBKY YA0OHO
NPeACTABHTH B HOPMe HacTOTHOR TAGMHLIb, KOTOPAs HOCHT HA3BAHKE
cmamucmusecxuti unmepearvhititt pad pacnpedeserus:

Tabnana 8.4

Uurepsans:
rpynrfupom(u [ho, 1) | [Aryh2) | ... | (hi—2,hk-1) | {Re—1, B
YacroTsl 1 N2 vee -1 N

(rpanmunas T0YKa hjp BKIOYAETCA B NOCACAHMN MHTEpBaJ, YTOOH
usbexkats npobnem B cayuae, korga b = z,, (cm. (8.3)). Ananorny-
HY10 TaOaMLy MOXHO 00pa30BaTL, 3aMeHAA B Tab. 8.4 4aCTOTHI 73;
OTHOCUTEJIbHBIMH YacTOTaMu w; = n;/n:

Tabmuma 8.5

U
l‘pl'yll:lﬁ?;::lm [ho, h1) | [RasB2) | --- | [Br—2,Be—1) | [Ri—1, Ra)

OTtH. yacroThHl w) we cen We—1 wy,
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Hanomunaem, yro n) + n3 + . .. + nx = n — o0bemy BHIGOPKH,
aw+we+...+wp=1

Hau6onee undopmarnsnoit rpaduyeckoit dopmoii vacToTroOM
Tabi1. 8.4 ABNAETCA ClELMAIBHBI rpadHK, HA3BIBAEMBIH 2ucTiozpam-
Mol wacmom.

['ncrorpaMMa 4acToT COCTOHT U3 MPAMOYIONILHUKOB € OCHOBA-
auamu (h;_y, h;), BeicoTa KoTOpbIX paBHa 1;/(h; — hi_1). Takum
obpa3zoM, NIOWAAb KaXKAOrO NPAMOYTONBHUKS, PABHA T35, 3 UX CyMMa
paBHa 7.

Amnanorn4Ho onpeaensiercs rpadudeckas popma Tabi. 8.5 — zu-
CMOZPAMME OTIHOCUTREADHUT HaACMOom, COCTOAILAA U3 HpAMOYTOJIb-
HHKOB C OCHOBaHUAMM (hi_1, h;) ¥ BbicOTaME w; /(h; — hi_1). 3ame-
THM, YTO NJOIAb TOH YACTH HCTOrPaMMbl OTHOCHTEIbHBIX JACTOT,
410 NEKUT Mexay h; u hy, (i < m), paBHA OTHOCHTEILHOMY
. Yy BAPHAHT, MONABHIMX B WHTepBad [hi, hm), n B cooTBETCTBHN
C CTATHCTUYECKHM ONDPEACTEHUEM BEPOATHOCTEN MOXKeT GbITh WH-
TepnpeTHPOBaHa KaK rpyGasi olieHka BepostHoctH P(h; < X <
< hy). CrenoBaTensho, ¢ ONPEACNEHHBIMH OTOBOPKAMHM MOXHO
YTBEPXK/IaTb, YTO FMCTOIDAMMA OTHOCHTEbHLIX YaCTOT SBJIAETCA
BBIGOPOYHBIM SHAJIOPOM MPa<PHKA NJIOTHOCTH BepOSTHOCTEN pacnpe-
JeNeHUs SIPU3HAKA NeHEPAJIbHONH COBOKYTIHOCTH.

[Ipumep 1.4. U3 o4yenp Gonbwoi napTui Orypiuos U3BJCYEHA
caydaiiHasa BeiGopka obbema 50. Unrepecyromuii Hac npusnak X —
AJIMHBI OrYPUOB, U3MEPEHHbIE ¢ TOMHOCTBIO 0 1 CM, NpeACTaBAeH
CrefyouuM BaApHALHOHHLIM pajom: 22, 24, 26, 26, 27, 28, 28, 31,
31, 31, 32, 32, 33, 33, 33, 33, 34, 34, 34, 34, 34, 35, 35, 36, 36, 36,
36, 36, 37, 37, 37, 37, 37, 37, 38, 38, 40, 40, 40, 40, 40, 41, 41, 43,
44, 44, 45, 45, 47, 50. HailiTin CTATHCTHYECKHH HHTEPBAJLHBIA paj
pacnpefesieHlsi ¥ OCTPOMTb THICTOrPAMMY OTHOCHTENLHBIX. YaCTOT
C PaBHBIM LUAIOM.

Pemenne. Onpeaennm xapaKTepHCTHKH CPYTITIMPOBKH € MOMO-
wpio 3aMedanus 1.2. Umeem, @ = 22, k = 7, h = (50 — 22)/7 =
=4, hy = 224+ 4i, ¢ = 0,1,...,7. Takum 006pa3oM, Ya4CTOTHAA
Tabnnua npejcraBieHa Tabi. 8.6 (HanoMuHaeMm, YTO MPH NONAZAHAN
HA, FPaHNLYY HHTEPBa/la BAPHAHTA 3alIKCHIBACTCA B [IPABbIH HHTEPBAJ
BO BCEX CIIYJasiX, KpOMe NOC/eAHEro).

["ucTorpaMMa OTHOCHTENILHBIX YACTOT CTPOUTCS N0 AAHHBIM Nep-
BO# 1 TpeThbed cTpok Taba. 8.6:
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Tabmaga 8.6

WUnreppann
TPYNNHPOBKH

YacTors n; 2 5 9 18 9 5 2

22-26 | 26-30 | 30-34 | 34-38 | 3842 | 4246 | 46-50

OrH.
YACTOTHI W; 0,04 | 01 | 0,38 | 0,36 | 9,18 [ 0,1 | 0,04

AW;/h
o1l -

0,08 }
0,06 |

0,04 |

0,02 ¢

0 22 26 30 34 38 42 48 50 T
Puc. 8.6. 'ucrorpaMma OTHOCUTEIBHBIX YACTOT

CamocrosaTenbras pabora

1. IMocTpOETL NONUIOHBI Y4CTOT W IMIUPHYECKHe DyHKINH pacnipe-
AEJIEHUS 10 HIDKECTeAYIOIINM HACTOTHBIM Tabunam:
1

e | 256 | 28 | 30 | 32 | 34 | 36 | 40
ne | 5 |15 |17 124 ]25] 16 10

z |1 2|1 831 4}5]6
ne | 5|10 1025|4010

2. Usyuanocs coneprkatue Kanbina (Mr) B CbiBOpOTKe KpoBu G0Jib-
Heix 0beapan. [To cnyqaiinolt BuiGopke obwema 50: 9, 10, 8, 7, 9, 10, 10, 10,
8,78,7,10,7,8,6,8,10,7,6,8,5,7,8,8,8,89,5,9,7,77877,
9,6,11,9,8,8,7,7, 5,11, 8, 6, 8, HaliTy CTATHCTH"ECKHH HHTEPBAIBHLIN
psifi pacnpelesieHnss U NOCTPOATH MMCTOTPaMMY OTHOCHTEJbHBIX YACTOT.

3. Wayuanoch conep>xkanne Kambuust (Mr%) B CbIBOPOTKE KPOBH 310PO-
BHIX 00e3bsH. Ilo cayualinol suibopke obnema 44: 8, 10, 8,8, 9, 8, 5, 6, 7,
8,9,7,8,928,8774%8911,9,8,8,9,10,7,9,7,8,8,8,7,7,7, 87,7,
9, 8, 6, 10, 8, 10, onpepennTs TO 248, YTO B NpeAbIAyINeH 3a1a4e.’
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4. Hayyanoch cpefinee apTephanbHoe JaBienne (MM PT.CT.) B HaYa/Ib-
voh craguy moxa. [To cnyyaiuoit sxiGopke obvema 50: 112, 110, 107, 103,
108, 109, 111, 110, 103, 103, 109, 102, 113, 106, 108, 105, 108, 104, 99, 112,
112, 103, 101, 98, 160, 97, 98, 10G, 98, 107, 108, 99, 98, 92, 98, 110, 106,
105, 102, 100, 101, 100, 95, 100, 105, 100, 102, 102, 99, 97, onpegennTs To
2Ke, 4TO B Npeap Ayl 3aga4e.

5. Uzyuanca pocy (CM) My>KUYUH BO3pacTa 25 JieT JJIA CeNbCKOM MecT-
noctH. Ilo cnyyaitnoli BriGOpKe 00mema 35: 175, 167, 168, 169, 168, 170,
174,173,177, 172 174,167, 173, 172, 171, 171, 170, 167, 174, 177, 171, 172,
173, 169, 171, 173, 173, 168, 173, 172, 166, 164, 168, 172, 174, onpeaeants
TO 2Ke, YTO B npeapiayieH 3amaye.

§ 8.2. OLieHKM XapaKTepUCTUK pacnpeneneHus
Nno AaHHbIM BbIGOPKN

B psine npakTHyecKUX chTyauui hopMa 3aKOHA PacrpeleieH st
H3Y43eMON XapaKTEPUCTHKH OObEKTOB NeHEPAILHO! COBOKYNHOCTH,
WM ciydalinoli Beauuunst X, NPEANONAraeTcs M3BECTHON ¢ TOYHO-
CThIO JIO QHOIO MM HECKOJIBKMX MHUCIOBBIX 11apaMeTpoB. B Takux

CIy4asax Nepe] UCCCAOBATEIEM CTOMT 3aJa4a MOYYeHHS OLEHOK
THX NAPAMETPOB Ha OCHOBAHWM U3BJICYEHHOMN M3 reHepabHOMt cOBO-
KYTHOCTY CJy4aifHoit BbIOOpKi.

Tak, HeHTpanbHas NpPeAeAbHasds TeopeMa MO3BOJISIET NOrpeul-
HOCTY WIBMEPEHHI pacCMATPHMBATh KaK CIYYAlHYyI0 BeJudHHy X,
pacnpefeNeHHYIO N0 HOPMAJIbHOMY 3aKOHY; B TEOPHH HAJEXKHOCTH
CHCTEM PaJHOSACKTPOHHON Amnaparyphl CpPOK CIyXObl 3/MEeMEHTa
CHCTEMBI YACTO PACCMATPHBAIOT KaK Cay4Jalinyio BesmuuHy X, pac-
npeJescHHYI0 NOKA3aTeNbHO. B nepBoM cayuvae, NS HAXOXKIZEHNA
3aKOHa pacnpenesiesns X JOCTATOMHO ONMPEfeNTb (OLEHHTh) ABA
NapPaMeTPa G H ¢, BO BTOPOM — OAHH NaPaMeTp A.

fAcHo, uTO pasymnas NpoUesypa OUCHHBIHHA HE JODKHA Orpa-
HMYHBATLCH AUIUDb BHIGOPOM NPHOIMIKEHHOrO YMCEHHOIO 3HAYEHHUS
JJ1. HEH3BECTHOTO MAaPaMeTPa, HO JOKHA TAKXKE YTO-TO I'OBOPUTH
H O HAJEXKHOCTH ITOro NpUb/IoKeHHsi. XOTA 9TH ABA aCNEKTa eqUHOMN
npoGHEMBL TECHO CBA3aNLI, YA00HO 06cyKaaTe ux oraeapHo. Coor-
BETCTBEHHO MbI OyeM IOBOPUTH O TOUEYHOM oueHHBaHuH (1. 8.2.1)

" 1 06 unTEpBANLHOM OuenuBaHKK (1. 8.2.2).
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8.2.1. TouyeyHbie oLleHKHN

Mycrs X3, X3,...,X, — BbiOOpKa, OTBevaloWan ciay4aitHoH
Besmunne X ¢ dyukupeli pacnpepeneHus F (&), OTHOCUTENBHO KO-
TOPOH NMPEeANIOIAMAEeTCA, YTO OHA 3ABHCHT OT HEKOTOPOrO HEH3BECT-
Horo mapamerpa 8. TakuM mapamerpoM MoOXKeT ObITb 2enepaavHoe
cpedree, T. €. MaTeMaTH4YecKoe oxxkuaanue M (X)), nin zenepasvHas
ducnepcur, T. . aucnepcua D(X). Tpebyerca ouennts napamerp 8
o HAOMIONEHNAM BHIGOPKHU,

HazoreM onenxoi HenssecTHOrO napamerpa & Benuyuny 9, 3a-
BHCALLYIO OT HaG/o/eHNi BBIGOPKY U NpHOIIKeHHO paBHYIO §:

O, ~ 0 (8.4)

(TaKOro poaa OLEHKH NapaMeTpoB pacipeeneRuii Ha3bIBAIOT MoYen-
ML) 3aMETHM, 9TO OuenHKa 8, , KaK QyHKIHA BHIOOPKH, ABIACTCS
CIyJyaiiHON BeHYMHON U Oyaer MEHSATLCH OT BHOOPKHK K BHIGOPKE.

Jnst Toro 4Tobpl XOpOLIoO ANNMPOKCUMHPOBaTH @, onenka 8, B co-
OTBETCTBHM C TPEOOBAHHAMH MATEMATHYECKON CTATHCTHKH SOXKHS
YAOBNETBOPATH PAAY KPUTEPHEB, OCHOBHBIMH H3 KOTOPHIX SIBJISIIOTCS
TPeOOBAHHSA COCIMOAMEASHOCTIY H HECMEUEHHOCY.

Onpenenenne. Ouenka 0, HA3BIBAETCSA COCMOAMEALHOT oUueHKol

napamerpa &, eciiu npu n — 00
0, — 8 (8.5)

1O BEpOATHOCTH, T. &. P(|6),, — 8| > &) — 0 npu mobom & > 0.
JApyraMu CIOBaAMH, BEPOATHOCTb OTK/IOHEHHS OLEHKH OT MCTHH-
HOro 3HauYeHNs napaMeTrpa MO>KHO CIEJATb CKOWIL YIrOogHO MaJIOﬁ
YBEJIHYHBAA 00beM BHIOOPKH.
Onpeaencame. Ouenka 0, HasbiBaeTcA nec.uezqenm)ﬁ ouenxoti
napaMeTpa 8, eciu npy JoboM n

M(8,) = 6. (8.6)

Mocnesnee 03HAYAELT, YTO OTKJIOHEHHE 9,, orT 0 He COAEPXMT
CHCTEMATHYECKON OInOKH.

Ecau pasenctso (8.6) He BHINONHAETCA, OLEHKA Oy, HA3BIBAETCA
CMEWEHNROU,

TockonbKy HanGoIee BaXKHBIMH YHCAOBBIMU XaPaKTEPHCTHKAMH
GONBUIHHCTBA CIYYAHHDIX BEJIHYMH SABJISIOTCS MX MATEMATHYECKHE
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OXKMAAHHMS U JUCHEPCHUH, Aajiee MPHBEJEM TOYEYHbIE OLEHKH 3THX
NapaMeTpoB.

B kauyecrse ouenku MaTeMaTHueckoro oxuganus M (X) ncnons-
3yeTcqa OLEHKa

- 1
X== > Xk, (8.7)
1<k€n

Ha3bIBAEMAsT 6MG0PONHBIM CPEOHUM.
Quenxoft aucnepcun D(X) apisieTcss Tak Ha3bIBAEMAA UCTPAS-

AEHHAR BUOOPONHAR Jucnepcus
§2=—= 3 (X%-X* (8.8)

1<kLn

MO>KHO 1TOKA38Th, YTO BHIGOPOYHOE CpejiHee X ¥ MCTIPABJICHHAS
BEIGOpOUHas AucniepcHa S2 ABNAIOTCH HeCMEIEHHBIMU COCTOSTE) b
HbIMM OLEHKAMHM TeHepaibHOro cpegnero M (X) v renepasbHol auc-
nepcun D{X) cOOTBETCTBEHHO.

Hapsny ¢ ouenko#t aucnepcnu (8.8) B MaTeMaTi4eckoif craTh- .
CTHKe HCNOJB3YeTCsT TakXKe 8ubopounasn ducnepcusn

2_1 -T2
5=~ 3 (X=X (8.9)
1<ksn
Taxum o6paszom,
2__" g2
§%= oy pre I (8.10)

3ameruM, yTo oueHka (8.9), B oriuuue or oueHkH (8.8}, as-
JITETCs1 CMELLEeHHOH, XOTs M COCTOSITE/IbHOMN, OleHKo# reHepaibHON
AHCIEPCHH, NPHYEM 33aHHXKAET (M JOBOJIBHO CYLIECTBEHHO B CIy4ae
MQJIBIX 7) €& BE&IHYHHY (HAaNM4YNe B ONpEJEICHHH WMCTIPABJCHHON
BHIOOPOYHON AucnepcH MHOXKHTENA 1/(n — 1) BHI3BAHO MMEHHO
TPeGOBAHNEM HECMEILCHHOCTH ).

3amegamue 1. Eciu u3BeCTE€H CTATHCTUYECKHH 3aKOH pacnpe-
neneHus pbibopku (oM. Taba. 8.1, 8.2), To onenku X n 52 moxHo
BLIYMHCJIUTH 1O hOpMyam:

)_(=% z g = Z WrLk, (8.11)

1<k<m 1<k<m
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- 1 - -
§ = Y. mlze—X)P = D wi(e-X)?,  (812)
1<k€<m 1€k<m

rae (cM. m. 8.1.2) x; — Habop BCeX OTIMYAIOIMXCS APYT OT APYra
BAPUAHT M COOTBETCTBYIOIIMX MM YACTOT 7 HJIH OTHOCHTEAbHBLIX
9ACTOT W = Ny /1.

Paeencreo (8.12) Moxker GbITh 3amucaHo B cieAyoileM Gosee
YAOOHOM A/ pacyeToB Buje:

L, 1 o o
§2== ), mai-(X)?= ) wai-(X)? (8.13)
1<kEm 1<k<m

Cneayer TaK:ke OTMETHTH, YTO NPH <PYYHBLIX» BLIYHCICHUSX O
dopmynam (8.7) i (8.8) mone3no NpUMEHsITH TOXK/ECTBA

_ 1 '
X"—‘C-l-; Z (Xk-c)a

1<kgn

2_ " v a2

. (8.14)

n-1

=

BbIGMpas 4McI0 ¢ Haubonee NOAXOAALUM CAOCO00M. AHAJIOTHYHBIM
0bpazom MoXKHO npeobpazoBaTh ¢ropmystel (8.11) u (8.13):

X=c+ Y welzi—c),

1gksm

2= " wilzmp-c)? - (X -
1€k<m

[Ipumep 2.1. [To craTncTHYECKOMY PaCNpeesIeHnio BHIOOPDKH
U3 npuMepa 1.2 HalTH HeCMeLIEHHBbIE OLEHKH I'eHEPAJTBHOTO CPEAHero
H FeHePaNbHON ANUCTIEPCHH.

Pemenue. [na HaxookAeHMA OLEHKH IEHEpPaLHOMO. CpegHe-
ro Bocnobyemcs dhopmynoit {8.11) u gannsiMu TaBn. 8.3. MMeem
npu n = 10

X=01-(-1)+0,3-04+0,3-240,2-340,1-4=1,5.
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OueHKy reHepasibHON JHCOEPCHK BBIMMCIAeM MO opMynam
(8.10) u (8.13):

§? = %(0,1 (~1)240,3-0240,3-22+0,2-32 +0,1-42 ~ 1,5%) =

= 199 9,45 = 2,722.

8.2.2. UHTepBanbHble oLeHKU

[TycTs, KaK U B mpeapiAyIEeM uapa;‘pacbe, X1, Xzy.00y Xn —
BLIOOPKa, OTBEAIOIAs Cily4aliHo# BenmunHe X ¢ dynkuuelt pacnpe-
aenenns F(z), sapucameif oT HeKoTOpPOrO napamerpa 8, a 8, — He-
CMEIIEHHAS M COCTOATENLHAA OLEHKA YTOr0 napaMerpa. 110CKobLKy
0., aBAseTca ciy4aliHON BEIMYHHOIM, YKEIATENBHO YMETL OLICHHBATD
<KA4YECTBO» PaBencTsa (8.4) ¢ Tem, 4TOGbl WMETb NPEACTABICHHE
K KaKHM OMHOKaM MOXKET NPUBECTH 3aMeHa napamerpa § ero Touey-
HOH OLEHKONH ¥ ¢ KaKoil CTEeNeHblo YBEPEHHOCTH MOXKHO QXKUJAATH,
41O 9TH OmMOKM He BHIAYT 3a M3BecTHBIE npeaensl. s oTeera
Ha 3TH BONMPOCHI B MATEMATHYECKOH CTATHCTHKE BBOSHTCSI NIOHSITHE
06EPUMEABHOZ0 URMEPBAAG. i

[ycTs o — HexoTOpoe YHeo 3 unrepeana (0,1), a 8 u § — ase
dbynkuun, 3apucammue or BLIGOPKHK, Takue uro & < 6.

Onpeaenerne. inrepsan (8,0) nasbiBaeTcst JOBEpPHTENLHBIM HH-
TEPBANIOM /il OLGHKY napameTpa 8, oTseqaiommM dosepumenvrot
seposmuocmu o, ecmn P(@ < 8 < 8) = a.

UneiMu c1oBaMu, AOBEPHTENIBHBIN HHTEPBAI — 3TO UHTEPBAJ €O
CAy4aifHbIMM CpaHHLIAMH, KOTODHIH HAKPHIBAET OLEHHBAEMbIH na-
PAMETpP ¢ HATIEpEH 32JaHHON BEPOSTHOCTHIO. [Ipn 9TOM, rpanuubt
JOBEPHTE/ILHOTO MHTEPBaNa OyJyT 3aBHCETh OT BAPUAHT, obbema
BLIOOPKH H JOBEDUTEJILHON BEPOSITHOCTH (¢ (3AMETHM, YTO YHCHO
00bIYHO BHIGHPAETCA AOCTATOYHO BAU3KUM K ejuHKLe; B hapManmu,
KaK npaBuiao, nosaraioT a = 0,95 win 0,99).

C npaxTHYecKolt YOUKM 3PEHUA MOXKHO YTBEPKAATH, YTO €CHHM
MBI U3BJIEYEM W3 PEHEPAILHON COBOKYITHOCTH, CKAXKEM, CTO CIy-
YAWHBIX BHLIOOPOK OAMHAKOBOrO O0bEMA M NMOCTPOHM NO HMM CO-
OTBETCTBYIOLUHE HOBEPUTE/IBHBIE MHTEpBajnl (C oAHON M TOM Ke



284 <% Tnasa 8. 2NEMEHTHI MATEMATUMECKOW CTATUCTUKWY 4

JOBEPUTELHON BEPOATHOCTHIO (), TO CIEAYET O:KUAATh, YTO NpH-
6aumsnrensuo B 100 a cnysasx (ecam o = 0,95, To B 95), atu
HHTEpBabl SyayT copepkaTh napaMerp 4.

PacecMOTpuM METOABI MOCTPOEHHS JOBEPUTEILHOIO UHTEPBAJa
[N reHepaibHOro cpearero M (X ), npegnonaras, YyTo MHTepecyo-
1asi HaC XAPaKTePHCTHKA 00beKTOB X reHepabHOH COBOKYMHOCTH,
KaK 3T0 4acTo ObIBaeT Ha NpaKTHKe, UMEeT HOPMAJILHOE pacnpese-
senne, T.e. X ~ N{m, o) (Hanomunaem, yto ecin X ~ N(m, o), T0
MatemaTH4eckoe oxxnganue M(X) = m, a aucnepcus D(X ) =o?).

‘Cravaia paCcCMOTPHUM CTyyail M3BECTHOM AUCTepCHH a2 =D(X).

Teopema 2.1 [loBepHTENLHBIM HHTEPBAJOM C JOBEPUTEJbHOM
BEPOSTHOCTBIO ¢ /Ui HEM3BECTHOTO MATEeMATHYECKOrO OXKUJAHMUSI
m = M{X) npu ussecTsolt Aucnepcun o2 ABASETCH CayqalHbI
MHTEPBAJ

z,,,o > zaa
(x - %2 \/a) . (8.15)
3uech z, sBnAeTca peleHueM ypapHeHHs 28(z,) = o, (x) —
dynxuns Jannaca (cm. (7.34)), YucaeHHbie 3HAYeHMs KOTOPOH Npu-
BeZieHbl B mpuiaokenuu 1. B wacraocty,

Tabmena 8.7

a | 0,95 | 0,99
2a | 1,96 | 2,576

Hoxkasarenberso Teopemsl 2.1 onupaeTes Ha caeayloumii pakT n3

TeopHH BEPOATHOCTE!: Cily4aiiHan BeJIunHa —;1-'()_( —~m) ~ N(0,1).

Ipumep 2.2. OroSpannble CiydailHhIM 06pa30M H3 HEKOTOPOI
nomyaauyy (reHepaabHON COBOKYNHOCTH) 10 KpBIC 0TKAPMIIHBATHCE
1o cneunansHoMy pauuony. [punbGarseHne Beca persicTpMpOBaJIOChH
H, 110 NPOIIECTBAN ONPESE/ICHHOTO TIEPHOJA, OKA3AIOCh CISAYIOLIMM:
113,4, 112,0, 88,6, 49,1, 133,7, 57,8, 44,2, 124 3, 89,5, 93.4. I1pea-
nonarasi, 9To npubapjeHHe Beca UMEET HOPMAJILHOE paclpeaeneHne
€O CPeAHCKBaAPATHYHOIM omrnbOKo# 40, onpeJenuTs JOBEepUTEIbHbI
HHTEPBaJ C AOBEPUTENbHON BeposTHOCTHI0 0,95 Ana cpeanero npu-
GaB/ieHUA Beca B MONY/ALNH KPhIC IPH 3TOM PaljMOHe.

Pewmenne. [Ipumenum Teopemy 2.1npun =10, =0,95u0 =
= 40. Y4uTbiBasi, YTO B HACTOALLEM NPUMEpPE BHIGODOUYHOE CpeHee
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X = 90,6, a zo = 1,96, HalizeM rpaHMuBl HCKOMOTO CIYYaHHOrO
uuTepBana (cM. coorHouenve (8.15)) 90,6 +1,96-40/+/10 = 90,6 +
+ 24,48 u cam goBepuTeabHbI wHTepBan (66,12, 115,4). Taxum
obpa3oM, npH usy4deHu#  Honbmoro Yucaa BeIGOpok no 10 kpeic
B K&KIOH B NPEeANOIaragMblX YCAOBUSX BEIYHCIISHHEI B pe3yJILTaTe
HHTEPBAN A0KeH B 95% (Iyyasx BKJIIOYATH NCTHHHOE Cpe/HEe
npubaBrieHne BeCa, B MONY/ALUH KPhIC.

O6paTuMcs Tenepb K Goilee €CTECTBEHHON CUTYaLMH, Koraa oba
RNapaMeTpa HOPMAJLHOIO PACHpPENeeHHsT M H ¢ NPEAIIoNalaloTCs
HEH3BECTHBIMH.

Teopema 2.2 JloBepHTe/IbHbIM HHTEPBAJIOM C JOBEPHTENbLHON Be-
POATHOCTBLIO O AJIS1 HEM3BECTHOTO MATEMATHYECKOTO OXKUAAHUA M =
= M(X) npn HeM3BECTHON ANCHIEpCHU 02 SRAASYCA CAYISAHBIK
HHTEPBAJ

s za,n—-ls o zaz,n—ls
. (x— o, X T ) (8.16)

Bpece S = V5% (cM. (8.8)), 3 Zan—1 = bo(l — a,n — 1), rae
(1 — a, k) MOXXHO onpesenuTL O NPUBEAEHHON B NPHIIOKEHUH 2
TabJMLE NPaBBIX KPHTUYECKUX TOYEK pacnpedescrus Cmvtodenma
¢ k = n — 1 cTenensiMU cBOGOALI, OTBEYAIOUWX YPOBHIO 3HAYHMOCTH
1 — a (ABYCTOpPOHHAA KPHTHYECKas 0B1aCTD).

3amewamme 2. [locnenoBaTenbHOCTL 3HAYEHUH 2, ) YOBIBAET
€ POCTOM K, M Zoq k > Zg,c0 = Za» OTO NPHUBOAUT K TOMY, YTO B TH-
MNYHBIX CAYYaAX JAJIMHA JOBEPUTESLHOrO HHTEpBaa (8.16) Goaplue
AJIMHBI JOBEPUTENLHOTO MHTepBana (8.15).

Tpu gokazaTespcTBe TeOpeMbl 2.2 HCNONB3YETCA TO, YTO CJIy-
YaliHAS BEJIHYKHHA —V;E (X — m), rae $% — ucnpasnennas BHIGOPOY-
Has JWcHepcHs, onpejencHHas B (8.8), umeer pacnpegesnenue, He
3aBHCALUEE OT NNAPAMETPOB 171 K & HOPMAJILHOTO PachpeaeiiCHAs, U3
KOTOpPOTO H3BJeKaeTcA BoiGOpka. B Kypce maTreMaTH4ecKoh craTi-
CTUKM [JOKA3BIBAETCS, YTO YKA3AHHOE PAacnpefiesleHue, HA3bIBAEMOe
pacnipesienennemM CThIOAEHTA, HMEET CHMMETPUYHYIO OTHOCHTEILHO
HYJIA [IOTHOCTb, KOTOPAsi ¢ POCTOM 7 CXOZHTCST K TIOTHOCTH HOp-
_MaJbHOro pacnpeaenesus N(0,1).

Ilpumep 2.3. Haifru aoBepuTeNbHBIlN HHTEPBA C AOBEPHTE/Ib-
HOH BepoaTHOCTBIO 0,95 Ans cpeanero npubapenns Beca B MOy~
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IMH KPBIC N0 BbIOOpKe M3 npHMepa 2.2, CUNTadA, YTO reHepaJjbHas
AHCTIEPCHSA HEH3BECTHA.

Pemenne. Menpasiennas sniGopounas aucnepcus S2 no aan-
HBIM TpuMepa 2.2, paccynTannas no ¢opmyne (8.8), pasna 992,8.
[Ipumensia Teopemy 2.2 U yuHTBIBaS, YTO 29959 = 2,262, Haligem
rpaHMLLl Cy4aiinoro unrepsana (cm. (8.16)):

90,6 + 2 2621/993] =00,64+225,

Y caM [OBepUTeNIbHBIHN MHTepBan (68,06, 113,14).

3ameqanme 3. Ilpn nocTpoeHuN JNOBEPHTENBHBIX HHTEPBANOB
{8.15) u (8.16) npegnonaraercst, 9T0 BAPUAHTH X; UMEIOT HOp-
ManlbHOe pacmpefeienune N(m, o), uTO NMpeAoNpeneiseT OJHO U3
OCHOBHBIX JJOCTOHHCTB JOBEPHTE/IbHBIX HHTEPBAIOB — HX HEacHMIl-
ToTHYecKuH xapakTep (Teopema 2.1 uMeeT mecTo npH AOGOM n 2
> 1, a Teopema 2.1 — mpu mobom n = 2). [Ipu Gousiiom n, ox-
HaKO, MOXKHO CPPOHTDb MPHOMIDKEHHBIe ZOBEPHTENbHEIC HHTEPBAJIb]
ANA HEN3BECTHONO MATeMaTHYecKoro oxugawua m = M(X) 6es
IpEANOIIOKEHNA HOPMAJIbHOCTH. Tak, cyvaliHbl HHTepBaN

(X’ - za%,)_(+za%) | (8.17)

SBJISIETCS IOBEPHTEIILHBIM WHTEPBAJIOM AN MATEMAaTHYECKOrO 031~
NAHNS M C NOBEPHTENLHON BEPOATHOCTHIO, IPHOIMBHTENbHO paB-
Holt & 3eck zq — To e, uro B (8.15), a B KavecTe 52 MoxeT
BLICTYTIATh KAaKasi-THGO COCTOATE/IbHAS OLEHKA AUCTIepCHH o2, Ha-
npumep S2 uan S2.

8.2.3. CTaTCTHYECKNE OLEHKH CIyyaiiHbIX NOIPeLUHOCTeN
H3MEPEeHNH

Hamepenus HeW3BECTHBIX BENIUYHH MPUXOAUTCH OCYIUECTRIATH
B CAMbiX pasin4YHBIX ob/acTaXx yenosedeckoif gearenbHocTu. IIpH
TOM pe3ynbTaThl usMmepeHwii X1, Xa,..., X, oaHo#t u To#f xKe
BE/IMYUHBI, KAK MPABHIO, HECKOMIbKO OTIAYAIOTCA APYT OT APYTa,
TaK KAaK HEBO3MOXKHO IOJHOCTBIO BOCIPOM3BECTH YCJIOBHUSI MMPOBE-
AeHHA pasmmyHbIX nw3mepeHnht. OOumps omnbka waMepeHus $acTo
CKAAJBbIBACTCA M3 GOMBIIOrO YHUCIA HE3HAYHTEALHBIX oumubok. Ec-
JTH U3MepPHUTENIbHBbIN npHbop He JaeT cucTeMaTH4ecKol omubkn, To
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B TaKoifl cuTyaunu (C y4eTOoM LEHTPalbHOH NpelesbHOM TeopeMbl)
CTRHOBHUTCA NPABAONOA0OHBIM NPEATIONONKEHHE, YTO KAXKA0e OTHe b
HOE U3MepeHHe X; MOXKHO NpeACTaBHTL B BHAE CYMMBI X; = m +
+ €;, TAe M NpPeACTABIAET HEH3BECTHOE MCTHMHHOE 3HAaYEeHHEe U3Me-
pAeMOl BeuuYuHbl, a {€;} ABAAIOTCHA HE32BHCHMBIMH HOPMAJIBLHO
pacripeSeNCHHbIMH CYYaMHBIMH OINOKAMY € HYJIEBBIMH CPEIHMMH
{(cneacTBHE OTCYTCTBHS CUCTEMATHYECKON OWMGKH) U HEKOTOPbIMU
OfIMHAKOBbIMH, BOODLLE MOBOPS HEM3BECTHBIMH, AUCHepcusamu o2 (Ta-
KHM 00pa3oM, X; ~ N(m, 7)).

dpyramu caosamu, HabmogaeMbie BeanyHant Xy, Xa,..., X
MOXXHO CYUTATL cinyuaiiHoli Bpiopkolt 06beMa 72 M3 reHepafbHoll
COBOKYITHOCTH BCEBO3MOXKHLIX, NPOBEJEHHLIX B OJHMX H TeX Ke
YCNOBHAX U3MEPEHHH HHTEPECYIOUelt Hac CityvyaiiHol BesmyuHbl X ~
~ N(m, o), u npuMeHATs A/ ux 06PaBOTKY TAKHE CTATHCTHYECKHE
METOABI, KAK TOYEHHOEe ! HHTEPRAIbHOE OLEHHBAHHE, K, B YACTHOCTH,
HCNIOJL30BATh Teopembl 2.1 1 2.2. '

[IpusnuMas BO BHHMAHHE BhILLECKA3aHHOE, OyAeM CUHTATH, YTO
COpaBejJIMBLl CACAYIOLME YTBEPIKIACHHA: e B OJHHX M TEX JKe
YCOBUAX OCYIECTBACHO 7t HE3ABUCHMBIX H3MepPEHUN HeKOTOPOK HH-
TepecyIouel HAC BeTMYMHBI, TOYHOE 3HAYCHHE M KOTOPOH# HEH3BECT-
HO, ¥ DE3YMbTATHI ITUX u3MepeHut 0GO3HaueHH vepes Xy, £2,- ..

cee 3 Xy, TO
m= T, (8.18)
r/ie BeivHHa E onpeaenena dopmynol
’ . 1
== 3 =k (8.19)
1€k<n

KpOME TOIO, ¢ JOBEPHTEILHON BEPOSTHOCTBIO ¢ UCTHHHOE 3HAYCHHE
™M COBEPXXHTCA B UHTEepBANES

(Z — Az, Z + Ax), (8.20)
cae
1 -
Az = Zgn-1 m E (zx —T)2, (8.21)
1<k<n

& MHOXKHTENb Zg n—] TAKOM ke, KaK B (8.16).
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OrMmernM, YTO BeSIHYMHY AL HA3KLIBAIOT abcomomiotl noepewino-
cmwvi0 u3Mepennlt, a coorHomenue (8.20) ofbI4HO 3ANMMCHIBAIOT KaK
m=Z+Az.

Hapsay ¢ a6coOTHON MOrpelsocTbio Az UCHOAL3YIOT TaKXKe
OMHOCUMEADKYIO NOZPEUSHOCTID '

Az 1 00%. (8.22)

0% = —
|Z|

Mprmep 2.4. [Ipon3BeseHO NATH HE3ABUCUMBIX U3MepeHuit Be-
ca TaBAETKH JeKAPCTBEHHOTO BEIeCTra. JlomyyeHn clenyoiye 3Ha-
wenus (B Mr): 159,4, 159,7, 159,6, 159,3, 159,0.

TIpeanonarasn, 4To OWMOKN H3MEDPEHUS] PACTpPEe/IeHEl N0 HOP-
MaJbHOMY 3AaKOHY, OLCHHTh MCTHHHbIH BeC TabJeTKW ¥ HalTH To-
IPEIHOCTH €10 M3MEPEHNs MPH AOBepUTENbHO! BepostHocT 0,99.

Pemenne. [Ins peiieHns 3aJa4u BOCTIONb3YeMCs pOpMynaMu
(8.18)—(8.22). Umeem, 2 = 1594, zp s 4 = 4,6, Az ~ 4,6 x
x 0,1225 = 0,5634 =~ 0,56, 6z % ~ 0,35 %. Taxum obpasom, HCTHH-
HbIH Bec TabseTku m oueHuBaerces yucnom 159,4. Kpome Toro, m =
= 159,4+0,56, T. &. c foBepHTENBbHOI BepoaTHOCTHIO 0,99 MCTHHHLIIL
Bec TabneTKu MoxKer KonebaTbesa B npenenax or 158,84 no 159,96.

CamocTonTenbHas pabota

1. o gaunpiM npumepos 1.1 u 1.2 u3 ynpaxxhennit x n. 8.1 naditu
BLIGOPOYHBIE CpeAHKe U BHIOOPOYHbIE UCIEPCHH, 8 TAKKe NpHO/HKeHHbIe
JOBEPHTEJIbHBIE HHTEPBANB A1 MATEMATHYECKNX OXXUIAHHHA ¢ aoBepH-
TenbLHO#H BepoaTHocTbio 0,95,

2. Npw usmepennn coaepxanne xaapuns (Mr%) B CHIBOPOTKE KPOBH
DONONLITHLIX YKHBOTHLIX NONYYHAN Cleayiomue pesyasrarsr: 14,5, 14,7,
14,8, 14,9, 15,1, 15,3, 15,5, 15,8, 15,9. OnpeseauTh JOBEPUTENbHLIN HH-
TepBaN AN CPeJHErO 3HAYCHMSA COJEpKaHME KANbLuA ¢ JOBEPHTeNbHOH
sepoaTHocTbO 0,9 (NpeAnonaraeTca, YTo NOKASATENb pacnpeeien no Hop-
MAZTBHOMY 3aKOHY ).

8. pu noacyeTe KONUYECTBa JIMCTHEB Y ECTH JIEKAPCTBEHHBIX pacre-
HHit OZIHOTO BHAS ObLIH MONTyyeHH cneyiomue pesyabrarht: 5, 8, 10, 11, 12,
14. OnpegesnTs AOBEPHTENLHLIH HHTEPBA JUIA CPEJIHErO MUCIA JIUCTHED
¢ goBepuTenbHOA BepoaTHocTsio 0,95 {npegnonaraeres, YTO NOKA3aTeNDb
PACOPEAEeseH N0 HOPMAIBHOMY 3aKOHY ).
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4. Tlo paHHBEIM AEBATH PABHOTOYHBIX H3MepeHuit dusnyeckoit Bean-
yunn 34, 40, 45, 43, 39, 41, 37, 48, 36 HafiTu norpemwHoCTs U3MEPERMA
HCTHHHOPO 3HAYEHHA ITOH BEJIHYUHBI NIPR JOBEPUTEIBHOH BEPOATHOCTH
0,95 (npeznonaraerca, YTO MOTPEIIHOCTH W3MEPEHUS pachpefesieHkl no
HOPMAJILHOMY 3BKOHY).

§ 8.3. MeTop, HaMeHbIUUX KBagpaToB
1N CcrnaXxnBaHue 3KcnepuMeHTanbHbix
3aBMCUMOCTEN

[Ipeanonoxum, YTO pe3yJALTATH HEKOTOPOI'O IKCNEPAMEHTA CH-
CTEMATH3HPOBAHBI B BHAE TAOAHLIBL,

Tabmaua 8.8
x Z xXo e xn
y 1 Y2 ‘o Yn

B KoTOpo#t ¥ = y{z;) Apasierca dbynkuwelt, a £ — aprymMeHToMm,
n Tpefyercs CIMIaJUTh 3TY 3aJaHHYIO TAOAMYHO 3aBHCHMOCTb MHO-
TOYICHOM MM HEKOTOPOit Apyroit dyHKIMel, H3BeCTHO! HAM C TOY-
HOCTBIO A0 HECKOJIBKHMX MOZAJEKalHX ONnpeJesieHHIO IapaMeTpoB.
Sajaua CrYIRKMBAHMA SKCIEPHMEHTAJIBHEIX 3aBHCHMOCTed A0-
CTATOYHO THMHYHA AN npakTuku. Peiias sty 3anavy, o6bI4HO pac-
CYKTBIBAIOT OCBOGOANTD SKCIIEPHMEHTANbHbIE JBHHBIE OT C1y4alHBIX
OoLKHOOK, AOMYLIEHHBIX B KAKJAOM OTAE/ILHOM OINBITE, H CBECTH OOIb-
WOE KOAWYECTBO ITHX BAHHLIX K HECKOSIBKUM napameTpam (B uacT-
HOCTH, K KO3DHLHEHTaM MHOrowieHa), OSHOBPEMEHHO MOJYYHB
BO3MOXKHOCTb 00palbaThIBaTh MONYYEHHYIO QYHKIJHOHAILHYIO 3aBU-
CHMOCTb aHAJIUTHYecKH (Hanpumep, JuddepeHHUpPOBaTS).
OTMeTHM, YTO NPaKTHYecKH Jiobas TabNHYHAsI 3ABHCHMOCTD MO-
KeT ObiTh CP/I8OKCHa PASNMMYHBIMU (DYHKUMSMH ¢ NpUGIU3NTEIbHO
O/IMHAKOBOH TOYHOCTBIO. B 2T0l CBA3M CrIaXKHBAIOILY10 DYHKLKIO
CIeAyeT BLIOMPATh NCXOAA U3 (pHIHYECKHX COODpaykeHAH, 8 NpH OT-
CYTCTBHH TAKOBBIX HCIIONL3OBATL Hanbonee NpocThie BapHaHTh! Pop-
MYJ1, ¢ MEHMMAJIBHBIM YHCIOM TNOAJIEKALX Onpesenetio Koadxbuuu-
enToB. OnpeseesHyio NoMoIp B BHIGOpPE CrilaxKuBalolel GyHKUHH
MOXKET TakoKe OKa3aTb rpacpryecKoe npeacTasiaeHue Tabu. 8.8.

19 ITasaywxos U.B.
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0 z
Puc. 8.7. 'padpuueckoe nzobpaskenue Tabur. 8.8.

[Mycts, nns onpepeneHHocTH, PYHKUMSA, € NMOMOLIBIO KOTOPOit
6yleT OCYILECTBAATLCS CLADKUBARNE, ABIACTCS MHOMOY/ICHOM

Qr(z)=ap+ a1z +... +arz” (8.23)
M3BECTHOH crenedu r 2 1 (r < n) ¢ uMcNOBBIMU KO3(bHIHEHTAMA
g, Q1, - - - , Oy, TONIEIKALUME ONPEAEACHHIO.
CocTaBHM PasHOCTH
- Q"(xi): i=1,...,n, (824)

xapaKTepusylowue 6AM30CTs TAOAHYHBIX JaHHBIX H 3HAYEHHH, NO-
JIYYEHHBIX TpH NMOMOLM criaaxKupawowel ¢yuxuun. Ham cnegyer
nogo6paTh KOS PUUMEHTH Oy, A, . - . , Oy TAKHAM 00pa30M, YTOGLI
BeJIMYMHBI £; B COBOKYIIHOCTH OB/l MUHMMAJIbHBIMY.

D¢ dexrnrHoil NpoUeaYPOH A pelweHns MoaobHoro copra 3a-
JAaY ABJIACTCSA TAK HA3HBAEMEIH Memod HOUMERDWUT KEAoPaTios, KO-
TOPBIH [VIACHUT, YTO HAWIYYLIMMH BO MHOIHX OTHOIIEHNSIX OLEHKAMH

TSI O, O,y .- ., Oty ABJAIOTCH OLEHKH, MUHUMM3HPYIOIINE CYyMMY
KBaPaTOB Pa3HOCTEH E ef. MHbIMM clOBAMH, B KAYeCTBE OLIEHKH
1Li<n

AA HEUIBECTHDIX MAPAMETPOB (r; CIEAYeT B3ATH TAKHE IHAUEHNA 4,
TIPH KOTOPBIX PYHKIHA

S(ag, 01, 00) = Y (1 — Qe(=:))?
1<ign

Aocruraer munamyma. Tlockonbky S = S(ag, a1, . - - , ) NpeacTas-
nger anddepeHuupyeMyo QYHKUHMIO 7 TePEeMEHHbIX, HEOOXOAHMbBIM
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YCAORHEM €€ MUHUMMS3A1MN SIBAAETCSA PABEHCTBO HYJTIO YACTHBIX PO~

as .
H3BORHBIX = —, 0 < %<7, BHIMHCJICHHBIX NIPH g = G0, ..., 050 =
H
= a,. Pelenne cucremnt u3 r + 1 1opmaasH020 ypaBHeHUs
as .
p =0, 0<igr, (8.25)
Y

B THITNYHBIX CITYyYasaX AHHCTBEHHOE, A3eT HaM UCKOMbie Kosdduuy-
€HTBI GQ, G, ... Gp.

Paccmorpum Gosiee JeTatbHO TMHEHHYIO aNPOKCHMAILHIC IKCTIE-
PHMEHTAJIBHBIX 3aBUCHMOCTEH MEXXAY BEJIHYUHAMH, T. €. CTJI&KHBa~
Hue ¢ nomoupio byHkuun Q1(z) = ap + aix. B stom ciyyae

S= 3 (vi—ao—a1zi)?,

1$i<n

as
day = 22 (ys - &g~ alxs)("l):
301 22 (ys —op— alxc) (-31)

i=1

BC/IGACTBHE Yero CHCTEMa HODMAJIbHBIX yPABHEHHI IPHHUMAET B

”n
=1 . (8.26)
> (yi — a0 — arz:)zi = 0.

=1
Honoxnm

1 1w
V= _zyia 5’=_th
n n

. -33_=—Ex09n 332"_237 .

i=1 =1

Torna ypashenna (8.26) MOXKHO mepennCaTs B BHAE CHCTEMbI ABYX
JUHEeHHbIX YpaBHeHnii ¢ ABYMs HEU3BECTHBIMH:

19*
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ay+%Fa) =7, (8.28)
Tag + z2ay = k37
PeitnB aTy cucremy, Haiiem
g = _TY—-3y
6=F-u, a==—07 (8.29)

TaxuM 00pa3oM, HAWTYyYILasl B CMBIC/IE METOA3 HAUMEHBIIUX KBaJ-
PaTOB JHHEWHAA. CrIadKHBaIoman (bYHKUNA BbIPaXKaeTcsl YPaBHEHH-
eMy =ay+ a2

3ameuanne 1. Cymma, Z €¢ ONMTHMAJIbHBIX Pa3HOCTel paBHA-

1<ign '

ercd HYJIIO0, YTO MOYKET OBITh HCIINIb30BAHO Z/1s1 KOHTPOJIS NPaBHJIb-
HOCTH BbIMHC/ICHHIA.

MMpnmep 3.1. CraaauTs JHHEHHON IABHCHMOCTBHIO OT ¥ CJie-

AyolHe TabJuIHbIE JAHHEbIE:

Tabmama 8.9

z -6 -2 | -111 3 5
y | 0,2 1 1512 34| 3,9

BblMHCINTG Pa3SHOCTH M 0T00Pa3suTh HA Trpacbuke TabuM4HbIE
JAHHLIE ¥ CIIAKHUBAIOULYIO NPAMYIO.

Pewenwue. Ncnombsys dbopmyas: (8.27), Haitnem T = 0,7 = 2,
Ty = 4,5, 22 = 12,5 u, cneaoraTesHo, 6y = 2, a; = 0,36. Takum

[, P,

Puc. 8.8, 'paduk craaxkupaioumeii npamofi.
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o6pa3oM, ypaBHEeHHEe CIVIaKHBAIOWIeH npAMoi nMeer Bua § = 2 +
+ 0,36z (puc. 8.8). Teneps Aonomanum Taba. 8.9:

Tafmara 8.10
z -6 -2 -1 1 3 5
¥ 0,2 i 1,5 2 3.4 3,9

240,36z | -0,16 1,28 1,64 2,36 3,08 | 3,8
Pasxocru 0,36 -0,28 | —0,14 | —0,36 | 0,32 | 0,1

3aMeTHM, YTO CYMMa Pa3HOCTEH PaBHA HYJIIO.

3amevanne 2. MeTog HAHMEHBLIHX KBAJAPATOB MOYKHO ¢ HEKOTO-
pofi noTepell TOYHOCTH UCTIONIBIOBATH JJIA CIIIAYKMBAHUS (BYHKLMO-
HaJIbHBIX 38BHCHMOCTeH, npuBoAsIIMXCA K JUHeHON ¢ noMolubio
3aMeHbl NIEPEMEHHBIX. TaK, 38BHCHMOCTb ¥ = ape®'® Moxer ObiTh
nepenucana B Buge z = f+oq&,rae z = Inyu B = In ay. lpumensia
METOZ] HAHMEHBIUNX KBAJPATOB JJIN HAXOXKAECHUA KO3 PHUMEHTOB
JMHeHHOro ypasHeHus1 2 = S + Q)& H BO3BPalAsACh K NEpPBOHA-
YaJIbHOH 32BUCHMOCTH, NOJIYMHM B KaYeCTBe OLeHKH Koxpdbumuenra
ap semmunny e (ouenka Ans @ B JaHHOM ciiyuae ocTaeTes Ges
M3MeHEHHH).

[Ipumep 3.2. [Iyers ganHbIe HEKOTOPLIX H3MEPERHIt peAcTaB-
JIeHbI Tabanuei:

TaGmumna 8.11

z| -1 10 2 3 5
z |18 [ 224 ] 27| 33

Tpebyerca craaauTh MX IpU NOMOIGH GOpMYyIB z = age®'®
M BBIMHCIIHTDL PA3HOCTH MEXY TAOIHIHBIMH U CIVIAXKEHHBIMH 3HA-
YEHHSIMH C TOYHOCTBIO JO THICAYHDIX.

P emenue. Bocnonsayemca 3ameqannem 2.

1) 3amenum yncaa z u3 Taba. 8.11 unciramu y = in 2:

Tabmma 8.12

x -1 0 2 3 5
y | 0,5877 | 0,6931 | 0,8754 | 0,9932 | 1,193
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2) Mo dopmynam (8.27) u (8.29) Haitaem koadbuLuenTH ag =
= 0,6876 u a; = 0,1006 MnefHOrO ypaBHEHNs Go+ @)1 L, HAHITYYIIHM
06pa3oM NpHOMDKAIOLIETC Y.

3} YuuTbiBafA, 4T0 K03(hDHIMEHTDI (xg U (] CBA3AHEL € Gg U Q1
COOTHOLIEHHAMH (p = €%°, @1 = (] OKOHYATEJILHO MOJIYYHUM g = -
= 1,988, a; = 0,1006, u, cregosatensro, z = 1,988 011006z

Pa3HocTn MexxIy TAONHYHBIMH M CIVIAXKEHHBIMH 3HAYCHUAMH 2,
CBeJeHbl B TaOMALY:

Tabnuna 8.13

x | -1 0 2 3 5
e | 0,002 | 0,002 ] —0,031 | 0,012 [ 0,012

3ameTHM, 4TO CyMMa PasHOCTElN 3/eChb OTIMYHA OT HYJS.

CamocronTenbHasa pabora

Hcnonesys MeTOA HAMMEHBLLUIMX KBAAPATOB, CTABIWUTbL ¢ MOMOIILIO
dbynkuuit 3agaHH0TO BUAA ClieAyoniHe TAGIHYHbBIC 3ABHCHMOCTH!

1l.y=aqae"
x| -1|0[2]3]| 5 | 18]2]241{27]| 33
| 1 |2[5]9] 24 v 5 |41 7 8 10

2. y=az*
|12 4 7 8|10 z|0,5|112] 4 6
y|2|8|25]155|68 ]| 80 ] 1 319 22| 45

1
3.9y=
Y=z +b

x| <2 | -1 1 2 315 z | -2 0 1 1,2 11,5
4 1 08|104(01(0C[0 ¥ 1 031062102 0,2

Mpumevanue. llepes ucnonpaopakueM METOAS HAUMEHBIIHX KBAJ-
PATOB CPARKHBAIOLIHE 33BUCHMOCTH CJIEAYeT JIMHEAPH3OBATH (No napa-
MmeTpaMm @, b Wil @, &, ¥Mcnone3ysa B MEPBBIX ABYX CIIYYasIX ONEPAlMIO
JorapuMUPOBaKMS, 8 B TPeTbEM ciiydae B3aB 1/y Bmecro y).
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§ 8.4. dnemeHTbl
KoppenaumuoHHO-perpeccMOHHOro aHannsa

ObbexTsl pAfa reHepasibHLIX COBOKYTHOCTEH 06JIaJialoT He-
CKOIKUMH TIOAJISKAIIMMH H3yJeHHI0o npusHakamu X, Y,...,
KOTOpbIE MOXKHO HHTEpIPETUPOBATh KAK CHCTEMY B3aHMOCBA3AH-
HbIX BestnyuH. [IpuMepamu asnsaoTea:

- Macca >kuBOTHBIX (X)) u konuyecTso remornobuna (Y') B ux
KpOBH,

— poct (X') My»cunsbt u 06bem (Y') ero rpyaHolt kneTku

— Kosn4ecTBo (X') BBOAUMOTO 0GBLEKTY NPenapaTa M €ro KOHUEeH-
Tpauns B Kposu (Y).

OrmeruM, YTO B ABYX HepBbIX npHMepax Kak X, Tak u Y npea-
CTABJAIOT c0G0H CyyaliHblie BeIMYMHBL, 3 B TPETheM — napamerp X
He ABJSIeTCA CYYalHbIM, MTOCKOIBKY 3KCIIEPHMEHTATOP MOXKET €ro
KOHTPONpoBaTh. QYeBHAHO, YTO B NPUBEJCHHBIX NPUMEPAX BeJU-
yuHbl Y # X He CBA3aHbI (DYHKUHOHAILHO, IOCKOIbKY Ha 3HAUEHUS,
NPHUHUMAEMBIE CTy4aiiHON BeJIuuMHOM Y, BIUAIOT IOMUMO X MHOrHe
Apyrue hakTopsl, M B TO >Ke BpeMsi OHU He ABJIAIOTCA HeSaBUCHMEI-
M. B rakux ciiyvanx rosopsT, yro Y u X CBA3AHBI CMOTAcMU-
~ecxoti (1. €. cyyaitnoil) seeucumocmoto. [lousTTHE CTOXBCTHYECKON
3aBHCHMOCTH 00001 aeT NoHsTHE DYHKUHOHAMBHON (MM JETepMH-
HUPOB&HHOM) 33BHCHMOCTHU, MOAOGHO TOMY KaK HOHATHE Cy4alHol
BEJIHYMHB 0606IWaeT NMoHsITHE (EeTePMHHMPOBAHHON) BEJIMYMHBL.

B panbHeitlneM, B OCHOBHOM, 6yJeM MCCIEAOBATL 3aBUCHMOCTh
MexXay AByMs npuaHakamMu X u Y ofbeKToB reHepasibHON COBOKYN-
HOCTH, rie cnydYaitias BeawynHa Y urpaer ponb GyHkuuu, a X —
CJIYy4aifHOro WM AETEPMAHHPOBAHHOrO apryMeHTa. Kpome Toro, Mol
OrpaHUYMMCA YACTHBIM CIYYaeM CTOXACTHYECKOH 3aBHCHMOCTH Be-
anaad X 1 Y, a HMEHHO pezpeccuonoti 3a8ucCUMocmosio, IPH KOTO-
poit U3MEHEHHe BENUYUHBI X BJICYET H3MEHEHHE MATEMaTHYeCKOro
(n. 8.4.1) nnn yeaosrozo mamemamusecxozo (. 8.4.2 n 8.4.3) oxn-
ZaHus cayvaitHoll BesnynHbI Y.

8.4.1. JluHeHaA U NOAMHOMUANbLHAA PErpeccvun

- BO MHOrEX 3KCICPHMEHTAJILHLIX HCCAEJOBAHMAX BUZ 3ABUCH-
MOCTH MEXAY Pa3sNNYHBIMH BEJIMMHHAMH MOMCHO, B TOH WIH MHOMU
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CTeNeHH, BLIABUTD JIHIIL NOCPEACTBOM pAja Habmogennit. PaccMoT-
PHM JOCTATOMHO TUNMMYHLIN cnydali. [IpeanomoxuM, yTo M3yyaer-
- ¢ 3aBHCHMOCTb MEXJY BeJIMYHHAMH & U Y (CkakeM, 3aTpaTamu
Ha, PYHKUMOHHPOBAHUE H BEJIMYNHOM roJoBoil MpHOBLIH HEKOTOPO#H
aNTEKN), H U3 YCIOBHH SKCIEPUMEHTS, CJISAIYET, YTO MPH 3HAYCHUAX
¥, X£2,...,%n, UIBECTHBIX ¢ YCTPAUBAIOWIEH UCCIEIOBATENSl TOY-
HOCTBIO, COOTBETCTBYIOUINE 3HAYCHHA Y1, Y2,..., Yy OOPEOSNAIOT-
€Sl ¢ HEKOTOPBIMU HECHCTeMATHYeCKNMH (T. €. UMEIOWHMH HYJeBOe
CpeAHee) Ciry4altHbIMH oIHOKaMH (MBI CRELMAIBHO HCTIONL3YeM 060- -
3HaveHHe ', 8 He X, YTOOBI IOAYEPKHYTb TOT (DAKT, YTO BEJIHYHHA T
HE ABJIACTCA CAyJaliHol).
Byaem cunrars, 4T0o HaOMOHAEMBIE BETNYHHEI Y NIPSACTABHMbL
B BHJAE

Yi = Qr($i) +¢&, i=1,... ', (830)

rae Qy(x) — HekoTOpas (pyHKLMUR, ONPEAENEHHAS C TOYHOCTBIO JO
r 2 1 (r < n) HeMsBeCTHBIX HAM 4YHCJOBBIX TAPAMETPOB (o,
Qly...,0p, & OWMOKH £; — HE3ABHCHMBIE CIyYaiiHble BEJM4YMHbI
¢ HyneBbIMH cpeaunmu M(g;) = 0 M KOHEYHLIMH OAWHAKOBBIMH
mucnepcusmu D(g;) = o2

W3 yenosus (8.30) caeayer, uro Y, Ya, ..., Y, ABAsOTCH He3a-
BHCHMbIMH CITyYaltHLIMI BEJIHYHHAMM, AHCNIEPCHH KOTOPHIX OJUHA-
KOBH, a cpeanne 3nHavenns M (Y;) sapaiorca gynnyued pespeccun
M(Y:) = Qu(z:).

3ameTuM, 4TO BUZ DYHKIHN PErpeccuy JOJDKeH ObITh onpeaeieH
3apaHee, B3 (PUKYECKUX WK UHBbIX coobpaskennit. Onpeaenennol
MOACKASKON 31€Ch MOXKET CYKUTh XOPPeAsyuonoe noie Touex (M.
puc. 8.7 npu y = Y'), T e. rpachnyeckoe npeacTaBieHue HaGMOASHH
(z:, Y:), Aatoniee BO3BMOXXHOCTb BU3YaJIbHO OLEHHTD, € KAKIM THITOM
3aBHCUMOCTH (TMHENHON, IKCHOHCHUMANILHON M T.11.) MEXIY BEJW-
YHHAMK £ H Y MBI UMeEeM JENIO0.

B nansreitiieM 6yaeM CYATATH, YTO

Q(z)=ap+oiz+...+a,z” ' (8.31)

— MHoroujsen usBecTHolt crenenn r 2 1 (r < n) ¢ HeW3BeCTHBIMK
HaM YHCAOBBLIMH KOa(XpHUHEHTaMH (g, O, . . - , Xy, T. &, YPABHEHHE
perpeccun umeer Bua M(Y;) = ag+anz+. . .+a,z]. Takas mogenn
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HOCUT Ha3BaHME NoAunOMuasvroli pezpeccuonnoti. Eemn M(Y;) =
= g + 1%, TOBOPAT 0 Aunetinotl pezpeccun.

Ham TpeGyerca no nabmopeunsm (z;, Y;) onpegennts xosgpu-
YUCHMBE PEPECCUL g, O, - . -, O -

Iockonbky ownbkn £; B pasercTse (8.30) npeanonaraioTea cy-
YalfHLIMM, 3 YHMCNO YpaBHeHMH 7 Ooablue 4HCAa NapaMeTpoB T,
NOANEXALIMX OfPENENCHUIO, TOCTABIEHHAS 3aa4Ya He UMEeT efuH-
CTBEHHOTO peleHud. Mbl MOXKEM JHLIb OLEHHTh HEH3BECTHbIE Ma~
pameTphl &g, €1, . . . , Oy, HCTIONB3YS COAEPIKALLYIOCS B YPABHEHHSIX
(8.30) uucdopmanuio. C 31Ol UENBIO BOCTIONL3YEMCS NPUMEHEHHKIM
OJIA pesleHHA aHAJOrM4HOH 3aga4M B 1. 8.3 METOAOM HAMMEHBbHIMX
KBS/IPATOB, B COOTBETCTBUH C KOTODbIM OLEHKAMH A (g, Cif, . . -

. , 0y ABNAIOTCH OLEHKH, MHHHMMSHUDYIOIIME CYMMY KBAJDATOB
omubox Y &

1<ign
Takas oueHka napamMeTpoB NOJBHOMHANbLHON PErpecCMOHHON MO-

nemu (noppobuee cM. n. 8.3, dopmyast (8.25) u gasee) HaZBIBACT-
e oyenxotl no memody naumenvwur xeadpamoe (MHK-onenxoit).
BakHO OTMETHTB, YTO B CIyyae NOIHMHOMHAJIBHON perpecCMoOHHOH
mogesn (1 BooGine, npu JuHeitHoM onenunsanuu) MHK-ouenku ss-
RAIOTCA HeCMeleHHHIMH (cM. (8.6)) U, B HEKOTOPOM CMBICTIE, CAMBIMU
TOYHBIMH.

B cayuae nuHeliHON perpeccuy, T. €. MOZEIH, KOTOpas B HALIMX
06O3HAYEHHAX HMEeT BUJ

Y; = ag + a1z; + ¢,
M(e;) =0, D(g) =202, (8.32)
i=1,...,n,

paccy»<aeHud, nozpoasaioime ppraucnuts MHK-onenku ag u a1 pasa
napamMeTpoB &g H a1 u3 (8.32), AOCIOBHO COBNAAAIOT ¢ COOTBET-
CTBYIOIJHMH BHIKJAAJKAMH 13 1. 8.3. EquncTBeHHOE OTyINYHE 3aKMIO-
4aeTcsi B ToM, 410 B $popmynax (8.26)—(8.29) creayer nonoxxuts Y;
BMeCTO ¥;. TakumM oGpa3oM,

ap =?-—61'55, a] = M

! ]
72 -7

(8.33)
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rae

i=1 i= (8.34)

|
B | =
Ang
.E"
L‘
t-i
l
3=
M
i-]

‘ Npumep 4.1. Ipeanono>knm, 4To £ — 3aTPaThl Ha PYHKIMO-

HUPOBaHHe H Y — BeJIdMHA rofoBoit NpHOLUIM HeKOTOpOoH anTexu
B T€YEHHE 5 JieT NIPeACTABJEHEl B YCJIOBHHX €AHHUNAX CJeayoteit
Tabnuueii:

TaGmma 8.14

z | 6| 3| 7| 5|10
Y | 33 | 27| 32| 28 | 42

Cunrasd, 4TO MEXIY 3aTPATAMM M MPHObLILIO HMEET MECTO JIH-
HelfHad 38BHCHMOCTb BHAS Y = «p + 0T + £ ¢ NOCTOSHHLIMH
KO3(pHULMEHTAMH (xg, (x) H BEIMYNHOK HE33BUCHMOTO OT TOAA K rofy
CIyqaifHOrO BITHAHNUA € C HYJIEBbIM CPEJHUM H KOHeuHofl Jucnepcuei,
Haitru MHK-onenkn napameTpos ap ¥ ;.

PemeHue. 3aBUCHMOCTD Y OT &, NPEACTABIEHHAA IO I'0AAM,
UMeeT BUJ

Yi=aw+orz;+¢, t=1,...,5, (8.35)

T.€. ONMCLIBAETCA JHHeHHOH perpeccuonHoit mogensio (8.32). ITo
dbopmynam (8.33) u (8.34) Ans AaHHBIX U3 Taba. 8.14 HallgeM T =
=62 Y = 324, zY¥ = 212,6, z? = 43,8, orkyaa ap = 18,84,
o = 2,186.

8.4.2. _C_onﬁecmuﬁ 33KOH pacnpeneneHns U Yucnossle
XapaKkTepucTuKn ABYX cnyyanHbIX BEAUMUH

Jns Toro urobbi B ganbHeHlIeM yMeTh NMPABHILHO ONPEASATh
BHIOOPOYHBIE XAPAKTEPHCTHKY B3aMMOCBA3AHHBIX CTy4aHHbIX BeJIMYMH,
HOM TIOHAJ00ATCA HEeKOTOpble CBEJEHHs] W3 TEOPHH BEPOATHOCTEH.

PaccmoTpum cayyadinnie pestduEbl X B Y, noayyaioline CBOK
3HAMEHHA B PESYJILTATE OAHOIO K TOTO JKe CIIy Y3 HOr0 3KCIIePHMEHTA.,
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- Caauana GyaeMm npeanonaraTh, 4T0 X M Y ABAAIOTCA KUCKpeT-

HBIMH CTy4aifiHbIMH BeIMYMHAMH U IPRHUMAIOT 3HAYEHUA Z1, X2, . . .

. sTy H Y1, Y2, . + , Yn COOTBETCTBEHHO, Ifie M M 13 —~ HEKOTOpbIe

nensie noNoKuTenbHble yucia. aga 1 € t < mul £ 7 < n
onpepesmM BepoaTHOCTH Pij, nojioxus

Pyj = P(X ==,Y =y;), (8.36)

.. P;j paBHO BEPOSATHOCTH TOrO, yTo cobhrrus {X = ;} u {Y =
= y; } NpoH30AAYT OHOBPEMEHHO,

Onpenenenne. Cosmecmivim 3axoHOM pacnpedeserus Apk] CIIy-
valinnix Beanynn X H Y, WM 3aKOHOM PacCTpe/Ie/IeHHs JBYMEPHOrO
cimyuaiinoro Bektopa (X,Y), HasbiBaeTcsi COOTBETCTBME, KOTOpOE
KaX/JI0W mape 3HaveHn# (%, y;) ANCKPETHBIX CIy4aliHBIX BEJIHYHH
X uY craBuT B COOTBETCTBUE e BeposaTHOCTh Pjj.

Yxazaanbie COOTBETCTBHA MOXKHO 3aIIHCaTh B BUJE TAOMULbI

Tabmaua 8.15

v -
X . Y2 o Yj cen Yn P,
& Pu Pm ‘ea P]j . Pln P]_.
s P Poa ves Py .. Py, P,
T Pg] Pu e &j see Pm Pi.
Zm Pml .ng “ue ij R Pmn Pm.
P, | Pi | P P P 1
B KOTOpOit

n
P§.=2Pej, 1<ig<m,

il (8.37)
-P~j=2})ij> 1€5<n,

t=1

T.e. P;. paBHAeTCA CymMMe BepOSITHOCTeH, PACHOVIOXKEHHBIX B i-#
CTpoKe, a P.; paBHSeTC CyMMe BepOATHOCTel H3 j-ro cronbua.
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OueBHaHO, YTO

n

iipii=ipe.=z_l’.j=1;

i=1 j=1 =1 j=1
KpOMe Toro,

P =P(X =g;), P;=PY=y). (8.38)

Takum 06pa3oM, HEAUBHAYANBHBLIC 3AKONBI PacnpefieleHus co0-
CTBEHHO CITy4aiHbIX BennuuH X ¥ Y MOXKHO 3a0HCAT B CJleAyioieM
BUAE:

Tabuuma 8.16
X r T oo Ty “en Tm
Pl P.(P.(...\P.|...[ Pn
Tabmma 8.17
Yl by l---[ % 1| ¥n
P{Py1|Pa|...|P;[...] Pn

Onpegenesne. [inckperHsie cnyvaitneie Besmunnsl X u Y Ha-
3bIBAIOTCA HE3ABUCHMBIMM, €Cid npu Juobeix § (1 £ i < m) u §
(1 < j € n) PHNOAHSIOTCA COOTHOWIEHNS

P(X =2:,Y =y;) = P(X = z;) P(Y = y;), (8.39)

unu (cM. (8.38)), pashocuasko, P;; = P; P;.

TakuM 06pazoM, eciIH ciydaitHbie BeJInduHbl X H Y HE3aBUCH-
MBI, TO HX COBMECTHBIH 3aKOH PACTIPEAECHUS B3aHMHO-OHOBHAMHO
onpeaeNsaeTca N0 UHAMBUAYAIbHBIM 3aKOHAM pacripefeneHus (cM.
1aba. 8.15-8.17). Bonee uirrepecen cyuai, xoraa yenosue (8.39) ne
BLINOIHAETCA M CAIy4aiinbie BeTMyMEbl X H Y CBA3aHbI CTOXSCTHYC-
CKOH 3aBHCHMOCTBIO. ’

Hasee npuBeJieM HEKOTOPbIE YMCJIOBHE XADAKTEPHCTHKH pac-
CMaTPHBAEMBIX AUCKPETHHX Iydaiinbix Besuuud X B'Y (cm. (8.36)
u Tabur. 8.15). [peapapuTe bHO HAOMHKM, YTO st 060 QyHKuMH
ABYX mepemenHbix h(z, y) MaTeMaTHueckoe oxuganne M(h(X,Y))
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cayvafinof Bennuunsl h{X,Y) Boruucaserca no dpopmyne
m n
MR(X,Y)) =YY hizi,y;)Py. (8.40)
=1 j=1

Maremaruyeckue oxuganus M(X), M(Y) ciyqafiHbix BenuynH
X u Y, a makke ux gucnepcun D(X), D(Y) u cranpaprHbie o1-
KJIOHERHS Oy, Oy, C y4eToM ycnobus (8.38), paccuuThiBRiOTCH 110
craupapTHbiM (eM. (7.27), (7.30)) dbopmynam:

m n
me=M(X)=) &P, my=MY)=) y;P;, (841)
i=1 ; i=1

D(X})= i(xi _mz)zzim?'—mi: oz = v D(X),

i=] f=1
n n
D)= (ygj—-my)*=> 43 -md, o,=+D{),
i=1 j=1

' (8.42)
B KOTOPBIX UCNONBIYIOTCA JIHINbL ASHHBIE 13 Tabu. 8.16 u 8.17.

JBe cneAylomne XapaKTepHCTHKH CTyualiHbIX Bennyud X n Y,
B OTNIN4KE OT NPeAbIAYIIHX, B U3BECTHOH CTENEeHH YYHTHIBAIOT CBA3b
MEXAY STHMH BeJIHYHHAME, '

Ompepenenme. Kosapuayuet, WIN KOPPEARUUOHHUNM MOMEN-
mom, CiydaliHbIX BesiuduH X U Y HasbiBaerca YHCO

cov(X,Y) = M((X — M(X))Y — M(Y))).
Ormernm, uto cov(X,Y) = cov(Y, X) u
cov(X,Y) = M(XY) - M(X)M(Y). (8.43)

BaskHeIM CBOHCTBOM KOBADHAHMH ABIAETCA TO, YTO LA HE3a-
BHCHMBIX GVIyualHbix BesmydH X ¥ Y ux KoBapuanus obpamaer-
cs1 B Hyab. OTCI0Aa, B HACTHOCTH, CJIeRYET, YTO €CH KOBADHALHS
ABYX ClIy4alHBIX BEJMYMH He PABHA HYJIO, TO OHH CTOXBCTHYECKM
saBUCHMBL. B T0 2xe Bpems, ycnosue cov(X,Y) = 0O He osHavaer
HE38BHCHMOCTD Bestuynd X H Y.
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IpuunMasn Bo BruManue gopmyny (8.40), Buaum, uro

COV(X, Y) = ZZ (z,- - mz)(yj - my)ng =
i=l j=1

m n
= Eﬂ»‘_’g‘ Zyj P,rj — MyMy,. (8.44)
i=1 =1

[pumep 4.2. [lycrs X u € — He3aBUCUMBIE C1yHalHbBIE BEAH-
unnet, D(X) = 02, M{(g) =0, D(¢) = 0% n
' Y=a+bX +e. (8.45)

TpebyeTca naliThn KoBapuauuio chy4dafinbx sesuune X n Y.
Peumenne.

M(Y)=M(a+bX +¢€) = M(a)+ M(bX)+ M(e) = a+bM(X),
M{XY)= M(aX +bX? + X&) = aM(X) + bM(X?) + M(Xe).
Yuwrwisas, uro M(Xe) = M(X)M(e) = 0 (no HezaBuCHMOCTH
cmy4alinbix besnand X U €), u uenons3sys Gopmydy (8.43), nonyynm
cov(X,Y) = b(M(X?%) - M*(X)) = 6D(X) = bo?.

HTak, cov(X,Y) = bo2.
Onpenencame. KoafPuyuermonm xoppeasyuy CrydalteIxX BesiH-

yun X Y Ha3bIBACTCH YUCIAO
r=r(X,Y)= M

0,0y

(8.46)

Mpnmep 4.3. Ho nannbiv npumepa 4.2 naittt kospunpenT
KODPEJSIIHK r Ciiy4altHbIX Benuuud X u Y.

P e enne. Ucnonbays cBoficTBa AUCNIEPCHM H, B YACTHOCTH, TO,
YTO JHCNEPCHS CYyMMbl HE3ABHCHMBIX CJIYYalHbIX BeJIHNYHH DABHAET-
Cs1 CyMMe MX Jucniepeuii, nojyunM

D(Y) = D(a + bX) + D(e) = D(bX) + D(e) = b%s2 + o2.
Orcioga no popmyae (8.46) natinem
o= bo? - bog ‘
VoiBol+a?) Vol +a?

(8.47)
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KoadduuueHt koppensauun sisisercss Ge3pasMepHOl Xapakre-
PUCTHKONM, KOTOpPAS UCTIONIBE3YETCA B KAYECTBE MepbI Aunctinotl sasu-
cumocmy cirydahHbix BeanuuH. Yem ero moayne 6mnke K egusuie,
TeM, BoODIIE roOBOps, MecHee THHEHHAA 3aBHCUMOCTL MEXAY BeJH-
YMHAMH.

Bheliieckazannoe mogTBEpKABIOT pPE3YALTATHI NpUMepos 4.2
n 4.3. B camom gene, u3 dopmyist (8.47) BHITEKAET, YTO €CIIH MOAYJIb
K0 PUUHEHTA KOPPESALHI CTPEMATCA K ANHALE, TO T2 CTPEMHTCS
x Hymo. B ro ke Bpems us ypasaenus (8.45) creayer, 4To ciyuaitHas
BeHuMHA Y TeM «Gmmxe» K ¢ + bX, dem menbwe D(e) = o2.
Ppacuuecku 310 03HE4HAET, YTO CAy4alHbLIM 06pa3oM BbHIOpaHHbIE
touxn (X, Y) ¢ poctom Moay/s KoadyhuLueHTa Koppessiuun 6yayT
B CPE/HEM TeCHee FPYNNHPOBATBLCS OTHOCHTEIBHO npAMOl ¢ + 6X.

Koppenaumontoe none touek {X,Y), usobpakenHoe Ha
puc. 8.10, ykaspiBaeT Ha Gonee TeCHyIO JMHEHHYIO 3aBHCHMOCTb
mexxgy X u Y (u coorBercTByer GoubleMy 3HaYeHHI0 Kodddu-
LMEHTA KOPPEJIALMH), YEM AHAJIOIMMYHOe KOPPEJALMOHHOE NoJie Ha
puc. 8.9.

Pac. 8.9. O6bachenna PHec. 8.10. Ofpacuenus
B TEeKCTE. B TEeKCTe.

[TonaTro, 410 KO3(hDULKMEHT KOPpeNsLMK H KOBapHalus 00-
PalIalOTCs B HYJb OAHOBPEMEHHO; CENOBATENbHO, KoadduumeHnT
KOpPpensiljiy HEZABHCUMBIX CITyJaHHBIX BEJIMMHUH PABEH HYJIO.

Onpenenerne. Ecu koadxpuLneHT Koppesuuu cayyaitHbIX Be-
auyvH X ¥ Y paBeH HYJIO, TO TaKHe BEJIMYHHBI HAZBIBAIOTCH HEXOp-
PEAUDOCGHHOAL.

IepeuncauM OCHOBHBIE CBOHCTB2 KOIMPPHIUHMEHTR KOPPEIAUHH.

Dirl<1
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2) Ir| = 1 Toraa 1 Toabko TOrAA, Korza Y = a + bX ¢ BeposT-
HOCTBIO €/JHHUI3, T/ G H b -~ HEKOTOPbIE NOCTOSHHBIE.

3) Ecmm pemuuuust X ¥ Y He3aBHCHMBI, TO OHH HEKOppeJy-
POBAHBL.

Ha mnpaxTHke HEKOPPEIMPOBAHHOCTH YACTO OTOKIAECTRISAIOT
C HE3ABHCHMOCTBIO, YTO, KaK Ye OTMEYaoCh, HEMPaBoMepHO. Tem
HE€ MeHE€Ee B BAKHOM YaCTHOM CIIY4ae COBMECIIHO20 HOPMAABHOZ20
pacnpedescrus esnduH X M Y HEeKOPPeNUpOBAHHOCTH M HESABHCH-
MOCTDb ABNAIOTCA PABHOCHUIIBHBIMHY NIOHATHAMH.

Onpepenenme. [Ipamas, umenowas ypapHeHne

y = m,,+r (9: mg), (8.48)

HA3LIBAETCA Npamoti cpedned xeadpamuvecxoti peepeccuu Y Ha X.
DTa npsaMasn HanAy KM (B CMBIC/IE CPEJHENO KBAAPATHYECKOTO)
obpazom npubmpkaeT ciy4alinyio BennanHy Y auHeitHol pyHkumel
a+ bX (mpyrumu enosamu, gucnepeus D(Y — a — bX) cranosures
HaHMeHblueH, Korja ypaBueHre ¥ = a + bz umeer Bug (8.48)).
Menssa B coorHowenun (8.48) X u Y ponaMu, MH MOIy4aeM
_ mpAMYIo cpejHeit KBagpaTuuecko#i perpeccuu X Ha Y:

z=mz+ r?(y —my). - (8.49)
v

Jlerko nousTb, 4o JMRKE perpeccnys (8.48) u (8.49) GyayT cos-
MaJaTh TOrAS H TONLKO FOrAa, Korja v = 1.

3ameganne. COBMECTHBIM 3aKOH PACPEACHeHHA MOKeT ObITh
onpeaeier JA8 napsl clyyaiinpix senuunn X u Y obiero suga u,
B YaCTHOCTH, Il HENPEPBIBHLIX CIy4YaiHbIX Bemnyus. B nocieaneM
cydae paseHcTsO (8.36) 3amenaercs ero audrpeperumanbasM (ripu
0 < dx, dy — 0) aHanorom

Pz X <z+dz,y<Y <y+dy)~ f(x,y) dzdy  (8.50)

Oyukuus f(z, y) us coorsowenus (8.50) HasbiBaeTCA coemecm-
Hoti naomuocmvo pacnpefesieHua clydaliHpx BesuunH X u Y.
OHa Jo/DKHA YAOBASTBOPATL ONpPeAie/ICHHLIM YCIOBHAM, B YACTHOCTH
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6biTs HeoTpUUATeRbHON. M3 ee cBolicTB BbITeKaeT, 4T DYHKUMK

fe)= [ femdy w W= [ fend @)

ABJSIOTCA IIOTHOCTAMM pacnpegenieHuii ciy4afHerx BemnuuH X u Y
COOTBETCTBEHHO.

Mo anamoruu ¢ (8.39) HenpephiBHble Cnyvaitnpie BeMunHLL X
v Y Ha3bIBAIOTCA HE3aBHCUMBIMA, ectn f(z,y) = fz(z)fy(y) npu
MOoOHX & H Y.

Ecrecreenno, 4ro, Taxke kak panee B ciyqae (8.39), coBmecr-
Hbill 33KOH pacnpeceHus HE3aBUCUMBIX BesiMunH X u Y B3aMMHO-
OOHO3HAYHO ONPEAENIAETCA MO MX HHIHBHAYSJISHBIM MJIOTHOCTAM.
Hakonel, ormeTuM, 4YTO OnpeaencHUs Kopapualuy, Kosdxpuiuen-
Ta KOPPEJIALMH N NPAMBIX CpegHell KBaJpaTH4eckofi perpeccun He
MEHSIOTCA, & UX CBOHCTRA COXPaHAIOTCA.

BeeaeM ewue 0fiHO NOHSATHE, XAPAKTEPU3YIOLIee CTENeHb 3aBUCH-
MOCTH MEXAY CTy4aliHbIMH BeJIrdHHaMH X u Y.

Omnpenenerne. Pynxyuedi pezpeccurs (MM NMPOCTO pezpeccuet)
Y Ha X Ha3bIBaeTCA YCAOGHOE MAMEMATNUNECKOE OXCUSAHUE
M(Y|X = z) cnyyvaiinoit BeaAnuMHbI Y NpH yCI0BUH, 4TO Cliydaiitas
BeJIMYHHA, X NMPHHANS 3HAYCHUE &,

Fpadux M{Y|X = z), kak $yHKuMM 2, Ha3bIBAIOT Aunuetf

‘pezpeccuu.
" Perpeccna Y na X obnagaer onTuMasbHBIM cBoitcTBoM. OHa,
xak GyHkiuus X, BauAydlIuM 00pa3oM npHOAMKIET CitydaltHyo
BeaHyMHy Y B CMbICJIE CPeJHEr0 KBAJPATHYECKOTO, T. €. JUCIIEPCHS
D(Y — g(X)) npunumaer MUHMMANbHOE 3HaYeHHe, Korga g(x) =

= M(Y|X = z).

B auckpertHoM cnyyae (8.36) perpeccus Y ua X onpegenena
JHIIB B TOYKAX X4, 1 € 4 € ™, ¥ NDHHUMAET B HUX 3HAYCHUS

n P 1 n )
M(le = (c‘f) = Eyj P,’ = P Zyjl’,fj, I1€£igm, (8-52)
i=1 j=1

ABNAACh, TAKHM 00pa30M, CpeRHEB3BEIIEHHON 3aBHCHMOCTBIO Y OT
3HaveHull cayyalinoit Beanumnb X.

20 Masayweos U.B.
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B nenpepuisroM ciiyyae (8.50) npu HeKOTOPBIX AOTIOIHATENLHBIX
npennoioKeHuax pynkuusa perpeccun Y Ha X 3aaaercs dpopmynoit

@0

MYIX =)= 7 j v f(z,y) dy

-0

Perpeccna X ua Y onpegensiercs ananorwyHo. Tak, B AuCKpeT-
HOM CJlyyae

. 1 m .
M(X1Y=3lj)=}?jzxipij; I1€5<n.

=1

Ecan perpeccna Y na X spaserca smneitnoil mo z, To oHa
Ha3KIBaETCA aunetinoti peepeccuett Y Ha X. JIunua perpeccun B 3T0M
cy4ae sIBIAETCS NpSMOi | 3ajaeTc ypasHeHueM (8.48), T.e. coe-
najaeT ¢ NpsMoii cpeHeil kpaapaTHyeckoit perpeccuu Y na X.

Mo>xno nokazaTb, 4T0 Ana 3apucumocT Y = a + bX + ¢ u3
npuMepa 4.2 yenosHoe MaTeMaTieckoe oxkuanue M(Y | X = «) =
= g + bz, T. e. perpeccun sABaseTca auneitHoi. Jpyrum npumepom
naps! ciyvalinex Beawaud Y u X, perpeccun Y Ha X (u X na Y)
KOTOPBIX JIMHEHHB, SABJISIOTC HENpephBHble clyYaiiHbie BeAHYHHbI
Y, X ¢ coBMeCTHBIM HOPMAJBHBIM PacnpeesieHHEM.

[Ipumep 4.4. Tlo 3akony pacnpejefieHus: ABYMEPHOIO Cirydadi-
Horo Bextopa (X,Y)

Tabmema 8.18
Y

X 3 5 P,
2 03 | 01 | 04
3 04 | 02 [ 06"
P, | 07 | 03 1

HalTH:

1) MaTeMaTHYeCKHE OXKMAAHNA ¥ CTAHAAPTHLIE OTKAOHeHHS X
uY;

2) KOppensUMOHHBIH MOMEHT U ko3¢ duLHeHT Koppenaunn X
nyY; :
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3) ypaBhenue npaMolt cpegHell KBaJpaTHIeCKON perpeccHd Y
Ha X;

4) 3uadenus perpeccun Y Ha X; .

5) cpaBHUTB Mexk .y coGOIt IPH KaXKA0M 3HaYeHrn X npubnke-
HHUs CpeAHHUX 3HaYeHuH Y, nonyyenneie 1o PYHKIMA perpeccun nmo
YPaBHEHHIO IIpsIMOli cpeAHelt KBaapaTH1ecKol perpeccHy.

Pewenue.
1) ®opmyast (8.41) n (8.42):

M(X)=2-04+3-0,6=26, M(Y)=3.0,7+5-0,3 =35,
D(X)=22.04+3%-0,6-26%=024, o, =+/0,24 =0,4808,

D(Y)=3*.0,7+5%-0,3-3,6°= 0,84, o0, =+/0,84=0,9165.
2) ®opmyuet (8.44) u (8.46):
cov(X,Y) =2-(3-0,3+5-0,1)+3-(3-0,44+5-0,2)) —2,6-3,6 = 0,04,

0,04
0,4898 - 0,9165
3) ®opmysia (8.48) NPHBOAKMT K ypaBHEHHUIO NHHENHON perpeccun

Yo = 3,6 40,0891 222%%0 4808(z — 2.6) = 3,157 + 0,1667z;

= = (,0891.

ymmlz=2 = 3,5, ynuulz.__g = 3,667
4) ®opmyna (8.52) naer

M(YIX =2)= 5(3-03+5:0,1) =35,

M(Y|X=3)= 6%8(3 .0,4+5-0,2) = 3,667.

TakuMm o6pasom,
TaGomana 8.19
X Yaun M(Y|X)
2 3,5 3,5
3 | 3,667 3,667

20*
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3akawodeHnue. BeayunHbl, BHIYMCICHHBIE TyTeM NOACTAHOBKU
BOSMOXKHBIX 3Ha4eHMlt X B ypaBHeHHe NPAMOM cpeaHell KpagpaThe-
cKoll perpeccuy M B pyHKUHMIO PErpecCHy, NPaKTHYECKH COBMAJAIOT.

8.4.3. NocTpoeHne BLIGOPOYHOM IMHUU perpeccuu

B nacrosuem naparpade uccreayerca ciay4ait, koraa HHTepe-
CYIOLME HAC NPH3HAKH 0OBLEKTOB IeHEPANLHON COBOKYTTHOCTH MOXK-
HO PACcCMATPHBATDH KAK AByMepHbifl ciiydaliusilt BexTop (X, Y) ¢ ua-
CTHYHO HJH MOAHOCTBIO HEHU3BECTHBIM COBMECTHLIM 33KOHOM Pac-
NIpEACNICHHS. Hameﬁ 11e/1bI0 ABAAETCA BbIYHCICHUE CTATHCTHYECKNX
OLICHOK OCHOBHBIX XaPAKTEPHCTUK 3TOTO PACNpPeAe/ieHHs 10 Habmo-
JAEHHSIM BbLIOOPKK M3 reHepaiibHONH COBOKYIHOCTH, W, B YACTHOCTH,
8uO0POHO KOSAPUSUUL, BUOPONH020 KOFPPUUUEHMA KOPPEARUUL
U GHOOPOUHBT YCA0SHNT cpednus (CTATHCTHYECKUX aHAIOToB hyHK-
UMM PErpeccH), & TAKXKe BbiABIEHHE CTOXACTHYECKON 3aBUCMMOCTU
Mexay ciaydalinbiMu peiiunHaMu X n Y.

Onpenenenne. Cnyvaithoit BLIOOpKOH 00beMa 7, OTBeualoLieN
nape cay4aiinbix Beauuud (X, Y'), Ha30BeM HaGoOp N HE3ABUCHMBIX
nap cayyalineix peauunt (X1, Y1), - .., (Xg, Yy), Kaokaas us koro-
PBIX HMEeT TAKOH JKe 3aKOH pacripefesIeHHsi, KK U Napa BeJH4MH
(X,Y).

Jpyrumu cnosamu, cyyaiiHoii BHIGOPKOH 06beMa 71 MOXKHO CHB-
tath BemunHel (X;, Y;), 1 € ¢ € n, nonyyeHHbie B pe3yJbTaTe 7
HE3ABUCUMbBIX «OMHAKOBBIX»> CTY4aHHBIX SKCIIEPUMEHTOB.

Quenkamu ana matemaruueckux oxuganui M(Y) u M(X),
NoCTpoeHHbIMU 0 BhiBopke (X1, Y1), ..., (Xn, Yy), ABAsmoTCS
XOPOIIO 3HAKOMBIE BLIGOPOYHBIe CpeAiHre Y, X cayyaliHbiX BeNUYMH
Y u X COOTBETCTBEHHO:

?=YI+.;+Y,.’ 7=x1+...+x,., (8.53)

n

a ouenkamn gia aucnepenit D(Y), D{X) — nenpasnennbie BbiGo-
pounbie gucnepcun Y u X (cM. n. 8.2.1):

1 & 1 < _—
=32 (%-V? Sk=—= (X%:-X)% (854

i=1 =1
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Ouenxolt ana xopapuanuu cov(X,Y) cayyaltibix BesuunH X
H Y ABNAETCA UCNPAGACHHOR Bbl60p0‘l!-laﬂ KOBaPHALHA

lxy=—-——z(Xg X)Y: -Y). (8.55)

=1

OTMmeTHM, YTO CIIPABEJNBO PABEHCTEO

Ixy = ZXY— —XY.

=1

MoxxHo A0KazaTh, YTO Iy ABJAETCA HECMEIEHHON COCTOATe b
HO# onerKoit koBapHauum cov(X,Y). -

B xavyecrBe oueHku s kosdpduunenta xoppensiuuu r(X,Y)
HCTIONIb3YeTcn BbiOopouHbI kKoodbHIUEHT KOppeTALHH

P XY (8.56)
‘/S§(S§,
ABAAIOWMICA cocToATENLHON oleHKOl koadduuueHTs KOPPERsIgHy
rX,Y).

CylecTBeHHOCTb BBIGOPOYHOrO KO3(XpMIMEHTa KOpPpeJsUuH
NPUBOAUT K NPEANOIOKEHHIO O ONMH3KON K JHHEHHOH 3aBHCHMOCTH
mexpy senuuuHamMu X u Y. [locnegHee BOBMOXHO BH3YAJILHO
OLEHATH M0 BHAY KOPPeJIALMOHHOIO noas Todek. Hanpumep, kop-
PeJIAHOHHOE MOoJie TOoYeK, H300paXkeHHbIX Ha puc. 8.10, mospoviser
BbICKA3aTh THNOTE3Y O AMHelHOH perpeccun Y na X, T.e. aaer
OCHOBAHHE DPaCCYUTBIBATL HA TO, GTO TEOPETHYECKOE YPAGHEHUE
peepeccuu umeer sug M(Y | X = z) = ag + a1 2.

Crepywoweit 3a5a4eit ABACTCA HAXOXICHHE OLEHOX KO-
LMeHTOB perpeccHH «p, «). BHOBb, kax u B n. 8.4.1, obpaTumcs
K METO/ly HAHMEHbIUMX KBAZPATOB ¥ GyZeM HCKaTh TAKHE 3HAYCHUS]
@0, G1 BeJHYAH g, €1, KOTOPbie MUHHMHSHPYIOT CYyMMY

n

> (Y~ ap — ay X;)2. (8.57)

t=1

Himeem (cm. (8.53) u dopmyns (8.33), (8.34) ¢ 3ameHoi B uX
oGosHauenusix  na X)
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=Y -a; X, a1="—F—5, (8.58)

rae UCIIKNIB30BaHBl OD03HAYEHUS!

—_— 1 — 1w .
X2=22 XL YE=oR ¥E XV =23 XY (859)
t=1 =1 =1
[IpunumMan o BuuManwe HOPMYALE

sy _ -7

_ XY-XY
V@ - 3T -7

BU/JWM, YTO BbIOOpOUHOE ypaBHeHWe TpsiMofi cpefHelt KBajgpaTuye-
ckoit perpeccuu Y Ha X uMeeT BHA

; (8.60)

Sx xz2-X°

?

V47X (X
y—Y-i-er(a: X) (8.61)

¥ OTJIMYAETCA OT CBOSTO TEOPETUYECKOro aHanora {8.48) nuu 3a-
MEHOIt TapaMeTpoB My, Mz, T, Ty, Tz KX oueHkamu. To ke MOXKHO
CKA3ATb O BLIGOPOYHOM YPABHEHHH NPsAMOft CPeAHEKBAAPATHYECKOH
perpeccun X HaY

r=X+7F—@y-Y) - (8.62)

u ypaBHenun (8.49).

OTMmeTuM, YTO npsMble, uMelolue ypaeHenns (8.60) u-(8.61),
npoxoasaT yepes Touxy (X, Y ), a ux yr/iobbie KoddbnIHeHTE COB-
MAAAIOT MO 3KAKY € ¥ M YTO B PAKTUUYECKOM IJIaHe KO hHIHEHTDI
ITHX YPABHEHHA yAOOHO BHIYMCIATH Npu noMomu dopmys (8.60).

Tpumep 4.5. Usyyanach 3aBHCHMOCTL MEXKAY CUCTOMHYECKMM
JaBjieHneM Y MY>K4YMH B HaYAJIbHON CTAJMHM LIOKA M BO3pacToM X.
PeayasTaThl HabMIOAEHHI NPUBEAEHL! B TAGAULE B BHAE JBYMEPHOM
BHiOOpKK 0Obema, 11:

Talmana 8.20

X |68 137 {50]53)|75[66)52)65|74]|65)]| 54
Y [114]149 (146 ) 141 [ 114 [ 112 | 124 | 105 | 141 | 120 | 124
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Tpebyerca BLIMUCTHTD BHIOOPOYHDBIH KO3bDUIMEHT KOPPENALHK
H HaliTH BrIGOpOUHOE ypaBHeHUe JHHelHOW perpeccud Y Ha X.

Pewmenue. llpumennn dopmyas (8.59) u (8.34) ¢ X smecro x,
HaljeM, OKpyTasas A0 COThIX:

X2=23711,73, YZ=1681,33, XY =7471,2,
X =59,91, Y =126,36.
Orcropa, no (8.60) u (8.58)

7471,2 — 59,91 - 126,36

= =
+/(3711,73 - 59,912)(1681,33 — 126,362)
- 90 = 99,05 = —0,61,
V122,53-214,33 162,06
—99,05 _
=553 — 08L

ag = 126,36 — (—0,81) - 59,91 = 174,89.

Taxknm 06pazom, BHIGOPOUYHOE YPaBHEHHE NPAMON cpeaHeli KBaj-
paTHYecKo# perpeccu Y na X umeer Bujg y = 174,98 — 0,81z.

Ecnu oGbem 1 BHIGOPKH JOCTATOYHO BEJHK, TO NEpPes HAXOXK-
JEHHEM TeX WIH WHBIX CTATHCTHYECKMX OLIGHOK 110 HabmoAeHHAM
BBIOOPKH €€ GOBLIYHO CBOJAT B KOPPEARYUOHHY0 mabauyy:

Tabmma 8.21

Y
X
) o &; . Ten .,
i 11 ‘o ni e im1 na
Y3 14 . 1247 T Ry i n.;
¥r ik mw Nik von Nk .
iz n3. ‘e . ses A - n
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3aech

ng. = E nij, 1<4i<m, ~ cyMmaaneMenToB i-ro croabua,

n.j = En,fj, 1< 7 <k, — cyMMa 351eMEHTOB j-it CTpOKH,

t=1
k
2 m-= ns=m, (8.63)

=1 =1
2y, X2, . . . , Ty — CEPEANHDI MHTEPRAJIOB rPyNNHpoBKH (cM. 1. 8.1.4)
1o X; y1, ¥2, - - - s Y& — CEPEAHHbI HHTEPBAJIOB FPYNIIMPOBKU 10 Y,
njj — YHCIO TOYEK BHIGOPKH, MONABLIHX B NPAMOYTOILHUK C LIEH-
pom (24, 3)-
Kax npapuno, rpynnupoBKa OCYILECTBIAETCS ¢ PABHBIM 113TOM
hz Mo x 1 paBHBIM WAroM Ay no y, T. €.

Tipt—Ti=hg, 1KIi<M; yju1—y;j=hy, 1<k
(8.64)
Axanoru dopmyn (8.53) u (8.59), nonyvenssie o J3HHLIM KOp-
PeNAUMOHHON TAGAHILI, BMIIAAAT TAK:

lzxsns’ ?=%zy)n3’ XY-"Z“'Z%”‘-”

i=1 j=1 i=1 =1

Eyjnj, X2 = —Zz Ni..
=1

:3

:-3[)-'

i=1"
(8.65)
Ouenku gucnepcuit 1 KOBApHALMH PACCHATHIBAIOTCA N0 (opMy-

Jiam:
S2=XT_-X°, §2=YZI-Y?,
' (8.66)

BriGopounbiii Ko3dxbHIEHT KOoppeasaunu 7, BRIGOpPOYHLIE KO-
3bhHIMEHTH! perpeccuit Gg, a1 ¥ BeIGOPOUHbIE ypaBHesns NpaMoit
cpeHell KBAaAPATHYECKON perpeccun HaXoAATCS 110 TeM ke GhopMy-
Jam (8.56), (8.58), (8.61) u (8.62), uro u panee, ¢ yuerom 0bo3Ha-



<4 §8.4. SneMeHTH KOPPENALMOHHO-PENPECCUOHHOro aHannza < 313

yenufl (8.65) u (8.66). Hanomusaem, 4TO npH BuYMCICHUAX yROOHO
Nob30BaTECA paBeHcTBaMH (8.60).

Ipeacrapnenne Habnioaennit BHOOPKH B BUJE KOPPEAALMOHHOMN
TabJTHLLT T03BONIAET ONPEASINTE BBIOOPOUHBET aHANOr PYHKUKH pe-
rpeccau {cm. (8.52)):

k
MYIX =) =V(@:) = — Y ynij, 1<j<m. (867)
v =1

I'padpuyeckoe npeacTasienue Touek (z;, Y (x;)) B cyyae, ecu
CTOXACTHYECKAR 34BUCHMOCTb Y OT X sIBAsieTcss perpecCHOHHOM,
NO3BOISET NPOBEPHTD CNPABEATHBOCTb NPSANIONIONKEHHI O BHE TEO-
perndeckoi pynkuun perpeccuu Y Ha X

B camoMm pene, ecnu BeIGOpOYHAS NHHHA PErpeccHy UMeeT TeH-
ACHIMIO K PACTIONOMKEHHIO TOYEK BAMIL NPAMOl, TO BECbMa BEPOST-
HO, YTO TEOPETHYECKAA JIMHNA perpeccun Y Ha X Takoke ABJISACTCS
npamoii (cM. puc.8.11), a ecad 3TH TOYKH PAcTOIOXKEHBI BAMIb,
ckaxxeM, napabonst, Kak Ha puc. 8.12, To TeopeTHyeckas JIMHUA pe-
TPECCHH NPEATNONOXKUTE/IbHO SABAAETC Napabosion.

Pnrc. 8.11. O6bacHenus Prc. 8.12. O6bacHenns
B TEKCTe. B TEKCTe.

3amegamme 1. IlycTh IMEIOTCH OCHOBAHNA CUHTATD, YTO TEOPETHYE-
CKas perpeccusi 3agaercs gpynkupeit Q,(x) (cm. (8.30)), zaBucaueis
OT YHCJIOBRIX MAPAMETPOB g, &1, . - . , (y, TOAJICHKAIMX ONPEACTe-
Hu10. [Tockonbky cyual MHHEHHOMN perpeccuy yrke 6L pacCMOTPEH,
HAC B NIEPBYI0 OUYEPEAb HHTEPECYET HEAUHEUHAR PE2PeCcCUA.

MoXHO NMOKA3aTh, YTO HAWIYHMIIMMH B CMBICIC METOAS Ha-
MEHBIIMX KBANPATOB OLCHKAMM HEM3BECTHBLIX TIAPAMETPOB perpec-
CHH (i AABJIAIOTCA BEJIKYMHBI G4, IPH KOTOPHIX GyHkiua (cM. {8.63)
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u (8.67))

S(ao, @1y...,0r) = Z "’i'(?(xi) - Qr(a’i))z

1<i<m

jJocTuraeT MHHMMYMa. llpoueaypa, nosBosisiiouias HaHTH Takue
oueHkM, orncana B . §.1.3 u B ciryuae MOAMHOMEANBHON perpeccuu
(8.31) npuBosuT K JuHelHOH cHcTeMe U3 T + 1 HOPMAJbHOTO
YPaBHEeHH:, NOAPOGHO HCCIeZOBAHHOM NPH ¢ = 1.

Sameuanue 2. [1as ynpomeHus shivHcaeHn B Taba. 8.21 yaobuo
OT (3, y;) NepelTH K HOBbIM HEPEMEHHBIM {U;, V), MONOKHB

Ui = ﬁ%ﬂ, U= yj—f;ﬂ, (8.68)

u BbIOHpas uucna g, yo, hi, bz Takum obpazoM, urobel no ¢opmy-
aam (8.65), (8.66), B koTOpbIX 2; 3aMEHEHO HA u;, & Yj HA Vj, GblIO
rpoe cuuTarh (npu ycnosuu (8.64), Hanpumep, yao6HO NONOKUTD
h1 = hz, ha = hy). O6paTHelll mepecyeT OCYIIECTBAAETCA MO
dopmynam

X=mU+z, Y= th+yo, S},’; = h’i‘Sﬁ,
(8.69)
SZ=h3S2, lsy = h1haly,.

3amernm, 4TO Npu JUHEHHOM npeobpa3opannn (8.68) 3Hauenue
BbIGOPOYHOrO KOI(PDULIMEHTS, KOPPEAALMK T HE UBMEHSETCS.

Ananormyno, M(Y|{X = z;) (cm. (8.67)), nepeiiga K HOBbIM
KOOPAMHATAM, MOXKHO BbIMHCANTD 1O (pOpMyIe

k
MY X=2)=y+ hz-:—. E vjnij, 1<i<m. (8.70)
A j=1

MIpumep 4.6. Nayuanack 38BHCHMOCTb MEXAY KOIHYECTBOM
remoriobuna B kposu Y (%) u maccoi >xusorbix X (kr). Pesynn-
TaTHl Hab/OAeHUN NPUBEJEHBl B BMAE KOPDPENSLHOHHON TADJIMI{LI
(mpomycxu 03HAYAIOT HyaN):
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Tabmana 8.22

X
Y 18 | 22 | 26 | 30
KRR
9% | 7 | 46
80 29 | 72
85 29 | 8
3

Tpebyercs onpeaeNuTs BLIGOPOUHbIe aHAJOTH (BYHKIHH perpec-
CHH M YpaBHEHUs npsaMoli cpeaneli KBagpaTHyeckod perpeccuu Y
Ha X.

Pewenue. Jna ynpousenua sbrauciennit nepefizeM K HOBBIM
nepemerHbniM U n V, Bocions3oeaBiuce dopmynamu (8.68) npu
hi1 = 4, ha = 5, 2o =26, yo = 80. [aa yaobcrea nepenmitiem
TabJ1. 8.22 B HOBBIX 0003HA4YEHUAX, A00aBUB cnpaBa cTonfel ¢ CyM-
Mol YACTOT NO CTPOKAM, 8 CHM3Y CTPOKY C CYMMOIf YaCTOT 1o CTONG-
uaMm:

Tabsama 8.23
|4
N -2 | -1 0 1 Ty
-2 5 5
-1 7 46 1 54
29 72 101
1 29 8 37
3 3
Ty 12 75 | 102 | 11 | n =200

Hmeem (cm. (8.65), (8.66) mpu z; = u; n y; = v;)

-’._.2_;.6(_2.12+(—1)-75+0-102+1-11)=—0,44,
V= ﬁ(_2.5+(—l)-54+0-101+1-37+2°3) = -0,105,

TF = (=27 124 (<1)* - 754+ 02- 102+ 12 11) = 0,67,
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uv 200(( 20(=2) -5+ (-1) - )+ (-1)({-1) - 46+
+0-29)+0-((-1)-1+1-29)+1-(L-8+2-3)) =0,47,
SE = 0,67 — (—0,44)* = 04764, Sy =0,6902,
S = 0,615 ~ (—0,105)% = 0,604, Sy = 0,7772,
lyy = 0,47 — (~0,44)(—0,105) = 0,426,

- _04%
T(U, V) = G o02 0,777z — 07941

Taxum obpasom (cm. (8.69)),
X =4-(-0,44) + 26 = 24,24, Y =5-(=0,105) + 80 = 79,475,
Sx =4-0,6902, Sy =5-0,7772=3,886, 7=7(U,V)=0,7941

BHIGOPOYHO® YPaBHEHHE NMPAMON cpeAHeli KBaJApaTUYECKOR perpec-
cun Y Ha X Bipaxkaercs dopmynoit (8.61):

e = TO,AT5-+0,7941 500 (2~ 24,24) = 52,381+1,118z, (8.71)
OTKYAa
Tabmma 8.24

X 18 22 26 30
Your | 72,5 | 76,98 | 81,45 | 85,92

®opmyaa (8.70) gaer

M(Y|X =18) =80 +5- 5((~2) -5+ (~1)-7) = 12,92,
M(Y|X =22) =80+ 5 5((~1) - 46 + 0. 20) = 77,01,

M(Y|X =26) =80+5- —((~1)-1+0-72+1-29) = 81,37,

102

M (Y|X =30)=80+5-(1-8+2-3) = 86,36.
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ConocTaBiss NOSydYeHHblE Pe3yAbTATHI, MPHXOAHUM K BHIBOAY,
YTO 3HAYEHHS, BHIYHCAEHHbIE IO yPABHEHMIO BbiOOpOYHO{L perpeccun
M O JIMHEHHOM 32BCHMOCTH (8.71), XOPOILO COMIACYIOTCS.

B 3axmioueHHe KOCHEMCA C/ydas, Korja HaOmogaeMbIX npu-
3HAKOB ICHEPAJIbHON COBOKYIHOCTH Gonblue apyx. MoxHO, Hanpu-
Mep, PACCMATPUBATD TPH B33HMOCBA3aHHbIE CIydYaltubie nepeMeH-
note (X1, X2, X3) M uccaenoBaTh CTOXACTHYECKYIO 33BHCHMOCTH
X3 or nepemennsix X1 u Xz. Tak, munnmuzauusa no fg, S1 u S
aucnepcun D{ X3 — Bg— $1.X1 — f2X2), no3ponaer Haltn ypaBHEHHE
naockocmy cpedned xeadpamunecxoti peepeccut X Ha Xy n Xo:

r3 =m3+ bl(xl - ml) +~bz($2 - mz), (8.72)

HaunyumnM obpazom npubmpkaiomee chaydafiHyio BeanunHy X3
nuHelHoH koMOuHauyed crydaliupix Beruaun X1 u Xz (cM. (8.48)
u (8.49)). 3mece m; = M(X;), b; onpegenaiorcs dopmynamu

T13 — T12723 03 o83 — 12713 O3
b = =, b= ———, (8.73)
l-rp, o1 I-ryp 02

B KOTOPRIX 135 = 1 (X, X;), © # F, — xoadduupenTsr Koppensuum
Xin X; (cM. (8.46)), 0 = +/D(X;) — crangapTHhe OTKIOHCHHS
CityyaiHbIX BeJHYMH X;.

st OUeHKM TeCHOTH AHHEHHO! 3aBUCHMOCTH MEXAY ciyyaitnol
pesrauHOl X3 M napoil cnyvalineix BeanuuH X;, Xa BEOAUTCA KO-
hHIHEHT MHOXKECTBEHHO! KOPPESILNM, SBAAIOWANACA 0600IeHeM
NOHATHA Ko puLpenTa koppersuun (8.46).

Benuuuny H MOXXHO BHIYMCIMTD N0 (POpMYJIe

2 .2
R= \/ i3 + 733 = 2riaT13723

1 —rf2

Ormernm, uT0 Beerna R 2 |ris|, i = 1,2, ueum R = 1, 10
mexay Xz U X1, Xo nmeerca nuuelinas ¢yHKUNOHA/IBHAS CBSA3b,
a nMerHo (cM. (8.72))

Xz=mg+ b1(X1 — ml) + bz(Xz - mz)

C BEPOATHOCTBK) €ZHHNLA.
[ToaoGubim e obpasom 00oGuiaeTcss noHaTHe perpeccun. Pe-
rpeccna X3 Ha X1, X», HanpuMep, npeacTaBaseT coboit hyHKIHIO
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g(z1,x2) = M (X3} X1 =1, X2 = 3), T. €. ABAAETCA YCAOBHEIM
MaTeMaTHYeCKHM OXKHAaHHeM cayydaitHoit sesmaunbl X3 npu yciao-
BMH, YTO ChayyaliHble BeJIMUMHb X1, X9 MPHHAJIM 3HAYCHNA T1 U T2
COOTBETCTBEHHO. TAaK Ke KAK B CJTy4ae ABYX C/Iy YaHHbIX MEPEMEHHBIX,
dbynxnua g( Xy, Xa) Hanayummm o6pasom npubimkaer ciyqaiinyio
BEJMYHHY X3 B CMBICJIC CPEAHETO KBAAPDATHUECKOr0, M €CTH Dy HKIUA
perpeccuu g(z1, T2) ABAAETCS JHHEHHON N0 1 U T3, TO YPABHEHUA
x3 = g(x1, 22) u (8.72) copnaaaor.

BriGopousbie ananorn ypasiennsa (8.72) u koaddunuenta MHo-
>KECTBEHHON KOppeasaunH R BoMHCIAIOTCS MyTeM 3aMeHbl COOTBET-
CTBYIOLIMX XaPAKTEPUCTHK B (opmynax (8.73) u ana R ux oueHKaMHy,
nony4yenusiMu no BoiGopke {X1i, X2:, X3:), 1 € i € n, cocros-
et U3 1 HE3ABUCHMBIX HAGOPOB CITy4aiiHbLIX BeanyuH (X, Xa, X3).
Takum o6pa30u (cM. dopmyanr (8.43)-(8.46)), m;, 3ameHseTca Ha

X, X
X = kit ...t Rin , k = 1,2,3; BMeCTO 7j; NOACTABAsAETCA

Tik — Bbx6opoqubm Kosrbdmnuem' KOppeIAlHY MEXAY Iy4alfHbIMK
BeauuMHaMd X; u X, M T. 1.

CamocrontensHas pabota

1. B 100 yacTax BOAB! pACTBOPHETCH CNICAYIOLIEE YHUCTIO YCIIOBHBIX Yar-
cTeft asoTHoKuChOro HATpHA NaNO;s (npusnak Y') npu cooTBercTBytommx

TemnepaTypax (X):

X ¢ 4 10 15 21 29 36 51 68
Y | 66,7 [ 71,0 | 76,3 | 80,6 | 85,7 | 92,9 | 99,4 | 113,6 [ 125,1

Ha xomagecrso pacreopuBuerocss NaNQOj sausiior cayyvalinele dak-
Toprl. [Ipeanonaraerca HauYMe CTOXACTHYECKOMN JIMHEHRON 3aBHCAMOCTH
MeXJy TeMNepaTypod H KonuuyecTBoM pacTBopuburerocst NaNOjs supa
{8.32). Haitu MHK-ouenky xoad>duuneHTos aunelinoi Moaean.

2. B amkecneayomux 3ana4ax TpefyeTca BLIMHCAMTL BLIGOPOYHBIH
KO3 DULMEHT KOppeauHuy MKy nepeMeHHsMA Y u X H HaliTH BRiGo-
POYHOE ypaBHEHHE NPAMOH cpefHell KBaapaTH4ecKoit perpeccuu Y Ha X.

Nel, Hsyvanacs 3aBUCHMOCTbL MEXIY COAEP>KAHMEM XoareHa Y
" anacTHHa X B MArHCTPaJbHBIX apTepusax roiossl (r/100 r cyxoro se-
mecTea) (Bozpact 51-75 ner). PesynbraThl HabmogeHult NpuBeeHH B Ta-
6nune B BHAE AByMEpHOUN Bhibopku 0GbeMa 5:
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X 113501309 | 645 | 7,26 | 8,80
Y | 33,97 | 38,07 | 53,98 | 46,00 | 48,61

Ne2. Uzyyanace 3aBUCHMOCTE MEXAY MAaccolf HOBOPOXKIEHHBIX M4-
suanos-raMagpuios X (kr) u maccolt ux marepedt Y (kr). PesyspraTa
HabBaoaeHHl NPpUBeAEHE! B TAOIHUE B Bije JAByMepHOit BEIGOpKM obbema 9:

X 1079073 (07 [(07]065] 07 | 0,61 ] 0,70 | 0,63
Y |11 |18 (11,3 | 10 | 11,1 | 11,3 | 10,2 | 13,5 | 12

Nt 3. Haysanach 3aBUCHMOCTD MEXKAY OObEMOM IPyAHOM KAETKH My»K-
uuH Y {cM) u pocrom X (cMm). PesyasraTer Habmioserufi nNpuBeAeHb:
B Tafunle B BHJe AByMepHoll BhiGopku ofbeMa. T:

X | 162 | 164 | 179 | 172 | 182 | 188 | 168
Y | 88 | 94 [ 98 | 100 | 102 | 108 | 112

Ne 4. HUsyvanacs 3aBACHMOCTb MEXAY MMHYTHBIM 06nLeMOM cepaua Y
(n/mun) n cpesHAM JaBiienneM B JeBoM npeacepaun X (MM pr.cr.). Pe-
3YJLTATHI HAbMIOAeHUI NPUBEAEHH B TAOAHLIE B BUAE JBEYMEPHO BEIDOPKH
obbema 5:

X 48] 64 ] 93 [ 112|177
Y 104069 | 1,20 | 162 2.4

3. Ilo sakoHy pacnpeae/icHud ABYMEDHOTO CHY4YalHOTO BEKTOPa
(X,Y)

X
Y2134
001]02]02
2 [0,2]02]0,1

HallTH MaTeMaTH4eCKHe OKHAAHAA W CTaHJ2PTHbIE oTiuoHeHns X u Y,
KOPpesALMOHHEIE MoMeHT B Koo duuuenT Koppeasunn X u Y, ypabHe-
HHE npaMoll cpeaHell KBaApaTHyeckoli perpeccun Y Ha X M BHIMHCJIHMTS
3HaYeHHA perpeccud Y na X.

4. Tlo TabaruamM CrpynNAPOBAHHBIX JAHHBIX, NPEATIONAras, 9TO KOOp-
AvHaTH X Y MMEIOT COBMECTHOE HOPMANBHOE pacipeesieHHe:

1} peruncanTs eeibopounsiii koscbduuuenT koppesauan X u Y

2) HanucaTh ypasuenue JuneiHoi perpeccun Y ua X

3} BHIMUCIHTL 3HAYEHUSA B TOYKAX Z1, T2, . . . , Tm BbIGOPOUHON DyHK-
oun perpeccud Y Ha X
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4) cpaeuuTL MeXKAY ¢000H npubanxeHnd Y, nosyYeHnbe N0 pyHKIHHA
PerpecciH ¥ YPaBREHHIO JIHHEHHON perpecCHy.

M1 »2
v X v X
2[10]18]26]34] 4250 22[32[42|52]62]72] 82
451 1 15{1(1]2
50| (111|514 19 2 3
55 534 23| |4]2]10
60 NEHE 27| | 2 3|7 (2
65 2 1 1 31 5|4
7011] 1 1 35 1 1
N3
v X
4(8]12]16]20] 24 28
115 2 2
120 | 1 2 | 2 1
125 13 4
130 (2 2] 4] 21 1
135 21 5 | 4
140 1] 2
Ned
v X
2[5[(8]11 |14 17] 20
115 | 2 2
130 2 2 2
145 312 3 1
160 2 1|5
175 1|4 3
100 | 1 1

§ 8.5. Npoeepka CTaTUCTUHECKNX FUMoOTe3

8.5.1. Boi6op n3 aByx runortes. BeepeHne

B npukaagHbix 3a84aX 4acTo TpebyeTcs: o HabmoAcHUAM Bbl-
BOPKH BhICKa3aTh HEKOTOPOe CY>KAEHHE (2unomeay) OTHOCHTEALHO
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HHTEPECYIOLMX IKCIEPHMEHTATOPA XAPAKTEPHCTHK MeHEPaIbHOH CO-
BOKYNHOCTH, H3 KOTOPO# 3Ta BBIGOPKA H3BJIEYEHA.

B Takux cay4asx ropopar, yro pedb HAET O nposepfce cmam-
CIMUNECKUT 2UNOMES.

IlpaBuna, COrIacHO KOTOPBHIM BBLISACHAETCA, COOTBETCTBYET HJIHN
HET UHTEPeCyIollas Hac CUIIOTE33 ONBITHLIM JAHHBIM, HA3BIBAIOTCA
CIMAMUCTRUNECKUMY KPUMEPUAMY HITH TIPOCTO KPUTNEPURMIL

Caenyer cka3aTb, YTO CTATHCTHYECKHE KPHTEPHH — ITO, MIOXKA-
nyit, Hanbojee WHPOKO NMPHUMEHAEMbIe CTATHCTHYECKHE CPEACTBA.
OHH Ja10T BO3MOXKHOCTD SKCIEPUMEHTATOPY HANTH Pa3yMHbIt OTBET
Ha BOMpOC, NOAOOHBI cefyomeMy.

B aByx ogHOpOAHBIX rpynnax GoMbHbIX IPHINIOM, OOHON H3 KOTO-
PbIX MpoBeJeHs BAKLHHALMA CPpeacTBoM A, a Apyroit — cpescrsoM
B, cpestee BpeMsi BBI3A0POBICHAST HEOAHHAKOBO. YKA3bIBAET JIM 3TO
OOCTOATENLCTBO Ha TO, YTO OJHO NPOTHBOTPHONO3HOE CPEACTBO MO
-3¢ PEKTHBHOCTH MPEBOCXOAMT APY COE MIIH YK€ BLIABACHHOE PAa3jinyue
cay4aiuo?

Wrak, nycTb ciyvaiinaa Benuunna X ABIdeTCS MHTepecyioLlei
HAC XAPAKTEPUCTHKON reHepaJbHOM COBOKYTHOCTH M MBI XOTHM IO
HalMI0AeHNAM BbIGOPKHM NMOATBEPAKTL HJH ONPOBEPrHYTH HEKOTO-

PYIO FUMNOTE3Y, CKAXKEM O BH/E (hYHKUMN pacnpejelieHus 3Toi Ciry-
yaiiHo#t BenyuHbl. Takas rUnoTe3a HOCHT HA3BAHHE HYNEEOT 2UNO-
mean M obo3Havaerca Hy.

Hapaay ¢ runoresoit Hy HeoOX0AUMO TAKKE PaCCMOTPETL KON~
xypupyrouyo 2unomesy Hy, koropas siB/sieTcs aJIbTEPHATUBHOM 1O
oTHoitenmic Kk Hy, T.e. mpuHNMaeTca B TOM ciyvae, eciu Hg He

' BEpPHA.

Hanpumep, ecmu X ~ N{u, 1), rae napaMeTp g NpeanonaraeTes
HENU3BECTHLIM, TO B KAYECTBe HyJICBON THIIOTE3bI MOXKHO BHOpaTh Hy:
# = 0, a B KauecTBe KOHKYPHpPYIOLUell rHOOTE3bI paccMorpers Hi:
p>0um Hy: pw #0.

IMycTe HaM HeOOXOAMMO NMpPOBEPUTH CMPABEAJNBOCTb I'MIIOTESLI
Hy npu ansrepHaTuse H (npeanonarast ipu sToM, 90 TG0 Hy, an-
6o H, umeer mecto). [lockobky BEIGOpOUHEBIE HAGMIOAEHNST, HA OCHO-
B€ KOTOPBIX BOMPOC PEIHALTCS, ABIAITCA Cy4YallHhIMM BeJIHYHHAMH,
TO a0CONTIOTHO JJOCTOBEPHO ITOrO CAeNaTh Henb3sA. Beeraa ocraerca
PHUCK OTBEPrHYTb HCTHHHYIO rHnoTe3y Hp, TeM CaMbiM COBepUIHB
TAK HASLIBAEMYIO OWUbKY Nepsozo pode, UM Ke MPHUHATL JOKRYIO

21 INasxymkos U.B.
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runoresy Hy, caenas owubxy emopoezo poda. Taxnm obpasom, 06ok
KpuTepuit 6yeT B Tolt 1w HHON Mepe CyObeKTUBHBIM, H HaM C/lefy-
€T 1O BO3MOKHOCTH MHHUMH3HPOBATb MEPY 3TOM CyObeKTHBHOCTH
B NPMHATHY pelterns. [TocrynuM cregyioiymM obpasom.

3adukcupyeM HeKOTOpoe MaJioe MOJOXKUTENIbHOe YHero ¢ (Ha-
npuMep, a = 0,01}, HA3BLIBACMOEe YPOGHEM FHANUMOCTIY.

BribepeM HexkoTOpyo (DYHKLMIO A, 3aBHCAIIYIO OT BLIGOPKH,
KOTOPYIO Oy1eM Ha3LIBaTh CIMAMUCMUKOt KPUMEPUR.

Cpeay BceX BO3MOKHBIX 3HAYEHNI, IPUHUMAEMbIX A, onpeaenum
MHOXecTBo K, (3aBHCAINEe OT BUJA CTATMCTHKH KpuTepus A u or
YPOBHS 3HAYMMOCTH (¢), AN KOTOPOTrO BEPOATHOCTL coObiTHsA {A €
€ Kq}, eciu Bepua runoresa Hy, paBHa, @, uian

P(A € Ko|Ho) = o. (8.74)

Crarncrinyecknii KpHTEPHI COCTONT B CIEAYIOLIEM: €C/IH CTATH-
CTHKa KpUTepusi A, NOACYHTAHHAA NO BLIGOPKE, NONAAAET B MHOXKE-
creo Ko(A € K,), 10 runoresa Hy 0TBEpraeTcs ¢ BEPOATHOCTHIO
omuGKH nepsoro poaa, pasHoit a (rosopat, uro Hy oTKJIOHAETCA Ha
YPOBHe @), B DpoTHBHOM ciiy4dae (T.e. koraa A ¢ K, ), ona npu-
Humaetca. B cuny storo, K, HasbBaeTcst xpumunecxott obaacmovio
pa3Mepa . ‘

CKOHCTPYHPOBAHHBI TAKMM CIIOcOGOM KPUTEpPHIt OTBEpraeT Hc-
TuHHYI0 runoresy Hy avws B 100 o cayvasx us 100 (npu yposue
aHauuMocTH ¢ = 0,01, Hanpumep, MWL B OZHOM CIy4ae U3 CTa).
dpyruMu cnoBaMH, NONAJAHHE CTATHCTMKH KDUTEPUA B KPHTHYeE-
CKYI0 00/IaCTb JAeT HaM BECKHE OCHOBAHMA CUWTATDb, YTO HYJEBasA
runore3a Hy He ABAsIeTCA UCTMHHON W CpaBej/iNBa KOHKYPHPYHO-
was runoresa H;. A

Coorrowenne, (GOPMANHLHO ONPEAENAIONICE BEPOATHOCTL [3
ommbKH BTOPOrO poaa (T. €. BEPOSITHOCTL NPHHSTL Hp, ecan BepHa
runoresa Hi), MOXKHO NepernncaTs B BUAE YCIOBHA

P(A ¢ Kalf1) = 8. (8.75)
3ameTnM, 4To (8.75) PABHOCHILHO PABEHCTBY
PIA€ KolHy)=1-8=W. (8.76)

Benuuuna W HasbIBaeTCs MOWHOCMbIO XPUMEPUR.



4 §8.5. Mposepka cTamcTnyeckux rmnotes < 323

TaxuM 06pa3oM, Npu 3aJ3HHOH BEPOATHOCTH OLIHOKH NepBoro
poAa cpe HECKONBLKMX KDHTEPHEB JIyYIllAM SBJIAETCA TOT, Y KOTO-
pOro BEPOSITHOCTh OIUMOKH BTOPOro poAa MeHbiue (MJIH MOIHOCTH
Gosnbiue).

3ameqanme. CornacHo TpeboBaHuAM dapmMakonen B OGuosornye-
CKMX MCCNefoBaHHAX npuHumaerca o = 0,05, a npu paspaborke
OUONOrM4ecKHX cTanaapros — a = 0,01.

8.5.2. NpoBepka 3HaUNMOCTN Ko3hHUMeHTa KOppenaLun

[Tpernonoum, YTO HHTEPECYIOLME HAC XAPAKTEPUCTHKN X nY
0GbEeKTOB reHepaNbHON COBOKYITHOCTH MMEIOT BYMEPHOEe HOpMAaJlb-
HOE pacnpeeeHue ¢ HEM3BECTHHIM K0XPMHLHUEHTOM KOPPEIALHH p.
Tpebyercs: no HabmogeHHsAM BLIGOPKH 0fbeMa N, M3BJACHCHHOH H3
9T0# COBOKYMHOCTH, TIPOBEPHTHL HyJeBylo runoresy Hp: p = 0 npu
KOoHKypupyfowefi runorese Hi: p # 0, T.e. BbisiCHHTD SyAyT an
cayuaitnbie BesinyHHbl X M Y HEKOppenMpoBaHHBIMH (M, CCHOBA-
TeJbHO, HE3ABUCHMBIMH) WM HET.

O603Ha4ynB 4Yepe3 7 BHIGOPOUHHI KoabdHUNEHT KOppeaauun
(cm. 8.56), BO3SBMEM B KayecTBE CTATHCTUKM KpuTepuA (DyHKIMIO

A= r_____.ln—z n nookum Ko = {z:|z] > t (a,n —~2)}, rae
-7

typ(a, k) — KpuTHYeCKas TOuUKa pacnpeaenienusi CTHIOAEHTA, OTBE-
YalOIAs YPOBHIO 3HAYUMOCTH &, k crenensiM cBoBofs! H JBYCTOPOH-
' Helt KpHTHYECKOH 06acTy (CM. npunoKeHue 2).

W3pecTHO, ¥T0 npu HyJsIeBOM - rUnoTe3e CIydaiiHas BeauyuHa A
nmeer pacnpeaeienue CtblogenTa ¢ 1 — 2 CTenceHAMH CBOGOABI,
u yerosue (8.74) Bbimonusiercd. MoxHO Taioxe MOKA3ATb, YTO Be-
posTHOCTD oubku Broporo poaa 3 = P((A| < typ(a, n —2)|p #0)
CTPEMHUTCA K HYJIO IPH 1t — OO,

Crarncryeckuii KpuTepnit popMyaMpyeTes cieayioum oopasom.

Tlo M3B/ICuERNBIM U3 FreHEPabHON COBOKYNHOCTH HaGmoAeHHAM
BLIGOpKH 06beMa 1 CIeYeT BBIMHCIAUTS BRIGOPOYHBIN KOXDhHIMEHT
KOPPEJIALUHH Tya6, U COOTBETCTBYIOLIEE €My Hab/IOjaeMoe 3HaueHHe

aaba VI — 2
CTATHCTHKH KPHTEPHS Apagy = Tue6aVB = 2 Fenu |As| > tipla,n—

2
1- T haban
— 2), To Hy/neBas THNIOTE33 OTKJIOHSETCA HA YPOBHE (!, B NPOTHBHOM

cayuae, ipu |Ay| € tep(@, n — 2), oHa NpHHNMaeTCA.

21*
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[pumep 5.1. [lo mauupiM mpumepa 4.5, npegnosaras, 4TO
napa cay4a#iHbix BeMYMH X M Y uMeeT AByMepHOe HOpMaJjbHOe
pacnpegeneHue, Npu yposHe sHaynMocty 0,01, nporepHTh HYAEBY10
PUMOTE3Y O PaBEHCTBE RYJIO K03(D(DHLHEHTa KOPPeRaMH 0 MEXAY
X u'Y npn xouxypupyiowei runorese Hy: p # 0.

Pemenue. Haitjem nabmonaeMoe 3HaYeHHE CTATHCTUKH KPH-

Tepnst Aungn = —0,61

PYUA Apaba 3 T 0,612
CKMX TovyeK pacnpefeierus CrbiozeHTa (npuaoxenue 2} no ypos-
H10 3HayumocTi 0,01 n uucay creneneit ceoboanl 11 — 2 = 9 Ha-
XOAUM KPHTHYECKYIO TOYKY ABYCTOPOHHEN KpHTHYecKo# objacTh
txp(0,01, 9) = 3,25. [TockonbKy |Anasa| = 2,31 < 3,25, ocHoBaHMI
OTBEpPraTh HyJeBYlo runoresy HeT. Takum obpa3om, BbibopouyHbie
JaHHbIe He TPOTHBOPEYAT NPeANOJIOXKEHHIO O HEKOPPeJHPOBaHHOCTH
caydaiiHpix BeanunH X u Y.

= —2,31. B rabnuue Kpurnye-

8.5.3. CpaBHeHve cpefiHUX ABYX HOPManNLHO pacnpeAeneHHbIX
reHepanbHbIX COBOKYNHOCTEN ¢ HEU3IBECTHbIMM OAUHAKOBLIMU
AucnepcaMu

IIyers X4, X2,...,X;m n Yy, Ya,...,Y, — He3aBuCHUMbIe BbI-
Gopku ofbeMa M U 7, U3BJICYEHHbIE U3 PEHEPAJIbHBIX COBOKYILHO-
CTelt, HOPMAJILHO PACcpeZIeICHHLIX ¢ HEM3BECTHEIME NapaMeTpaMu
(2, 0) u (pty, o) cooTBercTBeHHO. OBpalnaeM BHHMaHHE Ha TO, YTO
HEU3BECTHBIC MeHEPANbHBIE JUCMIEPCHH MO MPE/NOA0KEHHIO PaBHBI.
[poBepsercs HysieBas PUNOTE3a O PABEHCTBE NEHEPATBLHLIX CPEAHEX
Ba M fiy, T.0. Ho: pg = 1y, L

Cpaenaem cnepyiomwee. BoruncanM cpeguue. Boibopok X u Y,
a TAK)Ke HX MCIPABJICHHbIC BLIGOPOUHBIE JHCTEPCHH S H .S'2 (em.
¢opmyast (8.7), (8.8)). 3aTem o6pasyem pe3yabTHPYIOLLYIO oueHKy
obuelt qucnepcun

(m - l)Sg +(n— l)S;‘:
m+n—2

§%=

M CTATHCTHKY KPUTEpPHS

(8.77)

A=Y (8.78)

Sy =+ 1
n
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[Ipu sysneBol runorTese CTATHCTHKA A MMeer pacnpefesieHHe
CreioacHTa ¢ M + N — 2 CTENEHAMH CBOOOZBI, YTO NpeAonpeienser
JanbHedii BLBGOD KpHTHYeckHX obaacTeit K, mMpu pasinyHbIX
KOHKYpHpYIOWMX runoreaax Hy.

CHavasla NpUBEJEM CTATUCTHYECKUH KPHTepHit NPOBepKM HyJie-
Bolt runoresel Hy: py = iy MPH KOHKypupyome# rumorese H:
Bz # Iy

o dopmynam (8.77), (8.78) cneayer BuivHCANTE HAGmIORaeMOE
3HAYEHMEe CTATHCTHKA KPUTEPHS Ayagq.

Ecnut |Aussa| > txp(a, m + n — 2), T0 Hy/eBas PHNOTE3a OTKJIO-
HSICTCA Ha YPOBHE &5 ecil 2Ke |Ayagn| < txp(a, m+n—2) — Hynepas
TUNOTE3a IIPHHUMASTCA. ‘

3necy Besmunna typ(a, k) Tak e, kak B n. 8.4.2, onpezens-
ercs no Tabnuile KPUTHYECKUX TO4YeK pacnpepesnenusi CTbliofeHTa
(ypOBEHBb 3HAYHMOCTH (¢, YHCIIO CTeneHel cBoGoAb! k, ABYCTOPOHHAS
006AacThb) U3 IPUAOKEHHs 2.

fipumep 5.2. [lge rpynnel gereif, OAMHAKOBLIX MO OLEHKE YM-
CTBEHHBIX CHOCODHOCTEH, HE3ABUCHMO 00YYa/MCh MO JBYM Pa3iiH4-
HBIM METOAHKAM NPENoJaBaHusl. 3aTeM HX NOABEPI/H BHIGOPOYHOMY
TECTUPOBAHHIO, AABLIEMY CIEAYIOUIME PE3YNLTATHI:

1) o6beM BLIGOpKH M3 Tiepsoft rpymmbl pasen 20, X = 29,233,

S% =15,62; _
2) obbem BBIGOpKH M3 BTOpol rpynnbi paeed 10, Y = 27,562,
S%=-2,19.

B npeanonoKeHNH, YTO W3y4aeMble oKa3aTe/M B KaXKJo# rpymn-
ne HMEIOT HOPMAJIbHOE PAaCcHpPelCJIEHNE C HEM3BECTHBIMMA CPeJHHMMU
H HEM3BCCTHBIMH, HO OJHHAKOBbLIMY ZHUCMEPCHUAMH, IIPOBEPUTD NMDH
ypoBHe 3HadnmOocTH 0,05, CylleCTBEHHO JM OTIHYAIOTCA CPEAHHE
NOKA3aHUA TPynMN?

Pewenue. [lpoepsem Hy: piy = piy NPH ABYCTOPOHHEH aJib-
repHaTHee Hy: pr # py. Habmogaemble 3HayeHHsi CTATHCTHKH
KpUTepus

29,233 — 27,562

Auaﬁ.n =
(19.5,62+9-2,19) ) i+l
28 20 10

= 2,03,
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a KpUTHYeCKas TOYKA t,p(0,05, 28) pacnpenenenus CroioferTa, co-
OTBETCTBYIOLIAA JBYCTOPOHHeH obnacTu (CM. mpuaoykeHue 3, Bepx-
HAfA CTPOKa) paBHa 2,05.

Mockonexy |AH,,5,.| = 2,03 < (0,05, 28) = 2,05 y Hac
HeT OCHOBAHHK OTBEPraTb HYJEBYK I'MIOTEY O PABEHCTBE CPERHUX
B Ipynnax.

Hanee chopmysnnpyeM KpuTepuit NpoBepKH HYJ/EBOll HNOTE3b
Hy: pz = py npu anvrepHaTuBax Hi: gz > py nom Hy: pg < pyy.

B ciyyae nposepku HyneBoli runoresst Ho: pz = py _

1) npu koukypupyoweit runorese Hy: gz > py, HyseBas rumno-
TE€3a HA YPOBHE ( OTBEPraetCs, eci

Auaén > toguxpl(a,m + n — 2); (8.79)

2) npu KoHKypupyome#i runorese Hy: pt, < g, HyJeBas runo-
Te33 OTREPraeTcs Ha ypoBHe &, eCJii

Auaﬁa < "'tom‘.xp(a, m + - 2)0

3aech topy.wp(, k) — KpUTHYECKAd TOUKA pacnpeAencHus Croio-
JEHTA, ¢ YPOBHEM 3HAYMMOCTH ¢, YMCIOM creneHei ceoboamt k,
OTBevalIlasi NPABOCTOPOHREN KpHTHYecKoN obnacTu (cM. mpwio-
JKEHHE 2, HIXKHAS CTPOKA). 3aMETHM, 4TO KPHTH'ECKIS TOUKH
tomuxp(@; k) 1 tip(a, k) cBA3AHBI COOTHOLIEHHEM

tm,xp(a, k) = th(za, k), <« < 1/2.

Hanpumep, £ona.up(0,05, 28) = 1,7 = #,,(0,1, 28).

Mpumep 5.3. [To gaunbiM npHMepa 5.2 NpoBEpUTHL NPU yPOBHE
3HauHMOCTH 0,05 HyJIeBYIO FHIIOTE3Y O paBeHCTBe cpegHux Hy: jt, =
= by MPH KOHKypUpYIoWeli rumnoTese Hy: pa > pty.

Pewenune. Tak kak HaOm0A8eMOe 3HAYEHHE CTATHCTUKU
Asasn = 2,03, & COOTBETCTBYIOLIEE 3HAYCHHE <OAHOCTOPOHHEH» KpU-
THYECKOH TOYKH U3 NPUA0KeHHA 3 toz.xp(0,05, 28) = 1,7, HaxoanM
Anasn > tomn.xp(0,05, 28). Takum obpazom (cM. (8.79)), crarucTuka
KpUTEpHA TONaJaeT B KPUTHYECKYIO OGJACTb W, CNEeJOBATENBHO,
HYJIEBas FUTIOTE3a OTBEPTaeTCA B NONL3Y NPEATIONONKEHUS iy > fhy.
Jpyrumu cnoBaMH, BbIGOPOYHBIE AaHHBIE He [IONTBEPKAAIOTCA
HYJIeBOIt rUNOTE30H, H Mbl, B OTJHYME OT BbLiBOJA NpuMepa 5.2,
BBIHYYKHEHB! 3aK/MOYHTD, YTO CPeAHNE TIOKA3ANNs NMepBoil rpynbl
CYIECTBEHHO NIPEBHILUAIOT CPEJHHE NOKASAHHSA BTOPOH CPYMIbI.
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OrMeTHM, 4TO CpaBHEHHe nmpuMepos 5.2 U 5.3 HaraapHO Ae-
MOHCTPUPYET BAa>KHOCTb BBHIOOPA KOHKYPHPYIOWEH IMmoTe3b! NPH
11pOBEpPKe CTATHCTHYCCKHX FHNOTES.

8.5.4. KpuTepuii pageHCcTBa ABYX AUCNEepCHA

flycts MMeloTCA JBE HE3ABHCHMBIX BBHIOOPKH, nepsasi — 00b-
eMa m W3 HabmozeHwh ciaydainoit semmunnnl X ~ N(p1,01),
W BTOpast — 00beMa n N3 HADMOAEHUN Cny4ailHON BeNHuHHBI Y ~
~ N(pa, 02). TpebyeTca NpoBepUTb, COMMIACYIOTCA AU BLIGOPOYHBIE
JaHHbIE ¢ RyAeBoit rumoTesoit Hy: a? = 0%.

3ameTuM, uro 0 = D(X), a 02 = D(Y), u, cnenopaTenso, Hy-
NeBasl TUIIOTE3a NPEANOAaraeT PaBEHCTBO NeHEPAJIbHBIX AKCNEPCHH
D(X)un D(Y), e Hp: D(X)} = D(Y).

[To BeiGopKaM, oTBEYAIOIIUM CTyUYatiHbIM BeuuunaMm X u Y, BbI-
YHC/MM HCTIPABJIEHHBIE BLIGOPOUHBIE mucnepcHn S2 u Sg H COCTaBUM
CTATUCTUKY KPHTEPHA :

32
A= 52 , (8.80)
cyuras 6e3 noTepu OGIHOCTH, YTO .
S2>s2 (8.81)
(B npoTHBHOM cily4ae cileayeT nomeHsiTh obosHaveHna X u Y me-

cramu).

MOKHO JOKa3aTb, YTO NMPH HYJIEBOt THIOTE3e CTATHCTHKS KpH-
Tepus A ABNsieTca oryualiHolt Be/IMYMHON, HMelowwell pacnpedeaenue
Puwepa—-Credexopa ( F' — pacnpefenenne) ¢ m—1 4 n—1 creneHsmn
ceoBoab! {(HAMOMHUHAEM, YTO M — 06beM BHIGOPKH, COOTBETCTRYIOLIEH
ypcanTeaio S2 apobu A, B TO BpeMst KaK n — 06beM Bmﬁopxn
onpeAeNsOLIeH 3HAMEHATEb S FTOM ApobH).

Jnst npoBepKH Ha ypoBHe IHETAMOCTH & HYJIEBOYN PHMOTE3H Ho
D(X) = D(Y') npu xouxypupytome# runorese Hy: D(X) > D(Y)
crepyer 110 BLIGOPOYHBIM RAHHBIM ¢ y4eToM JoropopeHHocT# (8.81)
BLIYHC/IHTD HaOMoJaeMoe 3HaYEHHe CTATUCTHKH KPUTEpHUs! Ayag,
 CPABHHTD €TI0 ¢ BeIMUUHOMR fip(a; m — 1, n— 1), KoTopas ApasieTcs
KpuTHyeckoft Touxolt F-pacnpegenenus, orsedalonelt yposHIo 31a-
YHUMOCTH & M cTeneHsaM cBobogpl k1 = m—1u kg = n—1. 3navenus
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Sup(a; k1, k2) npn @ = 0,01, 0,05 u nexkoTopix k1, k2 comepxarcs
B TAOJIALAX U3 TIDHIOXKEHUS 3.

Ecnu
Avagn < fuplaym —1,n - 1), (8.82)
TO Hy/ICBas TUIOTE3a MPUHAMAETCS;
©CJIN XKe

Auson > fplasm —1,n—1),

TO HyJIeBasi PUIIOTe3a OTKJIOHSIETCS Ha YPOBHe ¢ (¥, CIe10BATEILHO,
TIPHHUMaETCS1 KOHKYpHpylomas runoresa Hy: D(X) > D(Y)).

B cnyvae konkypupylomet runoresnt Hy: D(X) # D(Y') nyne-
Bast PHNOTE3a NIPUHMMAETCS, eCiH

Avasn € fiplaf2;m —1,n — 1), (8.83)

H OTBEPraeTCad Ha yPOBHE (: B NPOTHBONOAMKHOM ClIy4ae.
3aMeTHM, 4YTO BBLILICH3JIOXKEHHAsA NPOLEAYPa MPOBEPKH PABEH-
CTB3, AHCNIEPCHH ABYX MEHEPAILHBIX COBOKYMHOCTeH YyBCTBMTEJILHA
K HapylIeHUAM NPEANONIOKEHHsT 0 HOPMAJILHOCTH.
[Ipumep 5.4. Ilo aannbiM npraMepa 5.3 NpOBEpUTDL NPEATIONO-
>KE€HHE O PaBEHCTBE JHUCNEPCHHA B TECTHPYeMbIX rpymnnax npu Hi:

01 # 02 ¥ ypOBHe 3Ha4uMOCTH a = (,05.

Pewenne. UmeeM: Aya6n = -;% = 2,57. Bnavenns f,,(0,025;
19,9) B Tabmuuax w3 nplmox(euua’?» HeT, OAHAKO B CHIY TOr0 4TO
sesmanHa fyp(a; ky, k2) y6biBaeT ¢ pocrom a, fyp(0,025;19,9) >
> fp(0,05;19,9) > fip(0,05;00,9) = 2,71. Hockonbky Ayasn =
= 2,57 < 2,71, ycnosne (8.83) 32BejOMO BBINONIHACTCHA, OTKYAS
CIe/lyeT, YTO OCHOBAHHI OTBEpraTh NMPEANONOKEHHE O PABEHCTBE
JAMCRepCHit B TECTHPYEMBIX I'PYNNAaX Y HAC HET.

8.5.5. MpoBepka HenapaMeTpryeckUX CTaTUCTUYECKMX rMnoTes.
Kpurepui 3Hakos

BriBoggl, KOTOpbIe MBI JeNaH B NPEeABAYIIMX naparpadax, cy-
IECTBEHHO MCMONL3YIOT MPeANoIo>KeHNe 0 HOPMAJILHOCTH HabJmio-
AaEMBIX BEJIMYMH, HJ/IH, B IIHPOKOM CMBICJIE, NTPEANIOJIOXKEHUE O IPH-
HAJJIEXKHOCTH pacnpejeneHns Habmoaennii HeKOTOpoMy ceMelicTay
pacnpegesieanil, onpepensaeMblX ¢ TOYHOCTLIO [0 OJNHOrO WIH He-
CKOALKHX mapaMeTpoB. CrneaoBaTeNbHO, HEHHOCTD JIFOOBIX HAalIMX
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3aK/II0YeHNH 3ABHCUT OT AAEKBATHOCTH TAKOIO npefnoiokeHust. Ha-
NpUMep, CTATUCTHYECKNe KPUTEPUH, TAKKE KAK KPUTEPUH pABEHCTBA
JucnepcHif, CTPOro roBopsi, IPUroAHH TOJIBKO B TOM Clyyae, Koraa
TIPEANIOVIOIKEHHE O HOPMAJIBHOCTH BEPHO, XOTA MHOTHE M3 HHX JO-
BOJIBHO YCTONYHBLI K OTKJIOHEHHSAM OT HOPMAJIbHOCTH.

Bp1510 661 NOMIE3HO YMETh CTPOUTH CTATHCTHYECKHE MOAEH H KPH-
TEPHH, HE 3aBUCSALLKE OT ATPHOPHBIX BEPOATHOCTHBIX NPEANONONKe-
HHM 0, CKAXKeM, HOPMaJbHOCTH HAOMIOAAEMbIX XaPaKTEPHCTHK re-
HepaJibHON COBOKYMHOCTH. Takne MOJENM U KPUTEPHM Ha3bIBAIOT-
ca nenapamempuvecxumy {HaNOMHHAEM, YTO NPEATIONIOKEHHE THTIA
X ~ N(m, o) OTHOCHTCS K NapaMeTPHYECKHM, NTOCKOIbLKY ceMeit-
CTBO HOPMAJIbHLIX PacinpezeseHuil NOIHOCTHIO ONHCHIBACTCA JBYMs
NIApaMeTPaMH).

Hmwxke GypeT paccMOTpeH oaMH U3 Haubosee MPOCTLIX HENAPa-
MEeTpPHYECKHNX KPHTEPHEB, TAK Ha3bIBaeMBblll xpumeputl 3naxos.

Ounpepenenne. Meduanod cnyyaiinoif BeuauHsl X ¢ HenpephiB-
HO byHKuMelt pacnpeseneHna F () HA3BIBASTCA TAKOE SHAMEHHE
3TOM city4aliHOH BestmuMHLL, Jn1s1 Kotoporo F(m) = 0,5.

Taxum obpasom, P(X < m)= P(X > m) =0,5.

SaMeTuM, 4TO MEAHAHA PABHOMEPHO HIM HOPMAJILHO Pacrpe-
AeneHHol ciy4aiiHON BETHYMHBI COBMAJACT C €6 MATEMATHYECKHM
OXXKHAAHHEM.

B uenoM, B HemapamMeTpU4eCKON CTATHCTHKE MATEMATUYECKOE
OXKUZAAHHE BO MHOTOM TepSET CBOK NMPHBJIEKATENBHOCTb (OHO MOKET
NPOCTO He CYIECTBOBATh, Kak Y pacnpeaeneHua Kowmun HanpuMep),
¥ Ha MEpBBIi M1aH BHIXOAUT MMEHHO MeJHaHA.

Bepuemcst k xpurepuio 3uakos. [TycTh cyyaiinas Beibopka X1,
Xa,..., Xy COCTONT M3 HaOMOAAEMBIX 3HAYEHUH Ciy4aiiHOl Benn-
yHHBl X € HEH3BECTHON HenpepbiBHON (YHKIHEH pacnpeneseHHs
F(2) u MBI XOTMM Ha OCHOBE 3TOI BHIGOPKM NPOBEPHTH HYJEBYIO
runoresy Hy, YTo MeauaHa m paBHA ONpeleJIeHHOMY 3HAUeHMIO 172
( Hy: m = mg), NIPOTHB KOHKYpPHpYIolieil (ABYCTOPOHHEI!) runoTe3s
Hjy: m # my.

B kpuTepHy 3HAKOB pOJIb CTATHCTHKHM KPHTEpHS A BBINIOJHSET
YUCAO BAPHAHT, GobLIMX mg. [Ipy 91oM, ecin kakue-HHOY b Bapu-
AHTHI B TOYHOCTH PaBHbl Mg, OHK OTOPACHIBAIOTCS C COOTBETCTRYIO-
IIUM YMeHblUeHHeM o0beMa Bhibopku . Kpurnieckas obaacts K,
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(pasMepa «) npy ABYCTOPORHEH aJLTEPHATHBE UMEET BUA

Ko=(0,1,...,80,0—8a,n—8,+1,...,10), (8.84)
rge s, — Hanbonwiuee uenoe 8, TaKoe YT
N 1
P, = (5) kz_oc,, <50 (8.85)

{Takum obpazom, P,, < af2 < Py 41).

MoxHo nokasatb, uto (cM. (8.74)) P(A € Ku|Hp) € a, Te.
YPOBEHb 3HAYMMOCTH KPUTEPHA HE NPEBOCXOAUT Q.

[Tpu HEOOMBbLINX BHAMEHUSAX 72 AN HAXOXKACHMS 8o NMOILIYIOTCA
HenocpeacTeenHo ¢opmyaodt (8.85), a npn » > 10 npumessior
npuG/IIDKEHHOE PABEHCTBO, HCIIONb3YIoLee HOPMaJIbHYIO alNPOKCH-

MAIMIo
8y = ["_"'1_;.&@], (8.86)

B KOTOPOM [ — uesias 4acTh &, 8 2o = txp(er, 00) ¥ MOXKET 6bITH
Hail)eHa 1o TabAnIe KPHTHYECKHX TOYEK pacnpeaeseHnst CThioaeH-
Ta (CM. mpUIOKeHHe 2) WK ke Kak pemenvie ypaswennsa ®(2,) =

l-a

2

Hdns nposepku runotesst Hy npu ansrepHaTuse ) ciieayer no
BLIGOPOYHEIM AaHHBIM BLIYHCAHTL YN0 HabnogeHn#H A6 > S0.
B Tom caiyyae, koraa Ayasa € Ko (oM. (8.84)), T €. Ayasn < 8o MaM
Aus6n = 1 — 8o, HYJIEBAA TUNOTE38 OTBEPrACTCS HA, ypoBHE < o
B nporussomMm ciyyae, T. €. KOTAa

(cM. npunokenne 1).

N

OH3 NIPHHHMAETCS.

B Tex cayuasx, koras Hy yreeppaet, 4o m > myg (wiv m <
< myg), KpUTHYECKas 06nacte pasmepa a umeer sug (n — s24, 7 —
— 820 +1,...,m) (nau (0, 1,...,82,)), rae (cm. (8.85)) s2q —
Haubonbiuee uesoe 3, Takoe 4to Py < a {cM. (8.85)). :

Ha npaxTuke KpuTepuil 3HAKOB TPUMEHSETCS B TeX Clyvadx,
KOra TO pe3yJLTaTAM 3IKCePHMEHTA Mbi B KavecTBe Habuoje-
HUI TIOMYy4aeM He3ABHCHMBIE NMADHI B33MMOCBA3AHHBIX H3MepeHuti
(X1, Y1), (Xg, Ya), . . ., (X, Yn). Ja5 Takwx BaHHs1X OGRINHO nepe-
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XOJAT K PacCMOTpeHHIo pasHocTelt X; — Yj, 1 < i € n, K KOTOpbIM
M [MPUMEHSIIOT KpuTepuii 3HakoB. Hano TONBKO y4ecTh, 4YTO B 3TOH
cuTyauuu npH runorese Hy Beanuuxa my = 0.

Hpumep 5.5. [lycts BoiGOpPKa 1,4, 0,9, —0,1, -0,2, 1, —0,3,
2, 0,5, 2,1, 0,6 u3 HenpepblBHOrO pacnpefeiieHnsa coaepskut 10
HaOIIO/ICHHI, BRIPAMKAIOIINX Pa3yule B JUIMTEAbHOCTH JAelCTBUS
JIEKAPCTB, NOJIYYEHHBIX ABYMS PasHbiMM MeTodamu (eciin, Hanpu-
Mep, AJMTeNbHOCTH JeflcTBusi nekapcTB Obiin pasHbl 89 M 88, To
COOTRETCTRYIOWIEE pasauyuue 89 — 88 = 1).

Tpebyerca npn ypoeHe 3HauuMocTH o = 0,05 npopeputh Hy-
sneByio runoresy Ho: m = 0 npu kouxypupylowedt runorese Hy:
m # 0. .

Pemenue. [loacuer 1onokureNbHbIX BAPHAHT A2€T Aussn =
= 7. Io dopmyne (8.85) watnem P, = (1/2)'° (1 + 10) = 0,011,
Py = P1+(1/2)'° 45 = 0,055, orxyga creayer, uro P < 1/2-0,5 =
= 0,25 < Py v nosromy 89,05 = 1. Takum obpasom, ycnosue (8.87)
soinonusierea (1 < 7 < 9). CreoBaTesHO, HA YPOBHE 3HAYHMOCTH
0,05 ocHoBaHHIT OTBEPrHYThH HYJIEBYIO THIIOTE3Y HET.

OTMeTHM, YTO BLIMHCICHHE YUCIA 8 g5 N0 opmyie (8.86) Takske
TNIpUBOANT K PABEHCTBY 39,05 = 1. B caMoM JAene, zg.95 = 1,98 (cM.
npuosxennue 2 uan 1) u so.05 = [4,5 — 1/2-1,96v/10] = [1,401] = 1.

[Mpumep 5.6. Ilo paunniM nprMepa 5.5 NPoBEpHTH HYAEBYIO
runoresy Ho: m = 0 nporue anvsrepHarusel Hi: m > 0, ypoBeHs
auavyamocTu 0,05.

P emenue. Boruncnenus, npogenanusie B npuMepe 5.5, N0Kasb-
BaloT, 410 P < 0,5 < P, 1.e. 89,1 = 1. [lockoAbKy OAHOCTOPOHHARA
KpuTHdeckas obnacts [9, 10] ne BkaouaeT TouKY Aas, = 7, fenaem
BBIBOJ, YTO HYJIEBAA IMIOTE3a NMPHHAMACTCS.

3amerun, uto dpopmyna (8.86), a = 0,1, z, = 1,645, TaxxKe gaer

BEPHBIA PE3YJIbTAT: S,1 = [4,5 - % . 1,645@] =[1,899] = 1.

8.5.6. Kputepuia cornacusa lNupcoHa (X-Keaapar Kpurepun)

[TycTe HHTepecyOIMiA HAC MPU3HAK MeHEPAJIBHON COBOKYMHOCTH
ABIACTCA CaydaitHolt BeqyvnHol X ¥ MBI XOTHUM 10 HAOMIOACHUAM
BLIGOPKH U3 MeHEePaLHON COBOKYMHOCTH NPOBEPUTL HEKOTOPYIO M-
noTe3y 0 (PYHKINH PAcTIpeJie/ICHHs NPH3HaKa X , OTBETHB Ha BONPOC,
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COBMECTUMA, JTH 9TA CHNOTE3A C BHIBOPOYHBIMU JaHHBIME. B Takoii CH-
TYaLiHH NOBOPAT O MPOBEPKE CMAMUCINUNECKOT 2UNOMEst COZAACUR.

Hanee Oy e n3/105KeHa, OHA JOBOJHHO YHUBEPCAJIbHAS POLEAY-
pa, NO3BAIAIOIAA O CTATHCTHYECKOMY HHTEPBAJLHOMY pPsdy Pac-
npegenenns epibopky (cM. Taba. 8.4} NPOBEPHTH THNOTE3Y O TOM, 4TO
GbYHKIUA pacTipelieVieHHsl Npu3Haka X IeHepajibHON COBOKYTIHOCTH
COBMAJAET ¢ HEKOTOPOH Hanepes SaHHON GyHKUMeH pacnpesencHns
F(z). 31a npoueaypa HasbIBaeTCs xpumepuem cozaacts [Tupcona
WIR xpumepuem ru-xeadpam (Kpurepuit x*).

Hcxoamsie JaHHbIE 1A NPUMEHEHHS KPUTEPHUS X 2 MPEACTABICHD!
B Tabn. 8.6, conepkamedll MHGOPMALHUIO O TOM, CKOJIBKO 3/IEMEHTOB
n; BLIGOPKH 06beMa 1 N3 HAOMOACHHH Haj Cny4yalHOH BeMYHHON
X nonaaaeT B HHTEPBAJbI CPYNMUPORKH [hi—1, hi), tae i = 1,2, ...
...k, npaueMm n; + N+ ...+ ng = n.

Hanee ana ynobersa 6yaem cuHTATh, YTO

(8.88)

Kaxxpoit nabmogaemoit yacrore n; (1 € ¢ £ k) craeurca B co-
OTBETCTBUE OXKHIAACMAN TEOPETHIECKAS YacTOTa Np;, TAE

pi = F(hi) = F(hi1) (8.89)

(c yueroM cornamenus (8.88)) , a F'(x) — npeanonaraemas (TeopeTu-
Jeckan) GYHKIMA PACTIPEJCICHHSA, THNOTE33 O COBNAACHNH KOTOPOH
¢ dyHkuuelt pacnpeaeseHust Cy4aitHol BeIu4yHuHbl X NpoBepsieTcs.

ho = —00, hg = +oo.

Tabmmma 8.25
Hureppanbi Habaopaempie | OxxupaeMbre Pacxorxaenue
FPYNOMPOBKY | YACTOTH N 4acTOThl NP; & =n;—np;
<h ny np; &y
[B1, ha) ) np2 82
[Ar—2, hr—1) Ng_1 NPk—1 Sk—1
> by ng NPk &

[TonaTHo, yTo HyKeH criocob obbeaUHENHA HHIAMBHIYANBHBIX
PACXOX/ICHMUI §; B HEKOTOPYIO €HHYI0 CTATUCTHKY, KOTOPYIO MOKHO
Obi0 OBl HCHONL3OBATH KAK CTATHCTHKY KPWNTEPHA COINIACHSA TPH
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npoBepke Hyaesoi runoresst Hy: P(X € [hi—1, )} = P, 1€
€ k&, npu KOHKYpupyioweit runorese Hy, nporusononoxxuoit Hy.
BOBI:MeM B Ka4eCTBe Tako#l CTaTHCTHKH BEJIMYHHY

k k
& (ns —np:)?
2 L :
X = Z np; Z npy (8.90)
=1 i=1
KOTOpast Haal;aBaei'ca craTcTHKOH TIHpCOHa AN CTATHCTHKOIM (xn—

KBaJPAT).

MozkHo OKA3aTh, YTO TpH THNOTe3se Hy CTATHCTUKA X2, onpe-
AensieMan dopmynolr (8.90), npubAOKEHHO HMeeT pacnpemencHue
x? ¢ uuciom cTenemed csoGoael r = k — 1 — {, rae k — uucno
MHTEPRAJIOB FPYINIMPOBKA, H [ — YHCAO HeH3BECTHBIX NapaMETPOB
Teopernyeckoro pacnpeaenenna F(z), onpesenseMsix no BbiGopke.

Tax, e npeanonaraercs, Yro pacnpefenenue F(z) spasercs
HOPMaJLHBIM ¢ NAPaMeTPaMH ({4, o) ¥ 3TH NapaMeTph! N3BECTHAI, TO
l=0nr=k~1; ecnu ke ;t 1 0 38MEHAIOTCH NX BHIGOPOYHHIMH
auanoramMu X u S (cm. 1. 8.2.1), Tol =2ur=k —3.

- Kpwnrepnit cornacusi Ilupcona BHIrAAAAT cheylomum oOpasoMm.

B Tabanile KpHTHYECKHX TOYEK paclpesesienns X2 (cM. phio-
JKeHHe 4) N0 3aJaHHOMY YDPOBHIO 3HAYMMOCTR Q M MHCAY cTeneHeit
ceoboppl r = k—1—1, tae k — YMCA0 HHTEPBAIOBR IPYNMHPOBKH, { —
YHCIIO IAPAMETPOR TEOPETUUECKOTO PACTIPE/Ie/IeHHs, ONpeAeiieMbIX
10 BLIGOPKE, HAXOAAT KPHTHYECKY 0 TOUYKY xﬁp(a, r). 3aTem no dop-
mysie (8.90) (cm. Taxoke (8.89) 1 Tabn. 8.25) HaxoaaT HaGmonaemMoe
BHAYEHHE Xj .5, CTATHCTHKH [Tnpcona. .

Teneps, ecmn x2,5, < x2,(,7), To OCHOBAHMI OTBEprHYTH N~
noresy Hgy He nmeercsi, n Mbl NpUHHMMaeM Jonyiienue, yro P(h;_; <
< X < h;) = p; mpuBcex i, 1 < i € k. Benxe 2 > xﬁp(a,r),
10 runoresy Hy OTKAOHAIOT HA YpOBHe, MPHOIIDKEHHO PaBHOM «,
KAK HEeCOBMECTHMYIO ¢ BHIOOPOYHBIMH JaHHbIMU.

MoxxHo NOKa3aTH, YTO CWINOKA BTOPOTO pPoAa B KPUTEPUH COTNIa-
cnst [Tupcona CTPeMUTCA K HYJIO PU HEOTPAHHYEHHOM BO3PACTAHUM
obbema, BBIGOPKY 7. » 1% 2

3ameqamme 1. Cnpaseanmusa dopmyas x2 = ;E —'i —n.

i=1

3ameqanme 2. [Tepes HeNoCpPeaCTBEHHLIM TIPHMCHEHHEM KpHTe-

pus x2 cneflyer O0beaVHATL MHTEPBAAb! (M CKAAIBIBATL COOTBET-
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CTBYIOUIME YaCTOTHI) TPYNTIMPOBKR HA «XBOCTAX> TaKuM 0Gpasom,
yro0bl HAHMEHBILAA OKMAAeMan 4acToTa Oblia He MeHbwe 1, T.e.
ecnu, Hanpumep, B Taba. 8.25 pemuunHa np; < 1, TO HHTEpBa-
abt (~oo, by} u [h1, hs) oGbepnHAlOTCE B OAUH OGMMA MHTEpBAN
(—00, h2), comepxawuuii n; +ny HabmoaeHUN ¢ 0XKBAREMON YACTOTOM
n{p1 + pz).

OTMeruM, ¥TO B Ciryyae OObegMHEHNS] HHTEPBAJIOB YUCIO CTEme-
Heil cBOGOABL T CTRTHCTHKH X, MOACYMTAHHOM N0 NPeoBpasoBaHHOM
CPYNINPOBKE, COOTBETCTBYIOWMM 00Pa30M YMEHBIIHATCA.

IIpueepem asa npnmepa.

[Ipumep 5.7. B npenapare uepe3 pasHbie NIPOMEXYTKH Bpe-
MEHH perncIpupyeTcs 4o 6akrepnit, NONABUWINX B MNOJE 3PEeHHS
mukpockona. [Toaydenm caeayioume qaHHbLIE:

Tabmmma 8.26

1 0 1 2 3 4 | 5167
n; | 112 | 168 | 130 | 68 | 32 | 5 [ 1 [ 1

3aeck ¢ — uncno Gakrepuit K N; — YUCIO MOMEHTOB BPEMEHH,
COOTBETCTBYIOWINX HAOMOAEHUIO poBHO 7 GakTepui.

Vicnons3ys KkpuTepuii X2, MPOBEPUTHL MPH YPOBHE SHAYHMOCTH
0,05, uro uncno 6axTephnii, NONAJAIOUAX B NOJIE 3PEHHST MUKPOCKOMA
B /mOoGOH MOMEHT PErucCTpalH, pacrpesencHo no 3akony Ilyaccona
¢ napamerpom A = 1,5.

Pemenune. Byaem cunrars, 4T0 npH3HAKOM IeHEPAILHON CO-
BOKYTIHOCTH ABJAETCS HEOTPHIATENbHAA CiydaiHas BequduHa X,
paBHasA YucIy OaKTepHil, NONAJAIOIMX B 10J€ 3PEHHA MUKPOCKONA
B NPON3BOJIbHBIH MOMEHT PErncCTpallui.

Torna gasubie B3 T, 8.26 NPeaCTABARIOT CTATUCTUYECKHI pay
pacupeaenenus BbiGopkHu (cM. Tabn. 8.1) obbveMan =np+ny + ...
... + ny = 517, orBevaiomeit cayvaitnoit sennunne X.

Pazobbem ock Ha 8 urrepBanos A;, 0 < ¢ < 7: (—o00,1), [1,2),
(2,3),...,[6,7), [T, +00). Torga n; 03HaYAET YHCIO BAPHUAHT, MO-
MABIIKX B WHTEpBaN A;. YUUTHBasA, 4YTO caydalinas BenuunHa Xy,
uMeloman pacnpegenenne [lyaccona ¢ napamerpom A, NpUHUMaeT
s suiwenuﬂl =0,1,2,...ceeposTHocTamMu I} = P (X =1) =

Ale”

=~y 38KJI0YaeM, HTO TEOPETHECKHE BEPOSTHOCTH Py (cm.



%  §8.5. [poBepKa CTATUCTUHECKMX runoTes

< 335

(8.89)) MONaAaHUA COOTBETCTBYIOWIETO HHCAS GaKkTepHii B e 3pe-
HUS MHKPOCKOIA ¢ TOYHOCTBIO 10 104 paBubt

Py =Tl = 0,2231

P, =1I; = 0,3347

Py =TI, = 0,2510

Py =13 =0,1255

Py =Tl4 = 0,0471

Py =115 =0,0141

Py = Ilg = 0,0035

Py =Tl +1Ig + ... = 0,0045

TakuM 06pazomM, oxkuzgaeMble YacToTs! paBubl 517 F;, W anajor
Taba. 8.25 uMeer crieayowmit Bua;

Tabmma 8.27 '

Yucno Habmogaemme | OxxugaeMbie P
Gakrepuli | 4acToTH! YaCTOTHI acxoxcaenue
0 112 115,34 -3,34
1 168 173,04 -5,04
2 130 129,77 0,23
3 68 64,88 3,12
4 32 24,35 7,65
5 5 7,29 ~2,29

6 1
7 } 1 } 2,33 } -0,33 }

B cOOTBeTCTBHY C PEKOMEHIAMSIMI 3aME4aHUA 2 SAEMEHTHI ABYX
MoCACAHUX CTPOK TAOJL. 8.27 AWDKHB! ObITh O0BHEAHHEHBI,

B pesy/pTaTe YMC/IO HHTEpPBANOS IPYNIMPOBKH € 8 yMeHbLIAETCH
A0 7, 4TO NPUBOAYT K YMEHLIUEHMIO HA €QMHHUIYY YHUCIa cTeneHefi
cBobompi r (c7=8—-1106=7—1).

Kpurnueckasn Touxa x2,(0,05,6) = 12,59 (cm. npuncxenne 4),
a HabmoaaeMmoe 3HaYeHHe cTaTHCTHKY [IHpcoHa, mogcuMTaHHOE no

dbopmyne (8.90) (npu k& = 6 u ¢ MOTUPULMPOBAHHBLIME YACTOTAMH
7§ ¥ NPg),

g _ (-33402  (-5000 0,23 3,12’+

Xeabn = 17534 © 173,04 ' 129,77 ' 64,88
7,65%  (—2,29)% (—0,33)%
tauxnt Tn 238 43
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ITockonbky 4,3 < 12,59, runoresa o TOM, YTO 4ucno 6akrepuft,
nonaAaiolMX B NOJIe 3PEHHS] MHKPOCKONA, PAacPeaesIeHO N0 3aKOHY
[Tyaccoua ¢ mapamerpoM A = 1,5, npuHUMaeTcs.

MMpumep 5.8. Npoeepurs no kpurepmo 2 npu ypossue 3Ha-
ynmMocT 0,05 runoTesy 0 TOM, YTO pacnpejeNeHne NpU3Haka X u3
npumepa 1.4 n. 8.4 (cM. Taba. 8.6) aBnsiercs HOPMANBHBLIM € Napa-
MeTpamu (£, ¢), B3s1B B KaYecTBe f U 0 HX OUEHKH, NQIy4eHHbIe M0
CTPYTINHPOBAHHBIM AZHHBIM.

Pewenue. Ouenkn ana u u o2 Hafigem no dopmysam (8.11)
u (8.12), B35B B HHX B KAYECTBE ¥; CEPEARHBI MHTEPBAJIOB IPYTINH-
posku. Umeenm, -

X = 2:.2445-284+9-324+18-36+9-40+ 544+

+2-48) = 36,
3= o (2 (-12)P +5- (82 +9- (—4)? + 18- 0+
+9-42+5-8% 4+ 2.12%) = 30,08.

[punnmas Bo BBuManue nonpasxy Llennapda Ha rpynrmpoaxy,
B COOTBETCTBHH C KOTOPOH peKOMEeH/IyeTcs: 3Ha4eHne 52 yMeHbmaTh
Ha (1/12)h?, rae h — War rpynNAPOBKH, OKOHYATEILHO IOMYIUM

o‘=\[ -—-hz—\/3008—— 42 = /28,747 =~ 5,36,

5 -

p =36,
CocraBum TabaHLy:
Tabiana 8.28
h: — . sj— | o

i| 805 =1}2=— - # o(z;) |P —‘1?((:-)1) np; |ni|np; —n;
11(—00,26) -1,87 —-0,4693 0,0307 1,635 1 2} 0,465
21 (26,30) -1,12 —0,3686 0,1007 5,035 [ 5 | —0,035
3] 30,34) | —0,37 |-0,1443] 0,2243 |11,215| 9 | —2,215
4] [34,38) 0,37 0,1443 0,2886 14,43 |18] 3,57
5] [38,42) 1,12 0,3686 | 0,243 |11,215| 9| —2,215
6| [42,44) 1,87 0,4693 0,1007 5.035 | 51 —0,035
7] {44, +o0) 0 0,5 0,0307 | 1,535 | 2| 0,465
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Baeck i (1 < ¢ < 7), [hi-1, hi) ¥ n; — HOMEp MHTEpBaA
rpynnuposku (C yueTom coryiamenus (8.88)), i-if mHTepBan rpyn-
NHPOBKY W €ro 4YacTOTa COOTBETCTBeHHO; $(2;) mpuMcaseTcss no
npuacxkenuo 1 (mpeanoaaraeTcs, 4T0 zp = —00), & BEPOATHOCTH
p; — no dopmyae (8.89).

Briuncaum Habmonaemoe 3sHaveHue Xgaﬁu’ Nmeem

_ 0,4652  (—0,035)2 (-2,215) 3,572
X"W‘z'(1,535+ 508 11,215 +

YuNTHIBAS, YTO KPUTHYECKSS TOYKA PaclpeAeleHHs x2 c7—
— 1 -2 = 4 crenenamu cBoGoAKl ¥ ypoBHEeM 3HauYHMocTH 0,05
xi,,((l, 0,05) = 9,5 npesbuuaer X2 5., AENAEM BHIBOZ O TOM, YTO rumo-
te3a X ~ N(36, 5,36) He NPOTUBOPEYUT CTATHCTHYECKUM JAHHBIM.

14,43~ 204

CamocrosiTenbHas paborta

1. Tlo pausbiM camocToATeNbRLIX pador 2.1-2.4 u3 n. 8.4, npegno-
Jaras, yTo napel HabmiogaeMbix chayuyafinmx semnyud X n Y umelor
JBYMEpPHOE. HOPMANBROE pacnpeJjelicHye, NPH YPOBHAX 3HaukMocTH 0,05
n 0,01, npoeepuTb HyNEBYI0 FUNOTESY O PABGHCTRE HYJMO KoadubuumnenTa
koppensAnuu p Mexay X u Y npu KoHKypupywuweil ranorese Hy: p #£ 0.

2. Cpegnas pnvHa ckopiiynbsl 8 MENKOBOZHBIX KpaloB OKA3alach
paenol 8,40 cM npu ncapasieHHOd BHIGOPAYHON AuCNepPCHM ITUX AAMH
0,0016 cmM2, a cpeanas anuna cKOpIyNb! 12 ryBoKOBORHBIX KpaboB OKa-
3ayoch pasHolt 8,61 cM npu ncnpassaeHHoN BriOOpoUHON AUCNEPCHN 3THX
anuu 0,0038 cm?2. Tlpeanoniaraeres (c n3BeCTHOH CTENEHBIO TOYHOCTH), YTO
ole BRIGOPKH HE3ABMCHMBI U H3BJICHEHBI U3 HOPMAIBLHG PACIPEeICHHbIX
reHepaibHbIX COBOKYMHOCTeH. OnpeAsnuTh, 3HaYHMO WK HET Pasnuya-
101CH Mexxay coboit aucnepcHH AJNHHBI CKONIY bl MEJIKOBOJHBIX U rnybo-
KOBOZHBIX KpaboB Npu ypopHsax 3HaynrMocTH € = 0,01, ¢ = 0,05. Ecan
pasnmuns MeXKIY AUCTIEPCHSMN HESHAYMMbI, IPOBEPUTD TAKIKE MUMNOTESY
O PaBEHCTBE reNepaNibHbIX CPeAHHX.

3. Otcneaonanne 10 ang, NONOKERHDBIX KYKYUKaMHU B FHE3Aa OZHOTO
OofipedeNneHHOro BHAA NTHIl, MOKAIAMIC, YTO CPeRHAf RARKRA AKLA T =
= 21,9 MM, 2 S = 0,79 MM (3aech uepes S? 0603naYEHA HCNPABIEHHAS Bbi-
6opoyras gucnepcusi). OGcnenoBanne 15 AU, NOIOKEHHBIX KYKYIWKAMU
B THE3AA APYTOTo ONPE/IENEHHOTO BUAA ITTHL, MIOKA3ANIO0, YT T = 22,6 MM,
a S = 0,86 mm. Cumraercs, 4T0 gnuda aiua pacopenenessa apubiKen-
HO HOPMaJIbHO. ONpeaenuTs SHAYUMOCTD PA3TNYUH MEeXKIY JACIepCHAMY
JAUH AN, NOAOXKEHHHIX KYKYIIKAMU B HE3AR Pa3HOrO BHAA [ITHI M, €CTH

22 (Massywwxoe U.B.
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PASNHYMA MEXAY OUCHEPCUAMH HE3HAYUMLI, NIPOBEPHTHL FHIOTEIY O Pa-
BEHCTBE CPEeIHMX JUTHH ANL, YPOBHH 3HAYUMOCTH npuHHEMaloTea € = 0,01,
e = 0,05.

4. Nane! pe3yNbTaThl H3MEPEHHH YACTOTHI CEPACTHBIX COKpamenni 11
CTY/ICHTOB, TIPOBEIEHHBIX CPa3y NOC/e OKOHYAHHA 3aHATHHA N0 PU3KYIb-
Type, 1 10 CTYJeHTOB — Yepe3 NONYACA OC]Ee OKOHYAHHSA 3THX 3auaTHik:
MCpaBeHBRle BuiGopouHble aucnepcun pasasl 139,9 u 74,2, cooreer-
creerHo. [Ipn ypoBuax 3naunmoctd € = 0,01, ¢ = 0,05 B npeanono-
SKeHHN NPHOITHZKEHHOH HOPMAJILHOCTH NPOBEPUTH FANOTESY O PABEHCTHE
reHepaJibHLIX gucnepcuit.

5. Ilycre BLiGOpka 0,3, 6,3, 3,7, 2,8, 5,8, —1,4, 1,7, 2,3, —1,7, 1,6,
-1,8, 0,6, 4,5, 1,9, 2.4, 6,8 o6bvema 16 u3 HenpepuLIBHONO pacnpeaeeHus
COZEPXKHT Pa3/uyus B M3MEPEHHAX aPTEePUAILHONG JaBJIEeHHA NALHEHTOB,
cleNIAHNbIX A0 W Mocie BpaueGHore obxoza. Tpebyerca npm ypoBHe.3Ha-
yuMocTd @ = 0,1 NMPOBEPHUTH CHTIOTE3Y O PABEHCTBE HYJIO MeAMaHbl M
TEOPETUYECKOTO pacnpeAescins HalaiogaeMbIX pasnocTeli Npy KOHKYpH-
pyiomeii runorese m > 0.

6. [lo rpynnupoBkaM, MOMYYEHHHIM B MPOLECCe PelieHUs CaMOCTOS-
TesbHBIX paboT 2-5 u3 n. 8.1, ncnonkays kpurepuit X2, NPOBEPHTH NPH
yposHaX 3paaumocTH 0,05 » 0, 01 THNOTE3Y O HOPMAJIBLHOM pacipeleieHuH
COOTBETCTBYIOLIMX NPHU3HAKOB, B3AB B KAUYECTBE BHAYCHHY NapaMerpos
HOPMAJIGHOIO PACTIPEAE/ICHUS UX OLSHKH, NOJyYEHHbIE N0 CrPYTINMUPOBaH-
HBIM JAHHBIM.

§ 8.6. OcHOBbI ANCNEPCUOHHOrO aHanu3a

B n. 8.5.3 6p1a npuBejiIeHa CTATHCTHYECKAS NPOLEAYPa ONEHKH:
3HAMUMOCTH Pa3/JIMYHA MEXIY CPEJHUMHU JABYX HOPMANbHLIX [eHE-
PaNbHBIX COBOKYITHOCTEH, OCHOBaHHAasu Ha KpuTepHH CTbIOEHTa.
dns cpaBHeHMA cpeJHHX B ClIyyae Tpex u 6osiee reHepajbHBIX CO-
BOKYNHOCTe{l HCIONIL3YETCsT APYIrOi NoaX0 ], H3BECTHbIH Ka.K JAucnep-
CHOHHBI aHaIH3.

TunuuHolt 3agadvelt, pemaemoit cpe,qc'rsamn TACNIEPCHOHHOTO
AHAJIN34, SARJIACTCA NPOBEPKA CYIIECTBEHHOCTU PA3JIMYHH CPefHMX
3HQYEHHIT TOH MM HHON XAPAKTEPUCTUKH KU3HEICATENbHOCTH HE-
CKOBKHX TpYNI OPraHAW3MOB, KaXKJjasd M3 KQTODbIX NOABEPTaJIach
BAMAHMIO OJHOTO M/ HECKOIBKMX (axmopos, HanpUMep HEKOTOPO-
My MEAMKAMEHTO3HOMY BO3AEHCTBUIO DK PA3MTHYHBIX 033X H (Win)
MOZHDUKAIMAX NPHMEHSIBIIMXCA nipeniapaTos. [Tpn sToMm camn dak-
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TOPbl NPUHUMAIOT HECKOIBLKO 3HaueHnH (ypoenetl), KOTOpbIE MOTYT
6bITh KaK (PMKCUPOBAHHLIMU, TAK M CIYYAHHBIMH.

Huxe Gyaer pacemorped cnydait omxoro (m. 8.6.1) u asyx
(n. 8.6.3) dukcuposaHHbBIX HaKTOPOB.

8.6.1. OaHOGaKTOPHbLIA ANCNEPCHOHHLIN aHaNU3

Myers z&q),...,xﬁf), rae ¢ = 1,2,...,k, — HesaBHCHMbIE

BLIGOPKH 00beMa 1 KayKAas, OTBEHAOUIME CIy4aliHbIM BEJIHYHHAM
X (@), wopmansBO pacHpefieNieHHBIM ¢ HEKOTOPBIMH HEH3BECTHBIMH
napamerpaMu (fig, 0). 3Aecb Mbl HMEEM €0 € €/IMHCTBEHHBIM
<haxTopomM, npuBHMalolMM Kk ypoBHel fi1, U2, ..., Hg.

Hynepas runore3a umeer Bua Ho: 1 = pa2 = ... = pg,
T. €, MPEANoNaraeT, YTO BAMSHUES BCEX y})oanen OJWHAKOBO, H, CJie-
[IOBATEJIBHO, CJIy4aifHble BeJIMUHHbE X9 umeror e ToMbKO OBILYIO
JMCIEPCHIO 02, HO U Obllee MATEMATHYECKOE OXKHAHNE.

3aueqaime. Msnayanbhoe npesnonoxeyne 0 PaBeHCTBE AUCHiEp-
cait D(X9), ¢ = 1,2,...,k, Boobue rosops, TpebyeT MpoBepKH,
KOTOpasi MOXKeT 61,m: nponenena npr nomoun Kpurepusi Koupena
(cM. n. 8.6.2).

flo kaxzoii u3 k Bm60pox cocraeuM (cM. (8.7), (8.8)) Bribo-

pounsle cpeaune X9 = z:cf"), HCTIPABJIEHHbIE BHIGOPOYHLIE
JucrepcHu i
1 « <
= —3 (a7 - X@)? (8.91)
=1
— 1%
1 obuiee BIGopouHOE cpeaHee X = Ez X9, a Takke daxmophyto
ducnepeuto g=1
k
ny_ (X@ - X)?
2 _ aq=1
S - k-1
H OCTATOYHYIO JUCTIEPCHIO
L
St =725 (892)

22*
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MoxkHO noka3aTh, 4To npH runorese Hy ¢axTOpHas M OCTATOY-
Hast AUCTIEDCHM ABJSIOTCS HE3ABUCHMbIMH N HECMEILEHHLIMU OL(€H-
xamu aucnepcnu o2. IIpu arom §2,, . xapakTepusyeT BiusiHue ak-
Topa Ha chyuaiinbie Bemuunabl X (9 u umeer Tengenwo Ipy Hapy-
IIEHVH HY/I€BOH I'HNOTE3bl B CPEAHEM PACTH € POCTOM 72, B TO BpeMA
KAK MATEMATHYECKOE OOKHAAHHE 52, HE H3MEHAETCA.

IIpumennM B kKauecTBe CTATHCTHKY KPHTEPHA CIyIaltHYIO BeJIM-
YHRY

2 2
A= Sd)axw/ Socrs (8.93)

NpH HYJEBONM [HIOTE3e pacupefeicHHylo no 3akoHy Puwepa—
Cuepexopa ¢ k — 1 u k(n — 1) crenensmu ¢BoGoap!.

[Tposepka- HyI€BOI THIOTE3bI CBOAMTCA K NPOBEPKE PABEHCTBA
JBYX JHCIEPCHH M OCYLIECTBJACTCA aHAJOTHYHO TOMY, KAK 3T e
Jaaoch B N. 8.4.4: cieayer BLIMUCAUTL No (ropmyae (8.94) Ayasa
1 CPABHUTb €0 3HAYEHNe C KPHTHYECKO! TouKo#t F-pacnpenenenus
fup (@ k = 1, kn — k), oTBeualometi ypoBHIO 3HAYMMOCTH & H CTe-
neHsamM cBoboant k1 = k — 1 u kp = kn — k (cM. npunoxenue 3).
B pesyarTate, ecnu ;

Apasn € fiplosk—1,kn — k), (8.94)

TO HyNIeBAA THIIOTE3A 0 TOM, YTO BAHSIHHE BCEX yPOBHEH 0MHAKOBO,

NPHHUMAETCA (3aMeTUM, UTO eClU Ayagy < 1, TO runoresa Hy 3ase-

JOMO CTIPABEJJINBA); €CIIH >Ke HepaBeHCTBo (8.94) He BbInONHsAETCS,

TO HYJICBAA FUINOTE33 OTKIOHACTCA HA YPOBHE @ ¥ NPHHUMAETCH

KOHKYPHPYIOmAas T'HIIOTE3a, 3aK/I0UAIOIUasics B TOM, YTO N0 KpaiHe#

Mepe OfH YpoBeHb (haKTOpa 3HAYHMO OTIHYAETCA OT JPYTHX.
Caenyiompe GopMy/bl yIPOIUAIOT BHIYHCIEHHA:

k
n — —
Siam =t (§ (X(Q) - 3)2 _ k(X — ﬁ)a),
rae § — moBoe YUCTOo, BIATOE A5 00NerYeHus pacyeTos;

n k k
Y 3@ - g2 -0} (X9 - g,)?
=1

32 _ =1 g=1

ocr k(n—-1) _ !
Bgra=1,2,..., k — mobuie uncna.
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[Ipumep 6.1. [pe rpynnel Genbix Mpiweid mo 10 >KUBOTHAIX
B KaXKJAOH rpynne B TevyeHud 86 mueil moapepranuce Bo3gefcTBHIO
tnonpenapatos. [10 OTHOIEHNIO K )KHBOTHLIM NIEPBO# IPyNMbl BPH-
MeHaAUIC JIH3AT cepaua N/ 10, a no OTHOIIEHKIO K XKMBOTHBIM BTOPO
rpynnbl — 3KcTpakT Mbiuy 10N . flo npomecteun 86 gHel >KUBOTHBIE
ObLIM 320U TLI M ONIPEJICNIEHO OTHOILICHHE BECa Cepalua K oﬁmemy BECy
m{nor'o B %. JaHHble ONBITOB CBEAEHD] B TAOIHLLY.

Howmep onbrra
1 2 3 4 5 6 7 8 9 10
Jluzar cepaua
N/TO. 0,46 [0,48|0,45]0,49| 0,47 0,50 { 0,44 | 0,48 | 0,46 | 0,43
SKcTpakT 0,47(0,46]0,48]0,50 0,51 0,48]0,52|0,45| 0,50 [ 0,49
M, 10V
KonTpons 0,55 0,580,601 0,62|0,61(0,57|0,60(0,59{0,58 | 0,56

Buonpenapar

[TpoBecTu gucnepcyonHbIN aHANH3 BANAHHMA YKA3AHHEIX GHONpe-
NapaToB HA OTHOCHTEbLHbIN BeC cepiue Oembix Mblllell IpH YpoBHe
3HaYMMOCTH o = (,01.

Pewenne. Ilpamem B8 = 0,5. Bce neobxoauMbie pacyeTsl npH-
BeZeHbl B Tabu. 8.29.

Z B,- nz D,
§2, = — =
oer k{n - 1)

ZB -1021)

=1 _ 1,332 10~2

— .1n—4
57 o7 =4,93.107%,
52
Avasin = ;’;""' = 44,75.
Ilpnaumas @ = 0,01, yucno creneneit ceoboamr (2, 27) mo
TaONMIE KPUTHYECKMX TO4YeK F-pacnpeacneHus HaxogwM, HTO
f«p(0,01;2,27) = 5,53 3uayMTEnbHO MeHblue, YeM Ayagn, T.€.

HaHNO (PAKT CYLIECTBEHHOTO BAMAHHMA YKA3aHHbIX GnonpenapaToB
Ha OTHOCHTeJbHLIH Bec cepAua Genbrx Mbilei,



Tabsauma 8.29

=M = ¢, + B = 0,466
Dy =C} =1,156 - 103

i)
omLiTa Ypoeuu ¢axropa F (6uonpena
Fy (au3ar cepaua) N/10 F» (sxerpakt Mpium) 107
TP ] G- |2 PGP
1 0,46 ~0,04 161074 0,471 -0,03 9.10~
2 | 048] —-0,02 4-104 [046| —0,04 | 16.10-
3 0,45 -0,05 25.10~4 6,48 | -0,02 4.10~
4 0,49 ( -0,01 1-10~4 0,50 0 0
5 |047| —003 9.10-4 los51 | o001 1.10~
6 | 050 0 0 048 | —002 | 4-10~
7 |044| —006 | 36-10-% |052] 0,02 4.10~
8 |048| —0,02 4-100¢ [045| —0,05 | 25-10-
9 0,46 | —0,04 16-10~* | 0,50 0 0
10 043 | -0,07 49.10~¢ 049 | ~-0,01 1.10~
B=05 .
10 :
Ay = Z (“’?) -B)=-0,34 Ax = —0,14
T B, = 0,0064
Bi=Y (="~ B)? =0,016 Ca = —0,014
i=1 z(?) = 0,486;
01 = A1/10 = —0,034 D2 = 1,96 . 10—4
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8.6.2. MposepKa paseHCTBa HECKONLKUX ANCepcui
ro sbi6opkam paBHoro o6bema. Kpurepuin Koupera

IlycTw, Tax ke kak B 1. 8.6.1, :sg"), 30 g =1,2,.. .k,
NPeACTABAAIOT co00it He3aBHCHMBbIE BHIOOPKH 0ObeMa 7 KaXKHas,
OTBEYAIOLINE HOPMAILHO PACIIPEAENEHHBIM Cly4YatHBIM BeJIMYMHAM
X @) Tpebyercs Ha ypoBHE 3HAYHMOCTH (@ NPOBEPHTDL TUNOTE3Y
Hy: D(X(l)) = D(X(z)) = ... = D(X9) npu xonuxypapywome#
runotese Hi, nporusononoxwol Ho. Ilycts 57 — ucnpasnennpie
BuIfopouHble ZHCepCHH, onpeneseHusie dopMyioit (8.91). B xa-
YECTBE CTATHCTHKH KPHTEPUS BO3LMEM OTHOLIEHHE MAKCHMAJILHOM
MCTIPABAEHHO BEIOOPOYHO# AUCTIEPCHHU K CYMME BCEX HCTIPSBIIEHHBIX
BLIGOPOYHBIX Aucnepcuii:

max Sﬁ

e
PIEH

q=1

A=

(8.95)

Pacnipesencnue cayvaitHolt BeuunHel A npu Hynesoil rHNOTE3e
3aBHCAT ML OT YPOBHS 3HAYUMOCTH :, YUCNIa cTeneHeit ceoboabl
n — 1 n komuyecTBa & BHIOOPOK H HA3LIBASTCH PpaclpefieileHHeM
Koupena.

[ss npoBepKH Ha ypOBHe 3HAYMMOCTH ¢ runoresnl Hy 0 pa-
BEHCTBE gucnepcuii £ HOpMaNbHO pacnpefeNeHHBIX COBOKYITHOCTel
cnenyer no dhopmyse (8.95) BuMUCHHTS HAGMIO/aEMOE 3HAUEHNE CTa-
THCTHKM KPUTEPHA A, M CPABHHTBL €r0 C KPHTHYECKOH TOYKOI
Cxp{o;n — 1, k) pacnpenenenuss Koupena (npunoxenne 5). Ecn
Ayaon € Ciplon — 1, k), TO cTaTHCTHUCCKRE SAHHbIE TOATBEPMAa
10T HYJEBYIO M'HIIOTE3Y, B HPOTHBOMOGIOKHOM Cly4ae HyJIeBast PHIC-
TE38 OTBEPraeTCH.

fprmep 6.2. [lo gannsiM npamepa 6.1 Ha ypoBie 3HAYUMOCTH
0,05 npoBEpUTh FHNOTE3Y O PABEHCTEBE JUCNEPCHIt HOPMAJIBHO Pac-
npeeaeHHBIX Cydaitybix Benuane X (‘?), q = 1,2, 3, oTpaxaiowwux
3HAVEHNE M3YYaeMOro TIOKA3aTeNs B KaXXION H3 Tpex rpynn Geabix
MBILIEH. )

Pemwenne. UcnpapneHupie BHIGOPOYHBIE AUCIIEPCHH B KAXKAOH
rpynne ¢ yv4eToM of03HayeHHM#t M BBIKJIAAOK npuMepa 6.1 Buuuc-
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B, —
asiores no dopmyse Si = —"f-l—;nl—a’, n =10 1<¢<k=3,
u paBHbl 4,932 - 1074, CnenoBaTenbho, Auasy = 0,333. [Tockompxy
Ckp(0,05; 9, 3) = 0,6167 > 0,333, 3aKsiouaeM, YTO Hy/IeBas FHIOTe-

3a 0 paBeHCTBe AuCNepcHil He onposepraerce.

8.6.3. [lsyxcdaKTopHbIil AUCNEPCUOHHBIA aHann3

B uccneaoBaHUsAX, BKAIOYAOWMX MHOTO ¢akTopoB, Hexdbdek-
THBHO H3y4aTb BO3ZSHCTBHE KAXAOr0 (GakTopa Ha Pe3yasTaT Mooye-
peaHo, Tem Gonee 4TO TaKoH cnocob He JaeT JocTaTouHO uHGOpMa-
LIHH O BOSMOXKHBIX (PAKTOPHBIX B3auMopeicTBHsaX. Takum obpazom,
cnefyeT paccMOTPeTh SKCIIEPHMEHTHI, B KOTOPBIX YYUTHIBAETCA CPa-
3y ABa u Honee HaKTOPOB.

Huxxe 6yaer npoanann3upoBaH Haubosee ipocToit cayyalt ¢ ABy-
M daKTOpaMH, BO3AEHCTBYIONIMMH H3 DE3YJIbTAT IKCTNIEPUMEHTA.
IIpu 3roM Mu1 orpanuunmen daxtopamu F 0 G ¢ BUKCHPOBAHHEI-
mu ypoeaamu Fi, Fy, ..., Fp u Gi, Gg,...,Gy cOOTBETCTBEHHO

#, KpoMe TOro, OyjieM npeanoiaraTb, YTo B3aHMOAEHCTBHE MEXKAY -

daxTOpamMu OTCYTCTBYET N YTO MPH KaXKJOH KoMOMHauMU ypOBHeH
F;, G;, npousBognTca JMub o ofHOMYy HabofeHulo o5;. Mogeas
TAKOIC SKCIIEPUMEHTA MOXCHO 3allMCATh B BHE

zi;=F;+Gj+e5, 1<i<p, 1<j<q, (8.96)

TAe €;; — HE3aBUCHMBbIC HOPMAJIbHO pacrpefelieHHbie CiyvaliHble
OLIMGKH ¢ HyJIeBLIM CpeaHuM 1 oGmIel gucnepcued o2.
Pesynbrars HabmogeHut yaqobHO NpeJCTaBHTL B BRAE TaOAyLbL:

Tabmana 8.30

®axrop F
Qaktop G
P Fy { Fp |...| F, | CymMnI o cTpoKaMm
G] 12X f---| Ty Z.g
Gz T12 | X22 | .-. | Ep2 Z .
Gg Tyg | E2g | ... | Tpq Z.q
Cymmpt o cronbuaM | 1. § £2. | ... | &p. ..
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3nech npuHATH oBosHadenns 2.5 (§ = 1,2,...,¢9) ana cymm
Habmoaenuit no crpokaM H z;. (3 = 1,2,...,p) ana cymm Habmio-
AeHnit no cronbuam, .. — obiada cyMma Bcex HabGawoaennii.

®axropubte S%, S& u ocTaTOuHYI0 S2. NUCIEPCHE MOYKHO Bbi-
YUCAHTS MO GOPMYNIEM

1
s} -—-——( ICE —ﬁ)z—g(w--—Pﬁ)Q),

PRI [ o Y e Y ) IR
¢ g-1\p Pa ’

Soer T (- l)l(q 1) (82— (p—VSF - (g -1)83),
rae .
=Y (2i; =B’ - plq(mu -pgB):, . (898)
i’j

B — NpON3BOABLHOE YHCIO, KOTOPOE MOKET ObITL Pa3HbIM B panmq-
HBIX dopMynax.

Tpu srom (cm. (8.96)) M(S2,.) = 02, 1. e. 82, aBNsIeTCH HECMe-
weHHo! OLEHKOH aucniepcud . AHAJIOTHYHBIM CBOIICTBOM, B npej-
nonoxenuax Hp: i = Fo = .. .= FouHg:G1=Ga= ... =G|
COOTBETCTBEHHO, 0613 4210T (hbaKTOpHbIE RUCTIEPCHH S'%. n 52

Takum 0bpazom, 2'1‘&1( e KaK B . 8.6.1, Mbl MOXKEM COCTABHTD

S¢

oTHOweHna Ap = w Ag = 5. W C HX TIOMOUILIO NPOBEPUTD

32
HYJ/1eBbiE PHNOTE3b! Fr naw Hg, cpastimsas Ap win Ag ¢ kpuTHde-
ckofi mouxol fyp(ar; k1, k2) F- pacnipeaenenus {npunoxenune 3) co
creneHsaMH cBobogel by = q— lwmp— 1, n ky = (p — 1)(g — 1).

Hanpumep, 4To65! IPOBEPHTL CYIIECTBEHHOCTb BAHAHUA (HAKTO-
pa F Ha pe3yNsTaThl SKCIEPUMEHTA, CCAYET, 33/aBIIHCh YPOBHEM
SHAYHUMOCTH &, CPaBHUTH Habmonaemoe 3Havenne A p a6y CTATHCTH-
ki kputepus Ap ¢ BenuunHolt fup = frplasp —1,(p ~ 1)(¢ — 1))
H3 IPHJIOKEHHA 3.
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Eenu Apuaen < fyp, TO HyZesaa runoreza Hp o6 oTcyrereun
BMAHMA PakTOpa F' HA pe3y/bTarsl SKCNIECPUMEHTA NOATREPKAACT-
a1, ecnn ke Ayugn 2 frp, TO PHNOTE3a Hp OTBepraercd Ha ypoBHE
Q U JeNaeTcsl BhIBOJ, YTO ¢akTop F' BO3AEHCTBYET Ha Pe3yAbTATHL.

Samerum, uTo et Ager < 1, TO HyI€Bas IHNOTE3S IPHHAMAETCH
cpasy.

[Ipumep 6.3. B ycnoBusx mogenn (8.96) onpeaeantb no AaH-
HeiM Tabu. 8.31 gocToBepHOCTL BAMARMS npenaparos F' u G Ha mMaccy
NOJONBITHBIX KHBOTHLIX NPH YPOBHE 3HaYHMOCTH ¢ = (,05.

Tabmama 8.31

Qakrop F
Daxrop G Fy Fa F3 CyMMBi O CTPOKAM
Gy 30 35 40 105
G2 32 39 38 109
Gs 34 38 44 116
Ga 28 36 42 106
CyMMal o cronGnam | 124 | 148 | 164 436

P emenne. Cravana naaem S%. Nveem (cm. (8.97) npup =3,
g=4npf =148)

Sh=1 (i(-24)2 +07 4 16%) ~ (436 - 3-148)?) = 101,33,
Awanoruyso npu § = 109 ‘
52 = ( (—4)2 + 0% + 72 + (=3)%) — (436—4- 109)2) =822
# (npu 8 = 38) \
5% = (-8 + (-8 + 22+ (-6)2 + 12 + 0% + (—4)2 + 0% + 62+
+ (=10 + (-2) + 4% - i(436 —12-38)% = 252,67,

She = 55 (252,67 - 2-101,33 - 3-8,22) = 2 _ g 29

Otci08a A Fpesn = 24,01 1 Ag yesn = 1,95. Yunteian (cM. npu-
noxenne 3}, uro fip(005;3,6) = 4,76 > 1,95, a fp(005;2,6) =
= 5,14 < 24,01, genaem BbIBOA, YTO mpenapar F oxa3biBaeT
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RAMAHUE HA MaCCy MONONBITHLIX XKHBOTHBIX, & npenapat G Taxoro
BJIMAHMA HE OKA3BIBACT.

CamocronTenbHas paborta

1. [IpoBoguIMCEL OMBITHI IO UIMEHEHKIO BECa TEJA U OTAENbHbIX Opra-
HOB ¥ MJCKOMMTAICIMX MyTeM 00paboTKu ux Gnonpenaparamu. B kasxxaoi
Ccepun ONLITA Ha Gensix Muiax 6po no 10 xxuporserx. Ucnonssosanucs
Monoabie Mbid BecoM 16-18 r Kaxkawiit onwiT npogomkancs 56 wig 86
Jueil. B pesysnbTaTe ONMbITOB Moche 38605 >KUBOTHLIX ONPEAeNANoCch U3ME-
HeHue obLIero Beca U BeCa OTAENbLHBIX OPrAHOB, BHIBBAHHOE BO3AciCTBHEM
OuonpenapaTos. Pe3ysbTarsl ONBITOB CBEJACHE! B TaO/IHLL!, NpPRBEEHHbIC
HIDKe.

Nt 1. Psmenenue obuero Beca nmocsie 05paboTKH KMBOTHBIX SHonpena-
paTamy (NpUpOCT O6IIEro Beca B rPaMMax).

Beonpenanar Howmep onniTa ,

PorapAT "1 T2 312 [5]6]7]8]09]10
Jlnzar 3,83(3,55(3,613,75(3,52|3,43|3,24|3,66(3,37|3,94
neueny N

Jluzar cene-
senxcu N/10 3,02(3,30}3,09]3,12|3,25 (2,92 3,20 (2,82 3,36 | 3,52

SKCTpaKT 3,32|3,33|3,163,40(3,62|3,733,03(3,2218,4713,52
moara 10N :

[IpoaonKUTEeILHOCTS OnbiTa 56 Anelt.

Ne 2, UsMeHeHne BeCa OTAENbHbIX OPTaHOB NTOCIe 00PAtOTKYH YKHBOTHBIX
6uonpenaparamMi. Uamepanocs oTwolueHHe Beca OpPraka K obuieMy Becy
Tena XXHBOTHOro B %.

IMeuens

Brormenanar Homep onerra

PenapaY 1T 123145678 ¢]10
IKCTpaKT 6,06|6,27(6,15/6,3216,1115,92(6,18(6,41(6,22| 6,01
neveru N/10
JInzar 5,85|5,94(6,03(5,71(6,20}5,91{6,136,98 6,07 | 5,81
Moara 10V
JIuzar
woora N/100 6,15 6,27 6,09 6,35}6,20|6,45 [ 6,3115,95 | 6,21 | 6,05

(

[IpoaoyKUTENBHOCTD ONBITA 56 Fuei.
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Mozr
B Homep onuima
monpenapar ™1 T2 {394 56178910
DkcTpakT
novtonn N/10 1,66 (1,68(1,72(1,69(1,71|1,64[1,70(1,68(1,69(1,67
IKCTPaAKT 1,68(1,69{1,66(1,70|1,65(1,70| 1,73 | 1,67| 1,68 | 1,69
neueHu N
imN 1,561,571 1,56 1,58 (1,53} 1,61 | 1,61|1,58|1,50 | 1,57
JInzar
copmam N/10 | 159|165 (1,62} 1,5711,60{1,64]1,60/1,631,62}1,61

[ poAOIKUTEABHOCTS ONbITa 86 AHEH.

Cepaue

B HoMep onkiTa
wompemapar Ty T 5 3 [ 4 | 5 | 6] 7 | 8 | 9 ] 10

e /100 |18(049(048(0,49(0,80 (047 0,49 | 0,50 |0,51 0,48
flsse 0.490.50| 0,49 |0.50 [0.49| 0,50 | 0.51 | 0.53 |0.51|0.48
cepaua N/ 10

Jlrsar cenesen-
o N/100 0,46 10,48 | 0,48 | 0,49 (0,50 | 0,52 0,50 | 0,48 [0,50]0,49

Jlmsar 0,47 0,49 0,49 (0,50 | 0,50 0,51 (0,52 [-0,49[ 0,54 [ 0,50
ceneseHkn 10N

ITpoponKuTensHOCTb ONbiTa 56 Aneli.

Jdna kaxaolt n3 Tabani NPOBECTH CPABHHTENLHBIE AMCNEPCHOHHBLIHA
aHANN3 BAUAHUA OHONPEnapaToB Ha U3MEHEHUE BECa Tea WITH OTASIbHBIX
opraHoB Senbix Mblmeif npy yposHax snaunmocrd ¢ = 0,01 w a = 0,05.
ITpegBapaTenLHO NPOBEPHTE HPEANONOIKECHHE O PABEHCTEE JUCIIEPCAIT H3Y-
YyaeMBIX [0Ka3aTeel KaxKaoli n3 rpynn no kpurepuio Koupena Ha yposse
suayuMoctu 0,05.

3. Metogom AByx$aKTOPHOr0 JHCIEPCHOHHOIO 3HAJIH3a NPOBEPUTH
SHAYMMOCTb BJIMAHHSA KOKZOTO (PakTOpa Ha pelyJbTHPYIOWMNH NpA3HAK.
Ne 1. Brisisuth BausiHue pearenToB I7 » G 03 CHHTE3 JEKAPCTBEHHOrO
npenapara (BLIXOJ B yCIOBHBIX eAHHULAX) NPH YpoBHe 3Ha4uMocTH 0,05.

Paxtop F
B Fy F3 Fq
4,5 3 4 3.5
35 | 25 | 3,5 2
65 | 55 | 4,5 6
7,5 7 8,5 7

Pakrop G

LN
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Ne2. IlpopepuTs 3HAYHMOCTh BJMsHUS AByx cdakrtopos: pH (dax-
Top F) u konuentpauun (%) auranga (baxrop G) Ha IKCTPaKiIHIO KOM-
NjeKCa MeTaia C JIMPaK/IoM 43 BOJHOH B Opranuveckyio dasy npu ypobue
3naunMocTH 0,1. '

Daxkrop F
Daxtop G 7 A 7
3 63 42 71
6 69 73 82
9 91 68 60

Ne 3. TIposepuTs CymIeCTBEHHOCTD BANSHUA TeMnepaTyps! (daxrop F)
u depmenTa (axrop G} Ha NPOAYKT BHOXHMHUYECKONO AHAJIH3A IPH YPOB-
He 3HayuMocTH 0,01.

Daktop F

Daxrop G A A
27 100 | 90

3 86 87

§ 8.7. BpemeHHble pafibl. OCHOBHbIE MOHATUA

Bpemennotl pad — 3TO COBOKYNHOCTb M3MEPEHHMH HEKOTOpoH
NEPEMEHHON Z¢, NPOMSBOAMMBLIX IO MEpe BO3PDACTAHMA BPEMEHH.
3HaueHue Ty B KaKAbIH MOMEHT BpeMenH t ABJACTCS CiyvaiiHol
BeJuauHOM. C BpeMEHHBIMH PSiIaMH CBA3aHb MHOTHE 33J8MH HEYKH
u TexHHUKH. [IpuMepamu cmy>xar:

1) 3anmHuCh NIEKTPOKAPAUOTPAMMDI,

2) usMeHeHHe YPOBHS >KHAKOCTH B KANCJALHULIE,

ol T
Prc. 8.13. I'padpuueckoe uzobpaskeHue pparmeHTa BpeMEHHOTO PAJa C Na-
PpabOTHYEeCKUM TPeHAOM.
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3) KOMMYECTBO NOCTYNMBILIMX B MeAYUpeXKaenye G0NbHbIX 1O JHAM,

4) uzMepeHHe ApTEPHANbHOIO AaB/CHMS 4Yepe3s KAKABIN vac.

Eine osH1M npHMepoM BPEMEHHOIO psaAa MOXKET CIY>KUTh nepe-
MEHHAs Z¢, MONYYEHHAs NMPH HAAOKEHHUH CNyJaHHbIX PayKTyauni
H3 ACTePMUHMPOBaHHYIO (Hecny4alHyio) SaBMCANYIO OT BPEMEHM
COCTABASIONLYI0, KOTOPYIO Ha3bIBAIOT MPEHOOM BPEMEHHOrO PAAS
{(Tpena n3obpaxen Ha puc. 8.13 nyHKTUpHO! JnHUel).

B npumepax 1 M 2 U3MEpPEHHA MOTYT DEruCTPHpPOBaTbCS (MO
KpajiHeli Mepe, TEODETHYECKH) HENPEPHIBHO, B CUJY 4Yero COOTBeT-
CTBYIOILE¢ BPEMEHHDIE PS/Ibl HA3BIBAIOT HENPEPHNEHbIMLU, TPUMEDPDI 3
M 4 OTHOCATCA K TPYTINE GUCKPEINHOE SPEMEMNMT PRIOG. :

Hanee Mb1 6yaeM pacCMaTPMBaTh BpEeMEHHbIe PSiAbl JUIIb NPU
LETBIX 3HAYEHUAX ¢, IOCKOJBKY H3MepeHHst OOBIMHO OCYLEeCTRASIOT
€Al Yepes HEeKOTOpbie paBHble MPOMEXKYTKH BPEMEHH U HYMepyIoTCs
AHAJOrHYHO 3/IeMEHTaM BBIOOPKH 23, 23, . . ., Ty 0ObEMA 7.

[Ipn u3yyeHHy BPEMEHHBIX PsANOB OCHOBHOH MHTEpeC NMpeaCTaB-
JIAET MOJIEJIMPOBAHHE MX CTPYKTYPH ¢ AaJibHEHIIMM NpUMeHEHHEeM
MOZEJH ANA IKCTPANOAAUMHE WU NporHo3uposanus. Iipn uccaeno-
BaHHH BPEMEHHBIX DAJOB HEOOXOAUM CTATHCTHYECKUI NOAXOH H3-
3a oMOOK M3MepeHUH U CIydalHBX GayKTyalnii, CBORCTBEHHBIX
NpaKTHYeCcKH Jioboil HaburoaaeMoik CHCTeME, OTHOCHTCA JIN OHA K Me-
JAnunHe, OHOIOrHH, OKpy Kalouleli cpefie HiH TexHuke. Barxoit co-
CTABJASIIOIIEH CTATHCTHYECKHX METOLOB aHAIM33 BPEMEHHBLIX PAJOB
SIB/ISIETCS OLEHKA TPeHIa, KOTOPBIH, npu Haauuud undopMauum ob
€ro Buje, MOXKHO MOACTUPOBATh NP MIOMOIIM KOMIIOHEHT, ABJSIO-
IIMXCA ASTEPMUHNPOBAHHBIMU (PYHKI[HsAMH BpeMeHH. OTMeTHM, YTO
IKCHEPHMEHTEI, B KOTOPLIX OCYIUECTRBIIIOTCA HabOACH s, KAK TIPa-
BWJIO, He SBJSIIOTCA HE3ABUCHMBIMH, U MOC/IEAOBATENbHbIE OUIMOKH
MOJIeJIA IOMXKHBI, BOOOIE rOBOPSI, PACCMATPUBATHCA KAK CTATHCTH-
YyeckH cpsi3aHHble. O6bIYHON MPAKTUKON ABNACTCA NPCATINIOIKEHUE,
YTO NOCAEAOBATEAbHbIE OIUUOKH MOJENH NPeJCTABIIAIOT CIatuoHap-
nviti epemennots pad.

Onpenenesne. Bpemennoit psjy &; Ha3blBAIOT CTALUMOHAPHBIM,
ecnu:

1) MaTeMaTHUECKOe OXKI/I@HUE H AVCTIEPCHS PSIa MOCTOSHHBI BO
BpEeMeHM:

M(z)=p, D(z)=o> (8.99)
1pH Beex &;
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2) xoBapHALUA MeXXAY JIOGHMH wieHaMy psiaa {cM. 1. 8.4.2) 3a-
BHCHT TOJIBKO OT DACCTOAHUA BO BPEMEHH MEXAY ITHMHM HAOII0ACHH-
simu, ik (B GHCKPETHOM CJIy4ae) OT PA3SHOCTH MEXKAY UX HOMEPAMH,
T. €. COV{®By, Ty4k) AN BCEX ¢ 3ABHCHT JILIb OT K.

3aMeTHM, YTO €M COBMECTHOE PACNPEALIICHHE YIEHOB CTALMO-
HApHONO BPEMEHHOTO Pl X1, X3, . . ., Ty NPUA JOOOM N ABJAETCS
HOPMAJIbHBIM, TO COBMECTHOE PACIIPECIICHUE T ka1, Thi2s - - - » Thtn
He 3aBKCHUT OT K, W/, ADYTHMH CIOBAMH, BEPOSITHOCTHOE MOBEACHHE
moBoli rpynnbl YIEHOB BPEMEHHOTO Psifia T4 HE 3aBHCHUT OT CABUTA
no t. B yacTHOCTH, M0ObIe HHAMBHAYAILHBIE BEPOSTHOCTHBIC XAPAK-
TEPUCTHKMU Ty He UBMEHSIIOTC BO BPEMEHH.

8.7.1. OueHX1 BEPOATHOCTHLIX XapaKTepUCTHK BPeMeHHbIX PARos

IycTs 24 ABAAETCS] CTALMOHAPHBIM BPEMEHHLIM DSAAOM H MBI
XOTHM OLEHWTb napaMetphl 4 H o2 (cm.(8.99)) no HabmogennaM
(BmiGopke) 1, T2,...,Zy. MOXKHO MOKA3ATH, YTO IPY HEKOTOPBIX
BeChMa CIA0bIX NPEANONOKEHHAX HECMEEHHOM M COCTOATeAbHOM
oueHxoit (cM. 1. 8.2.1) ana p ABAsAETCs BHIGOPOUHOE CpeaHee

_ 1e 1
w=;z;wi=;(m1+x2+...+a:n), (8.100)
= .
& COCTOATEJNIbHOI OLleHKOH /1 o2 Oyaer BEIOOPOYHAA AMCIEPCUs] Sz,
KOTOPYIO MOXKHO ONpeJentTh Kak cperee apudMeTHIecKoe KBaapa-
TOB OTKJIOHEHHIT HaOIOAABIINXCA 3HAYESHWI BPEMEHHOIO PAa OT HX
CPEeAHEro 3Ha4EHHA:

n
2 1 2
8=~ Z;‘ (z; — T)2. (8.101)
=
3ameruM, uTo dopmyast (8.100) u (8.101) coBnagator ¢ popmy-
namu (8.7), (8.9), 9T0 HEyAMBHTENBHO, MOCKONBKY M Te, H ApYTHE
OLEHUBAIOT OAHH M T€ K€ BEPOSTHOCTHBIE XBPAKTEPHCTHKH.
Mopgenbio HeKOTOPLIX HECTRAUUOHGPHHMT BPEMEHHBIX PSJIOB CITy-
AT TIPOUECCH BHAA
e = e + 4, (8.102)

I AETCPMMHIPOBaHHAs (YHKLMA fi; 3ABMCHT JMWb OT f, & T¢ —
CTAal[HOHADHHIA BpeMeHHOl psaj ¢ HyneBbiM cpesnuM M(zy) = 0.
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QueBuaHO, uTo M(y:) = ¢, 8 cov(ys, Yprk) = cov(Te, Ze4i). Mo~
ITOMY JETEPMHHHPOBAHHAA KOMIIOHEHTA ji; XAPAKTEPU3yeT TeH/ICH-
LIMI0 M3MEHEHNSA BPEMEHHOrO PAAA Yy CO BPEMEHEM B CPEJHEM, T.e.
€ro TPEHJ, a CllaraeMoe Ty onpefesifeT Ciry4aiinbie, He 3aBHCALIKE
OT ¢ OLIKMOKH MOLENN U CTPYKTYPY HX 3aBHCHMOCTH. Tunuynsiél Bua
rpadHyecKoro u306parkeHus 0A06HON0 HECTALIHOHAPHOTO BPEMEH-
HOI0 psiia MpeAcTaBieH Ha puc. 8.13.

8.7.2. CrnaxvBaHMe BpeMeHHbIX psgoB

Kak y>ke roBopuoch Bhillie, OAHON 13 33434 TeOPHH BPEMEHHbIX
PSIOB AIBNAETCA OLEHHBAHUE TPEH/Ia BPEMEHHOIO PAJIa T 110 PE3YJIb-
TaTaM HabmoaeHuil 1, T2, . . . , £n €M0 OTPE3KA JIHHDI #i. STY NpO-
LEAYPY MOXKHO OCYLIECTBHTD TIPH TIOMOLIY ONEPALHH C2ABHCUSEHUR,
LEJ1bI0 KOTOPOH SIBJISIETCs YMEHBIIEHHE JUCIEPCHH BPEMEHHOTO PAAa
Ty, &, MO CYLECTBY, aMIUIMTYIH CIy4alHbIX GayKTyaluu#l BOKpyr
€ro JeTepMUHKpPOBaHHON cocTapasonlett. CraaskeHHblH BpeMeHHOM
psaf OOBIYHO MOTYYalOT KaK JIMHEHYIO KOMOHHALHMIO 9/IEMEHTOB ¢,
Tidis« o3 Titmy - C HEKOTOPRIMU HEOTPULATEABHBIMY BECAMU ag,
@ily.--3GLm, - .., B CYMME PABHBIMHM 6HHHLE, KOTOPbBIE XKeJIaTe/h-
HO BBHIOHPATb, HCNOML3YsT MHGOPMALMIO O KOBAPHAUMOHHON CTpYK-
Type psazaa. Ha mpakTuke B OCHOBHOM OTPaHHUMBAIOTCA MEMOJoM
INCNOHEHYUBADHOZO C2AGHCUBGHUA WIH €r0 YacTHBIM ClIyYyaem —
MEMOGOM CROABVIAULE20 CPednezo. T1pH MOGOM UCINIL30BAHHOM Me-
TOAE CrAAKNBAHUA HCCICHOBATENb PACCUHTLIBALT, UTO NOJYICHHBIH
B PE3yNLTATE CrIIAKHBAHUA HOBBIH BpeMeHHOR pan yy OyaeT uMeThb
6onee YEeTKO BbIPa>KEHHLI TPeH |, Mo OTIHYaomuiica OT TpeHaa
NEePBOHAYANBLHOIO PAAA &y M, CNeJOBATE/LHO, B IEPBOM NPHOJIHNKe-
HMM MOTYLIYI €0 3aMeHHTb.

[TpuBegem dopMyny mns METOAA KCIOHEHILIMANLHOTO CrIIaKH-
BaHUA IO TPEM TOUKAM:

-1
Y= 152

Ecnu 8 (8.103) nonoxurs ¢ = 1, nonyuuM dpopMyiry s METOAA.
CKO/IL3SIIErO CPEAHETO 10 TPEM TOYKAM:

(qzi_i+2it+gziss), 2<t<n-1, ¢2=0. (8.103)

1
ye =3 (@1 + o+ zen), 2<E<n -1 (8.104)
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yCTpeMaas ¢ K BecKoHeYHOCTH, NPHAEM K crlakuBaomei popmye
1
v =3 (Te-14 o), 2<t<n—-1 (8.105)

Coorromenus (8.103) u (8.104) nerxo obobuwiaoTesa ¢ Tpex Ha
Npou3BO/MBEHOE HeyeTHoe 4ucao Todek 2! + 1. CoorBercrBylomuti
BapuanT (opmyint (8.104), Hanpumep, umeeT BHA

Ty g+ ...+ )y
ye = 1+2£(c1+ -tz t+t) (8.106)

I+1< n—1.

IlprBeacHHbBIE METOAB! CrAA>KHBAHHA OCTABJSIOT atnelinul
mpend BPEMEHHOrO psija r¢ Oes H3IMEHEHUA W, BooOIIe NOBOpA,
YMEHLLIAKOT €ro AUCnepcHio. B 4acTHOCTH, AUCHeDCHs CIIaKeHHOTo
no ¢opmye (8.106) BpemenHoro psaga, ONpeAeseHHOrO PaBeHCTBOM
(8.102), B ToM ciyyae, KOraa CIyyaiiHbIe BEIHSHHBI Ty NIPH Pa3HBIX
t ABNAIOTCA HE3ABUCHMBIMH, YMeHbpIlIaeTcs poBHo B 21 + 1 pas.

OTMeTHM TaxKe, YTO NPH CRARLKNBAKUY, KAK TPABUIIO, NPOUC-
XONT HeKoTopas morepsi HHPopmauuu. Tak, NpH HCMOAL30BAHMH
METOAA CKOJIB3ALLENO CpeaHero no 2{ + 1 ToYKaM OTpPe30K CIIaXKeH-
Horo paga 6yaer cogepxkath n — 2! aneMeHTOB BMeCTO 7.

HNpumep 7.1. Jaunsie 0 gunamuke pocra 0&beMa NpOH3BOA-
CTBa ¥; HEKOTOPOTO mpenapaTa (B TOHHaX) Ha dbapMaleBTHYeCKOH
dabpuke 3a 10 nmocieA0BaTENLHBIX JET NpeCTaBAeHbl B Tabu. 8.32:

Tabmama 8.32

t 1 2 3 4 5 6 7 8 9 10
z, | 12 | 10 | 17 [ 13 [ 20 | 18 | 25 | 27 { 24 | 30

IposecTn craa>kupanie BPEMEHHOTO pAAa ¥y, HCIOAL3YS Gop-
myast (8.104), (8.105) n (8.103} npu g = 1/2. Ha oanom rpacduxke
NOCTPOMTD H300PAKEeHHE PSJA T4 H TPEX CIVIaKEHHBIX ero BapHaHTOB
ye(1), ¥e(2), ye(3)-

Pewenue. Crnaxenusie 3HaveHust y(1), v:(2), v¢(3), mon-
cynTaHubie Npu £ = 2,...,9 N0 yka3aHHLIM POpMysaM, 3aNHLIEM
B TabJ. 8.33:

23 Masnaywkos U.B.
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Tabauma 8.33

T [ 23] 45 6 [ 7] 8] 9
v | 131 13 {17 {17 | 21 [ 28 [ 25 | 27
v(2) | 14,5 | 11,5 | 18,5 | 15,5 | 22,5 | 22,5 | 24,5 | 28,5
v(3) 12,7 | 13,7 | 16,3 | 17,3 | 20,7 | 23,5 | 25,5 | 26,7

Hampumep, cronfupt tabamibt, coorBercTByiompe t =2 ut = 9,
SANOIHAINTCA CIELYIOMHM 00pa3oM:

y2(1) = (124 104+ 17)/3 =13, y2(2) = (124 17)/2 = 14,5,
y2(3) = (12-3+10-4+17-3)/10 = 12,7,

yo(l) = (27+24 +30)/3 = 27, y9(2) = (27 + 30)/2 = 28,5,
yo(3) = (27-3+24-4+30-3)/10 = 26,7.

I'pacduku, nocrpoennble no Tabanuam 8.32 u 8.33, nscbparkens:
Ha puc. 8.14 Vx pusyanbHblit aHAMNS3 JAET OCHOBAHHS [OJATATh, YTO
HaOJOfaeMbli BpeMEeHHOM pAf UMeeT MTUHENHBIN TPeH .

Fij
I
30} )
y=8,1+2,1‘
.
20 S
| * T
o (1)
. s vl
x y:(3)
10 .

8 LY 3 Y 3 1 1 L A
1 5 10
Puc. 8.14. l'paduku x npumepam 7.1 n 7.2.

ay

Elcnu ¢ moMolplo, CKadkeM, METOAa CKOIb3ALETO CPeaHero Hiu
U3 KaKux-ub0 ApyruX, HANpHMEpP TEOPETHYECKHMX, CO0OpakeHmi
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cAenaH BbIBOJ, YTO TPEHJ (¢ Bpementoro psga (cM. (8.102)) ssaser-
cs1 PyHKIHeHN, H3BECTHOM ¢ TOYHOCTBIO A0 HECKONBKHX HapaMeTpos,
TO OLEHKH MOCHEAHMX MOMKHO ONpPEJeNHTDb, HCIIOAL3YsI METOH Ham-
MEHbBIIUX KBAAPATOB.

B ciyvae, xorma Tpeny iy ABasierca JuHelHON (yHKUMER Bpe-
MeHH, T.e. (s = ag + a1, MHK-ouenxu napamerpoe a; u ap
BBIPazkaloTes (popMyamu

——;T a0 =T — ail, (8.107)

B KOTOPBIX

a T; ABAAETCS 3HAYEHHWEM BDEMEHHOro psfla B MOMEHT BpeMeHH &;,
i =1,2,...,n (n — obbeM Boibopku). ObpaiaeM BHAMaHHE Ha
TO, uTO (popMyitbl (8.107) ¢ TOUHOCTLIO A0 0GO3HAYEHHE COBNALAIOT
¢ dopmynamu (8.14) u (8.33).

llpumep 7.2. [lo gauHbIM Taba. 8.32 METOLOM HaMMEHBLUMX
KBaJPATOB OLICHATh KO3(DPHUUHEHT YPABHEHHUS JIMHEHHOrO TPeHaa
IJ1%t 3aBHCHMOCTH 00bEeMa NPOUIBOACTEA OT HOMEpa r'oja.

Pemenune. [Ina ouenku napaMeTpoB ypaBHEHHA TPEHAA fy =
= ag + a1t npumennm dopmyast (8.107):

10(12-1+...4+30-10) = (12+... 4+ 30)(1 +... +10)
a1 = b3 5 ) g
10(1°+...4+10°) - (1+...+10)

2,1,

12+ +30)(1%+. .. +10%) — (12-1+... 430 10)(1+... +10) _
0= 1012+ .. +10%) — (1+...+10)? ~

= 8,1.

B aaisnouenue 3aMeTHM, UTO 3HAHHE TPEHAA {4y BPEMEHHOrO PAAS
MO3BOJISAET C M3BECTHON CTENEHbIO HAAEXKHOCTH H TOYHOCTH NPozNo-
3uposamy ero 3HayeHus. [IpeanonoykuTeabHbIe 3HAYCHUA PAJA 415

23%



356 < nasa 8. DNEMEHTHI MATEMATWMYECKOW CTATUCTUKKN ¢

MOMEHTOB BpPEeMEHH ¢, BHXOAALIMX 33 IPAHULLY NPOBEACHHBIX Hab10-
IeHWH, CYMTAIOTCS DABHBIMK f;. [IpH 3TOM BRKHO HOWHMATDH, YTO
OLIEHKH MOACOHOIO COPTa NMPEeANOJIATAIOT, YTO OCHOBHAS TEHACHLA
H3MEHEeHNs1 BpEMEHHOr0 pAJa B TCYCHUC URTCPBAJIA BDEMCHH MEXKAY
MOMEHTOM HaOJIIOZEHNA H MOMEHTOM BPEMEHHU, A KOTOPOro OLEHH-
BaeTCsl 3HaYeHHe BPEMEHHOTO psija, coxpansercs. Kpome Toro, Hajo
UMETb B BHAY, YTO TOYHOCTb MPOrHO33a, KaK NMPABWJIO, CHIDKAETCA
C POCTOM ITOTO MHTEPBAIA.

NMpumep 7.3. Ucnonb3yst pe3yabTaT pelleH#s npumepa 7.2,
OLEHUTh 00beM NPOU3BOACTEA YKa3aHHOrO TIpenapaTa (B TOHHAX) Ha
¢apmariepTHYecKoilt ‘pabpuke B 11-m roxy oT Hayana Habniogenuit.

Pemenue. YpaBueHHe TPeHIa s 3aBHCHMOCTH ofbeMa npo-
U3BOACTBA OT HOMEP& rofa HabmoAaeHuil U3 npuMepa 7.2 NMeeT BHJ
pe = 8,1+ 2,1- ¢ Ioacrasnssa B 3T0 ypaBHEHHE 3Hauenne { =
= 11, nosy4nm nporHosupyemoe Ha 11-it rog o Havana HaGmoaeHuit
3Ha4YeHHe 00beMa NPOH3BOACTEA 4y = 8,1+ 2,111 = 31,2.

CamocroaTenbHas pa6ota

1. B Ta6n. 8.34 npupeseHs JaHHBE 00 00BLEMAX PEATHIALHH HEKO-
TOPOro npenapaTa (B THIC. YNAKOBOK) B anTeke 3a 10 nocnesoBaTeNsHbIX

MeCauen:
Tabmma 8.34
[vIs1f49]50]48]50052]50]49]5.1]

B npeanono:keHHH CTAUMOHADHOCTH BPEMEHHOrO pafa, obpasyemo-
'O 9THMY 3HAYCHHUAMH, OUCHHTh MATEMATHYECKOE OXKHAAHNE, JHCIIEPCHIO
H CpeAHee KBaAPATHYHOE OTKJIOHEHHe JAA 3TOro paja.

2. B Taba. 8.35 npuseaenss pe3y/ILTAThl U3MEPEHMs MAcCH JIaGopaTop-
HOIO XKHBOTHOrO (B IpaMMaXx), NOIYYEHHbIE NOCTEA0BATENBHO B TEYEHHe
12 gweit.

Tabymua 8.35
[MJs0 52485049150 5153 47 [50]52]48]

B npeanonoxxkennn CTAUMOHADHOCTH BPEMEHHOrO paja, obpasyemo-
FO ITHMH 3HAYEHHAMH, OEHUThL MATEMATHYECKOE CXKHAAHNE, ANCIENCHIO

A CpejiHee KBAAPATHYHOE OTKJIOHEHHE JJIA STOrO Psija.
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3. JlanHble Mo ANCLHTLIHHE POCTa TOBapooBOpPOTa anTeky (B JecaT-
KaX Munaworoe pyGnefl) 3a 10 nocnefOBaTeNbHBIX €T NpPEeACTABJIEHH!
B Tabu. 8.36:

Tabmang 8.36

t | 123 )|]4]|]5|6]7]|8]9]10
Ve {10 (9 )16 [ 13|23 (21 |28 27 {3433

CoCTaBUTE ypaBHEHHE TPEHJA JJisl 3aBUCHMOCTH TOBApPoOGOPOTa AnTe-
KW OT rofa B NPeAnoNQKeHUH JHHEHHOCTH 3TON 3aBHCHMOCTH H OLEHHTD
TOBAPOOGOPOT anTekH B 11-M rogy oT Ha4ana HaOMOAeHHIL.

4. MeToaoM CKOAB3ALIErO CPAHETO 710 TPEM TOYKAM NPOH3BECTH CTNA-
JKHBAHHE BPEMEHHOTO PS/A U3 yNpaxkHeHns 3.



[4a0A 9

BBEAEHVE B MATEMATUYECKUE METOAbI
onTMMU3IALIN

MaTeMaTH4YeCKHE METOAbl ONTHMMBAUHM HCIONL3YIOTCA TP
pelUeHHH 3KOHOMHMYECKHX 3a4a4, B KOTOpbIX Tpebyercsa BhIGpaTh
ONTHMAJIbHOE M3 HECKOAbKHX peiuenuii. TloTpebnocTy npakTukH,
CBSI3aHHble € TUIAHHPOBAHHEM LICJIEHANPABJIEHHON Ye0Be4ecKoM
JEATEABHOCTH, BHI3BAJIM K YKU3HU CICHUANbHBIE HAy4YHbIE METO/bI,
O[JHAM U3 KOTOPBIX ABJAETCA MATMEMATNUYECKOE TPOZPAMMUPOCAHUE
(aHryMiicKOE CJIOBO Programming 03HA4YAeT COCTARJIEHHE TJIAHA MIH
IIpOrpaMMsl JeHCTBHI).

Y10661 npeacTaBuTh cieniduKy ToH HayKu, NPUBEAEM HECKONIb-
KO THIIHYHBLIX IS HEe 33a1a4.

1) IIpodasica cesonnme mosapos

dna peanusainn onpenenieHHOH MacChl CE30HHBLIX TOBAPOB CO-
3HAETCA CETh BPEMEHHBIX TOPTOBLIX To4eK. Tpebyercs BuIGpaTh pa-
3YMHBIM 00pa30M: YHIO TOYEK, MX Da3MELICHHE, TOBAPHBIE 3aMachl
1 KOJIMYECTBO NMEPCOHANS Ha KaoKAOM U3 HUX TaK, 4TOBHL 06ecneynuTs
MAKCHMAJIbHY10 SKOHOMUYECKYHO 3¢ eKTUBHOCTD PAcTIPOaKi.

2) Meduuuncxoe obcaedosarnue

M3BecTHO, YTO B KAKOM-TO paiioHe 00HAPY KeHbI CIy4au Onac-
Horo 3abosesanns. C 1ensio BhsABICHU: 3a60MeBmX (MM HocuTe-
JieH nHeKUNU) OPraHU3yeTCAa MeJHLUHCKOE 06cIe A0BaHNE XKUTeelH
paifona. Ha 210 BbijlenieHbl MATEpHANILHBIE CPEACTBS, 0D0py0BaHue,
MeauuuHeknit nepconan. T'pebyerca paspaboraTs Takolt naan oocne-
J0BaHuA (YMCIIO MEAMYHKTOB, MX Pa3sMeLIEHHE, MOCIeA0BATEIbHOCTh
OCMOTPOB CTICIMUAJIMCTAMH, BHABI 2HAJM30B U T. A.), KOTOPbIi N03BO-
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JIMT BHISIBMTH, N0 BO3MOXKHOCTH, MAKCHMAJIBHLIA NMPOLEHT 3a00/1eB-
IHX H HocuTeNeH HHEKIHY.

3) Cocmaeaerue pacmeopa

IlycTh, Hanpumep, TpeOyeTcs NMPUIOTOBHTL PACTBOP, COLEpPKa-
miuii HeKoTOophie BemlecTBa A M B, UCnoab3ys JABa CTAHAAPTHBIX
TOTOBBIX PacTBOPa, B NEPBOM U3 KOTOPBLIX KOHLEHTPALUM 3THX Be-
1IECTE COCTABNAIOT &1 U b1, & BO BTOPOM — @2 U b2, mpHueM cTOH-
MOCTDb €QUHHIILI 00/bEMa IEPBOTO PACTBOPA COCTABJAET €1, & BTOPOTO
pacrBopa — ¢p. [IpH 9T0M CTONMOCTE NIPHrOTOBJEHHOTC PACTBOPA
AONOKHA ObITh MUHIMAJIBHOM, TOTJ1a KAK BEIeCTBa A B HeM JOMXKHO
ObITH He MeHbILE ¢v, a BelecTss B — He MeHblue 5.

§ 9.1. JiunenHoe nporpaMmmMmupoBaHve

9.1.1. OcHOBHbIE onpepeneHun U NOHATHA

O61uan 33Ja4a MAaTEMATHYECKOrO MPOrpaMMHPOBAHHS COCTOHT
B HAXOxKIAEHHH BEKTOpa & = (a:l, Z2, ..+, Ty), YAOBICTBOPSAIOLIETO
CHCTEMe OI'DaHHYeHM

gi(z1,...,zn)=b;, i=1,...,k 0.1)

gi(z,...,xn) < by, i=k+1,...,m,
M JOCTABJAIOLIErO IKCTPEMYM DYHKUMH
z= f(x1,...,%n). (9.2)

Qyukiug f, g; c4uTalOTCA M3BeCTHHIMH. OOBIYHO Ha HEKOTO-
pbl€ NEpPeMEHHLIE T; HAKIAABIBAETCA VCJIOBHE HEOTPHLATEIbHOCTH
(13 npukAagHOTO CMBIC/A 33434H). Kpome TOro, orpaHuyenneM mo-
2KeT GIYXXHTb YUIOBHC LSJOMHCASHHOCTH pPElIeHNA 4JiA pAga nepe-
MEHHBIX.

Onpepeneame. PyHkius f, a8 KOTOPOH OTHICKUBAETCA SKCTPE-
MyM, Ha3bIBaeTCA teaeeol, DYHKIMH g; — PYHKUHAMYA OrPaHHYe-
HMIA. :

Onpenenense. Bextop z = (21,...,%,), YAOBIETBOPAIOWEH
orpanudeHusM (9.1), HASHBACTCA JONYCTNUMBNM BEXTROPOM.
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Onpenenenme. MHOXXECTBO BCeX AONYCTHMBIX BEKTOPOB HA3HIBA~
€TCs JOMyCTUMBIM MHOXKECTBOM. _

Onpegencame. JlomycTuMblit BeKTOp, IAOCTABJIAIOIMMIE 3KCTpe-
MyM Lesteeolt DYHKUHM — onmumandioe petienue (ONTUMAJIBHBIN
UIaH) 380394,

Onpenenernte. Ecnu dpynxuun (9.1), (9.2) sBamores nuselinbl-
M#, TO COOTBETCTBYIOLAS 34]a4a HA3BIBALTCA 3adaxedl aunelinozo
npozpammuposarus (JI1), B npoTHBHOM Citydae — seaunetino2o npo-
epammuposarus (HIT).

Hrak, 3ama4a JHHEHHOIO NPOrpaAMMHPOBAHHMS B MATEMATHYC-
ckolt GOPMYJIHPOBKE MMEeT CIeAY oMU BHA.

Haiiru 3HaueHua sexTopa £ = (1, . - . , £n), YAOBNETBOPSIOIHE
CHCTeME OTrpaHHueHnit

b

6T+ 01222+ ...+ AnZn S
ane1+apntast ...+ a2, < b

B v s e s s st es e PN travana “ e

Om1¥1 + 8m2Z2 + . .. + OmpTs < by
# JOCTABIAIOULHE SKCTPEMYM LeeBol (PYHKIMH
z=cC X1+ 222+ ...+ CrTh.

OrmeTuM, yro

1) cywecTByeT 0BLME METOA PEINEHHS 33Ja4H JHHEHHOro npo-
rPAMMHPOBAHHS, KOTOPHI Ha3bLIBAETCS CHMIJIEKC-METOAOM, Pa3par
GOTaHLI CTaHAAPTHLIC NMPOrpaMMbl /1A pellueHns 3ajadd Ha DBM;

2) He KaXKJadA 334844 JIHHEHHOrO MPOrpPAaMMHPOBAHHS HMMEET
JIOITYCTHMOE DellIeHHe, TaK KAK He BCAKAS CHCTEMA YPaBHEHMN miu
HEPABEHCTB MMEET PELIEHHE;

3) He Bcerga 3ajava AHMHENHOro NMPOrPAMMHDOBAHHS WMEET off-
THMAJbHOE pellieHHe, Aa0Ke €ClIH CYLIECTBYET JOMYCTHMOE PellicHHUe;

4) eC/M ONTHMAJBHOE PEIleHHe CYLIECTBYET, TO OHO AOCTHIALTCA
Ha IPaHHUNE ACNYCTHMOMH 06aaCcTH.

HecMorps Ha OTHOCHTENbHO MPOCTYIO MATEMATHYECKYIO MOCTS~
HOBKy, 3aaaum JIII n0oBoALHO 4acTO BCTPEHAOTCA HA NPAKTHKE,
HaNpuMEpP NpH pelieHWH npobiieM, CBASAHHLIX ¢ pacrpeaec/cHIeM
pecypcoB, NJIAHHPOBaHHEM JIPOM3BOACTBa, OpraHusauuelt paborsi
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TPAHCHOPTA. DTO JOCTATOYHO ECTECTBEHHO, MOCKOABKY BO MHOI'WMIX
NPAKTHYECKUX 38/1a98X €PacXOAbl> U <JOXOAb» JMHeHHO 3aBHCAT
OT KOJIMYECTBA 38KYIJICHHHIX Wik MCIONbL3OBAHHBIX CpeacTs (TeK,
ONJIaTa NePEBOBOK MOXKeT GbITh NPONOPLMOHAILHA, UX ATNHE X (1K)
BECAM TIEPEBO3HMBIX FPY308 U T. A.). KpoMe Toro, MuiHekHbie Moae-
JIM 3AYACTYIO ABJANOTCS HEMIOXUM NPHODKEHNEM NMpH H3Yy4YeHHH
3aja4, Tpebylomux ucnonssoBanua Meroaos HII — B ornnume or
HIT 8 JIIl HeT NMpMHUMOMAALHBIX 3ATPYAHEHHH NMPH HAXOKACHHH
peLueHus.

9.1.2. HekoTopble NpUKNaAHble 3agaun

OcHOBHOM 00SACTBIO MPHIOKEHHA JIHHEHHOrO NPOrPaMMHPOBa-
HHA ABJAIOTCA SKOHOMHYECKME 3a1a4H.

1. 3am29a NAAAHPOBARNS UPUHIBOACTBA

Ilyere HekoTOpOE NMpegnpHsiTHe NMPOU3BOSUT 7 TUAOB TOBAPOB,
3aTpaynBad m TUNoB pecypcoB. [Ipu sToM: a;; — KOMHYECTBO %-TO
pecypca, HeoOXOxHMOe IJIsi NPOM3BOACTBA €AMHHYHONO KOIHYECTBA
j-roToBapa, a;; 20(i=1,...,m; j=1,...,n), b; — 3anac i-ro
pecypca Ha NPeANpHsTHH, ¢; — HeHa eIMHIIHOTO KOJINYECTBa §-TO
TOBAPA.

_ Ipegnonaraerca, 4T0 TeXHAIOrHsl NPOM3BOACTBA JIMHEHHA, T.e.
3aTpaTHl PECYPCOB PACTYT NPAMO NPONOPLUHOHAALHO 00beMy IPOU3-
soacrsa. [lycrs uncio z; noxassisaeT mIaHUpyeMblit 06beM Mpous-
BOACTBa j-ro ToBapa. Torga JOMyCTHMBIM SIBJISIETCS TOJIBKO TakOh
HaBOP NPOU3BOAUMBIX TOBAPOB (1, . . . , Ty ), TPH KOTOPOM CyMMap-
HBIE 3ATPATH KAKAOQ $-F0 PECYPCa He IPEBOCXOJAT €ro 3a0aca:

n
Ea,fjxj £b;, i=1,...,m.
i=1
ITpu 3TOM HMeeM ecTecTBEeHHbIE OTPAHHYEHHS
z; 20, ji=1,...,n.
CTouMOCT, HaBOPa TOBAPOB BHIPAXKASTCA BEIMYHBON .

n
z = ijxj.

=1
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Tpebyercst MAKCUMH3UPOBATL A0XO[, NPU YKA3aHHbIX Orpatuye-
HHSAX.

2. 3agada o pangone

[Mycrs nMeeTcss n npoaykToB IwTaHua (Xe, MsCO, MONOKO,
KapTodenb, ...), B KOTOPHIX YYHTHIBAETCA 77t TIOJE3HLIX BELIECTB
(>xupbl, Genxu, YrIeBOAbl, BUTAMUHSL, . .. ). U3BecTHH crneaylomme
NapaMeTphl: @ij — COLEP>KaHHE i-TO BELIECTBA B €AUHHIHOM KOJH-
YecTBe j-To MPOAYKTa, aij 2 0, (i =1,...,m;j=1,...,n), b —
MHHHMAJbHOE KONMYECTBO i-I'0 BellleCTBA, KOTOPoe JOJKHO norped-
AATbCA UHJMBHIYYMOM B pacuere, CKaxKeM, Ha mecan, b; > 0, ¢; —
1LleHa eJUHHTHOTO KOJMYECTBa MPOAYKTa, ¢j >0, Z; — KONH4ecTBO
J-T0 npoayKTa, noTpebiseMoro HHANBHAYYMOM B T€YEHHE MECALA.

Cpean Beex paunoHoB nuTanus T = (%1,...,Tyn), NOKPbIBAIO-
1#X MHHEMaJIbHbIE NOTPEGHOCTH MHAHBHAYYMa B NOJIESHBIX Belle-
CTBax, HeobBX0MMO BeIOpaTh Hanboiee geluepblit. 3agaua o PauHoHEe
GhopMyAHpYeTCa CREAYIOIIHM 00pa3oM:

n n
Zijj — min, Za,-ja:j =2b, i=1,...,m,
Jj=1 i=1 .

z;j 20, j=1,...,n

AHanoriyen npuMep o cocrase WMxTh. 3BecTHO, yTO AIs MO-
JIy4eHHsT IETHPOBAHHON. CTAJIH HY>KHO MCNOJIb30BATH LIMXTY OnNpe-
JEeNEHHOTO XUMHYECKOrO COCTaBa. MHOIMe WHrpeAMeHTHI LIMXTHE
BECbMa. AOPOrocTosAlMe. B TO >ke BpeMs B COCTAB IMXTHI BXOAAT
MAJIOLEHHLIE MATEPHANBI — WYCYH, JIOM, OTXOAbI ¢ ONPE/EICHEBIM
M3BECTHBIM COEEPXKAHMEM MpHCARoK. BozHukaer 3agada o BeIGOpe
TAKOM HIMXTH, B COCTAB KOTOPOH BXOAMJIH Obl B 33JaHHBIX KOJIHYe-
CTBaX HEODXOZHMbIE XHMHYECKHE BEIIECTBA, 3 CTOMMOCTh € OblTa
6bl MHHIMAJBHOM.

Eule oguH npuMep 3afa4y 0 cMecu. DeHsuHBI pasHbIX copToB
NOJIy4aioT Ny TeM CMELINBaHUA HedTeNPOAYKTOB, HMEIOLIITX Pa3/Iny-
Hblé TEXHHYECKHE XAPAKTEPUCTHKA. 3aJaHHbIC TIOKA3ATEeNH KaYeCTBa
Gensmuna (OKTAHOBOE YHCIIO, CTENEHb OYUCTKH M AP.) JO/KHBI BhIIED-
SKMBATBCA OYEHb TOYHO, TAK KAK OHH HIPAIOT BAKHYIO POb JJIS 10~
TpebuTens. OT TOro, KakKe HeTENPOAYKTHI MPU STOM CMEUIMBAKOT-
€A, 3ABUCHT PEHTAOEIbHOCTL IPOM3BOACTBA. T pedyercs NOCTPONTD
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TAKOH TWIaH CMELINBaHUA He(pPTENnPOAYKTOB, KOTOPbIY oDecnewuBal
6b1 MAKCAMANIBHYIO PEHTA0SABHOCTD TIPOM3BO/ACTBA | TO3BOJAJB TO
JKe BpeMs NoTy4aTh GEH3HHbBI 33JaHHBIX COPTOB B HY>KHBIX NPONOp-
HUax. :

3. 3aza9a 0 cMEIIMBAHAM JBYX PACTBOPOB
- IlpuBeaeM MaTEMATHYECKYIO [IOCTAHOBKY 33Jav#, PaccCMOTpeH-
Ho#l B HayaJle I1aBbl.

IMycTs KOMM4ECTBO HEPBOrO CTAHAAPTHOrO PACTBOPA, HEoOXoaN-
MO0 JIA MPHrOTOBJCHUST TpefyeMoro pacTeopa, umeeT obbem Vi,
a BToporo — obbem Va. [Tockoneky B ofbeme Vi neproro pacTsopa
coaepkuTc a1V] BeutectBa A u 51 Vi Bewectea B, a B obbeme
V2 BTOpOro pacreopa cogepkurea aqVa Bemectea A u baVa Be-
mecTBa B, Ha OCHOBAHWMN 33JAHHBIX OrPAHHYEHHN HA KOITHMYECTBA
BeltlecTB A 1 B B OKOHYATENLHOM PacTBOPE MO2KHO COCTABHTH Clle-
Aylolne HEPaBEHCTRA.:

aVi+aVe 2 a, hVi+ bV 28,

rae 06weMul V] 1 Vo, ecTecTBeHHO, He MOTYT GbITh OTPULIATE/ILHBIMH,
T.€.

Vi2zo, V;20.

Obuwas crouMocTs C' MPHTOTOB/IEHHOTO PACTBOPA, PaBHAsA CyM-
M8pPHOH CTOHMOCTH MCIIOJIb3YEMbIX CTAHJAPTHBIX PACTBOPOB, JOK-
Ha, OBITD MUHNMAJIBHS, OTKY/Aa NOJTY4aeM YCIOBHE

C =c1Vi + 3V = min.
9.1.3. leomeTpUYECKan MHTEPMNpeTaUMA 3aauu NMUHEHHOro
nporpaMmM1poBaHns

3agayy JAMHEIMHOrO NPOrpaMMHPOBAHNS C JBYMS NEepeMeHHbIMH
X1 H X
z = €121 + €222 — Max

anr1 + e12x2 € by

Am1Z1 + am2T2 € bn
MO>XHO pel.nm I‘eOMerpme(:K]’l.
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BBezieM Ha IIOCKOCTH JEKapTOBY CHCTEMY KOOPAMHAT C OCAMH
x1, 2. M306pasum gomycrumyrio obnacTb, 3ajaBaeMyi0 CHCTEMOMN
JHHeHHbIX HepaseHCTB. Kaxj0e orpaHuyiente onpegensaeT Ha mioc-
KOCTH OHY H3 ABYX YacTell (ynaockocTel}, Ha KOTOpbIe NPAMAs
a1Z1 + a2y = b pazduBaer naockocTs. [Tpy TOM COOTBETCTRYIOLIAS
NOJYNAOCKOCTb BKJIIOYAET M MPAHHYHYIO NpsAMYyI0. i yTouHeHus
NOIYILIOCKOCTH JOCTATOUHO NOACTABUTD B HEPABEHCTBO KOOPAWHATHI
Kakol-HuOy b TOUKH, He JeXKaweli Ha 3Toll mpamoit. Ecin nepapen-
CTBO YAOBACTBOPAETCA, TO UCKOMAS NONYILIOCKOCTL Ta, B KOTOPO
JIEXKUT B3ATAS] TOYKA, & €CJIH He YAOBJICTBOPASTCA — TO MPOTHBOMNO-
NOXKHaA e, :

IIpumep. Halith nonyniIocKoCTb, ONpeAENsieMyI0 HepaBeH-
creoM: 4z — 622 < 12. Hocrponm npamyio 4z — 6z = 12. Jas
3TOr0 COCTABMM TaOJIMIY € KOOpAHHATAMHM TOYeK NepecedeHus
IpAMOH € OCAMH, ’

o) 1] 3
Z) ~210

Tak Kak npsMas He IPOXOAUT YEPes Hauaa0 KoopauHaT (csoboa-
Hblii 4/eH He paseH (), TO AJ1a OnpefeleHUs NOMYILIOCKOCTH JOCTa-
TouHo B3ars TouKy 0(0, 0). [logcTaBUB ee KOOpPAMHATHI B HEPaBEH-
CTBO, Nosy4yaeM BepHoe cootHomerne O < 3. 3Hauur, onpeaensemas
TIOYMNAOCKOCTh TA, KOTOPAA COREPKUT TouKy 0. JonycTumoe MHO-
JKECTBO — ITO T€ TOUKH IHIOCKOCTH, KOOPAUHATHI KOTOPLIX YAOBJE-
TBOPSIIOT BCEM HEPaBEeHCTBAM — OIDAHMHEHUSAM, T. €. IPHUHAJJIEXKAT
MepeceyeHmIo NAMYIIOCKOCTeH, ONPEAGNsieMBIX OTAC/ILHBIMH Hepa-

A%

jT2 hr2 4z2

s A
/ . /' Lol o
0 L2 0 / x1

Puc. 9.1. Ilycras go- Puc. 9.2. Orpannuen- Puc. 9.3. Heorpanu-
MyCTHMAast 00J1aCTb. Has Jonycrumasa ob- YeHHas JOMyCTHMAast
AACTD. 061aCTh.

7
0

A"
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seHcTBamu. Jonyctumas obaacTs MokeT Gerrb mycrol (puc. 9.1),
HemycToit n orpaHuyenHo# (puc. 9.2), HenmycTolt M HeOrpaHYEeHHON
(puc. 9.3). HonycTumas 06aacTh, €CIN OHA HEMYCTA, NPEACTABIACT
coG0# BRIMYKJIBIA MHOTOYTOILHUK. :

ITpeanonoxkum, 410 ACMYCTHMAs ODNACTh CYLUECTBYET H MBI €
nocTponau. UTobbl HaliTH ONTHMaNbHOE pellleHHe, T. €. BLIOPATh U3
JAOMYCTUMOH OONACTH TOYKH, JOCTABASIOUINE MAKCHMAJIBLHOE 3Haue-
HHe Uesepolt MyHKUMH, H306pA3NM reoMeTPHYeCKU YCJIOBHE: 2 —
— max.

1. ITonoxxnmM cxagana z = () ¥ NOCTPOUM NPAMYIO 110 Y PABHEHHIO

1) + caza = 0.

Ona npoxoaur 4epes Havaao koopaumuar Hazosem ee omopmotl
NPAMOL.

2. Nocrponm BekTOp HOopMaJH € = (¢1, ¢3) . Hanpasneune aroro
BEKTOPa 38J3eT HaNpagieHue Bo3pacTanud uenesol dynkumn. Ecau

z 6yJeT NpHHUMATDb 3HAYEHMs] 21, 22, . . ., TO ONOPHAA npaAMas Oyaer
nepeMelIaThCs NapaNIeIbHO camoit cebe u obpasyeT ceMelicTBO au-
HHI YDPOBHA.

3. ByseMm nepemelats ONOPHYIO NPAMYIO B HanpagieHun ¢ na-
PAJLIIENIHO CaMoii cebe 1O Tex Mop, oKa OHa He BHIMJET U3 JONyCTH-
moit obnactu. [TocnegHss TOYKa KacaHuA 3TOH NpaAMOH ¢ JOMycTMOH
obnacTeio 6yaer ABAATHC ONTHMAIBHBIM NIaHoM. O603HaYUM ero
2= (‘c(l]! xg)

4. BeryncanM 3navenne z B Touke z¥ — 310 3Havenue u Gyaer
MaKCHMaJIbHbIM 3HaYeHUEM HeNenoii pyHKkiun.

Ha puc. 9.4 Touka A(z), 23} nocrasaser uenesoit dbynxiun MaK-
CHMYM. 3aMETHM, YTO MaX JOCTHIAETCA B OAHON M3 BEPIUIUH MHOTO-
YPONBHUKS.

B cnyyae, Koraa uenepast (pyHKIMS He OFPaHHYEHa B AOTTYCTHMOI!
0BIaCTH CBEPXY, ONTUMAJIBHONO PelleHus He cyluecTByeT (puc. 9.5).
JefcTBUTENbHO, KAK OO0 Ml HH NiepeMellany 6Gs1 OnopHyio nps-
MYIO B YKA3aHHOM HANPABJICHNH, OHA, Beeraa OyeT HMETh HemycToe
nepeceyeHUe C JOMYCTHMOM 00/1aCTLIO.

PaccmoTpum cityyait, Koraa ONTHMAJBHO: PELIEHHE CYIIecTBYeT,
HO He eAMHCTBEHHO, KOTAa MAax 2 JOCTHIAeTCsA He B OJHOH TOUKe
A, a Ha nenoM orpeske AB, napaisenbHoM onopHo#t npamoit. Ho
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o ke

Prc. 9.4. A(zl, 23) — Puc. 9.5. Orcyrcreue  Puc. 9.6, Beckoneunoe
TOYKE MaX UeNieBoii ONTHMAJILHONO MAAHA. MHOMECTBO ONTHMA/Ib-
" ¢yHKUMR. Hbix pewenuit (L||AB).

L] -
T

H 30eCb MOKHO C‘lHTalTb, 970 MaxX JOCTHIaeTCA B Kakoli-To n3 BEPLIUH
Jonycrumoit obnactu (A niu B — Geapazanuno) (cM. puc. 9.6).

Tipamep pemenms NPaKTAYECKOR 32 290

Dupma npon3poauT 2 npoayKTa A M B, peIHOK CObITa KOTOPhIX
Heorpadmyden. Kaxkapbiit npoaykT gomKeHr GuTs 00paboTan KavKzoh
u3 MawnH 1, 2, 3 Tuna. Bpems 06paboTku B uacax mis KOKAOTO H3
u3nennit A n B pano B Tabiue:

1 2 3
Al05 [04]02
B (0250304

Bpemsa pabore mainnn 40, 36, 36 yacoB B Hele/NO COOTBETCTBEH-
Ho. [IpuGoiae ot u3genuit A u B cocTaB/sieT COOTBETCTBEHHO 5 H 3
py6. PupMe HaZO ONpesETUTL HeAleAbHBIE HOPMbI BHIMYCKA H3JeHH
A n B, Makcumusupyone nputsurs.

Pemenue. [IycTb &1 — KOJMYECTBO BBIIYCKAEMOrO MPOAYKTA
A, z9 — koauuecTso mpoaykra B. Tpebyerca MakcHMHU3MPOBATH
11e/1eBYI0 (DYHKIUIO Z = 5y + 3x2 — mMax npHu OrpaHHYeHIsIX:

0,521 +0,25z2 < 40, 0,421+ 0,322 < 36,
0,221 + 0,422 € 36, 1,222 0.

[MocTpoum aonycTHMy!o 0OJACTb, OPPAHUYEHHYIO NPAMBIMK {1,
I3, I3 n ocaMu KoOpOHHAT T1, Ta.

1221 422 =160, {3:4x;+ 3x2=2360, I3:z1+2z2=180.
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Crponm Bextop € = (5,3) u onopHyro npamyio z1<c. [lepeme-
as nNpAMYK 2z II0 HANPaBACHHIO C, 38AMETHM, 4TO Nocaeiunii pas
ONOpHAdA NpAMas NepecedeT AOMYyCTHMYIO 061acTb, KOTAa npolaeT
yepes TOUKY A, KOOPANHATHI KOTOPOH MO>KHO HalTH, PELIMB CHCTEMY
YPABHEHMI:

{ 221 + x2 = 160,
4z + 34 = 360,

22 = 160 — 2%y, 4x1+ 480 — 62 =360, 2z; =120,
2§ =60, z9=40.
Suauenue nenesol ¢pynxkuuu 2(60,40) = 5 - 60 + 3 - 40 = 420.

Nuoraa tpebyeTca 3aMeHuTh 38484y OTHICKAHMUSI MAX SKBHBA-
JieHTHOH eff 3azageil Ha min. MaBecTHo, yTo max z u min(—z) ao-

o2
180 )
{1
120
90
z {2 i3
ONz=g 80 90 TNy

Prc. 9.7. I'pachuueckoe pemenue 3agauy.

CTHIAIOTCS NIPH OJHUX H TeX >Ke 3Ha4eHHAX nepeMeHHbIX. [losTomy
MO>KHO DacCMaTpMBaTh M 3afauy: z = f(x1,z2) — min. Toraa
NpH PeweHHy rpaduuecKUM METOIOM AJITOPUTM, ONHCAHHBIHN B . 3.
COXPaHAETCS, HO OMOPHYIO MPAMYI0 HY)KHC INIEPEMELLATh B HANpPAB-
JIEHHH, MPOTHBONOJIOXKHOM BEKTOPY HOPMAJH, T. €. B HANpPaBACHHU
BekTOpa € = (—¢1, —C2).
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CamocrosaTennHas paborta

1. Ho aaHHBIM CAPABOYHHKA AETH ALKHLI NOJNYYATH 33 3aBTPAKOM
no kpaiivelf mMepe 1 Mr Thammua, 5 Mr HuauuHa B 400 kanopuii. dna
Y/AOBJIETBOPEHHS 3TOH MOTPEOHOCTH X03aiKa PACTIONAT2LT ABYMS BUAAMH
kpynauex wsgemit K n C. Moxuo sribpats imbo nepesit Uz, mubo
BTOpO#, 6O CMeCh 0GOUX BUAOB. DTHKETKU HA KROKAOH MadKe coobmaoT,
y1o 1 ynuus K copepxur 0,1 Mr Tuamusa, 1 Mr HHaumua ¥ 110 kan.,
B TO BpeMa Kak 1 yuuusa C cogepxut 0,25 mr Tnamuna, 0,25 Mr HauuHa
u 120 kas1. CocTaBHTDb TaK MEHIO 33BTPaKa, YTOOb] JETH NOTY4YHIHN HeoDXo-
JUMOE KOIMYECTBO NUTRTENbHLIX BEIIECTB NPH MAHHMAJbHBIX 3ATPATAX,
€CJTH W3BECTHO, w10 yHIus K crout 3,8 nenTa, a ynuua C — 4,2 uenra.

2. Yaepassecounas dabpnka BRINycKaeT 4aii copta A u B, cMemmpasn
3 udrpeaMenTa: UBANACKHH, IPY3HMHCKUlt N KpacHoAapckuil yall. B Taban-
I\e NPUBEJEHE! HOPMbI PACX0Ja WHTDEAMEHTOB, 0GBEeM 3aNacoB KAKAO0ro
HMTPeAHeHTa 1 NpHOLITL OT peanu3aumn 1 T yad copra A u B.

Tpefiyercst COCTABUTE IJIAH NMPOM3BOIACTBS Yas copta A ¥ B ¢ nesnio
M3KCHMH33LKN ¢yMMapHO#t mpubuinu.

UnrpeauenTr lj:puﬂ pacxg;a (r) Obmbem 3an1acoB
vBauicKuit Jadt 0,5 0,2 600
rpySHHCKHH ualt 0,2 0,6 870
KpPacHOAAPCKMil uail 0,3 0,2 430
npubeins oT 1 T. NpoAyKUMA 320 200

{aocn.)

8. Jlas w3roroBjieHUA JBYX BuAoB npoaykumu Py, P; ncnomb3ylor
3 Buga ceipbat 51, S2, S3. 3anacel CHIPbA, KOMHYECTBO eUHHUL[ CHIPbA,
3aTPaYHBAEMBIX HA H3NOTOB/IEHHe eAMHHLE! NPOAYKLH, & TAIOKE BETHYHHA
NpUOBLIH, IOy YaeMOli OT peaIn3allHA NPOAYKIWH, ITPHBEIeHb! B TabuHLe:

KonuuecTeo . chipba
Bua cupea m:::: BACHIS & 3amac CHpbA
P Py
$ 2 5
Sa 8 5 40
S3 5 6 30
IIpubbLan 0T €4. NPOAYKUHI 50 40
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CnnasupoBaTk BLUTYCK NPOAYKUMH TaKHM 00pa3oM, YToOb! NONIyYHTD
MAaKCHMAJIBHYTIO NPUOBLIbL OF PEANH3alUH NPOAYKUMH. .

4. llex npeanpusTA BHITYCKaeT NPOAYKUMIC ABYX BuAoB: A u B.
TpyAaoeMioCTs 06paGoTKY KAXKIOTO W3feNus, & TAloKe NoNe3Hbid ¢oHa
BpeMeHH JAl0TCA B Tabinne:

IMonesuwii
Mawsue MMpoayxr A | Ilpoayxr B doma Bpesetin
1 2 3 6000
2 1 1 4000
Hoxoa or peanwsauun 1 50 40
ea. np. (non.)

Heobxoaumo paspaboraTe nan paborTbl NPESNPHATHA Ha HEReRIO,
nO3SBOIAIINA MAKCHMH3HPORATDL AOXOA.

5. CpencTea OYMCTKM NOJa OLEGHMBAIOT MO CACAYIONIMM TPEM NO-
Ka3aTeNsAM: &) OYMuIalonine CBoAcTBa, 6) Aesunduuupyionme cBolicTea,
B) pasjpakaiomiee Bo3felicTsHe Ha KoxKy. Kaxkapift u3 3TnX noxasareneit
u3MepseTcA Mo Jaanelinok wkane or 0 o 100 exunHL,.

TIpoayxT Ha phIHKE AOMKEH WMeTh No Kpalirelt Mepe 60 eanHuy o4u-
LWAKOWHX CBOKWCTB M No Kpaitwelt Mepe 60 eanuny gesnnduuApyowux
CBOHCTB No coorTBercTEytowed wkane. [Ipu sToM pasapaxalomee Bosaeit-
CTBHE Ha KOXKY AO/KHO GbiTh MUHMMANTBHLIM. KoneuRsld NPOAYKT JoMKeH
6LIThL CMECHIO TPEX OCHOBHBIX OMHMCTHTE/ell, XAPDAKTEPHCTHKH KOTOPEIX
NPUBOAATCA B TAbIMUE.

P ee
Owmenim, | Qamsouse. | Semmpyouse | Lo
Ha KOXKY
A 90 30 70
B 65 85 50
C 45 70 10

TpebyeTca co352Th NPOAYKT ¢ MHHAMAVIBHEIM PA3JPAKAIOIIMM BO3-
JelicTBHEM HA KOXY.

§ 9.2. HenuHeliHOe NporpaMMUpoBaHne

Knacc 38834 HeNMMHENWHOTO NpPOrpaMMHWPOBAHUA 3HAYKTEJIBHO
lIHpe KJIACCa 33489 JIMHEHHOro NpOrpaMMHPOBAHHA. DTO CBA3AHO
¢ TeM, YTO OOJIBIIHHCTBO PEAVIBHEIX 3844 HE MOYKET ObITh aeKBATHO

24 Mapnywkos U.B.
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OMHCAHO C TOMOMIBIO MOAENel SUHEeHHOrO NMPOrPaMMyPOBAHAS H3-38
HEJIMHEHHOCTH HeNeBoH (PYHKLUHH WM OrpaHRyYeHMi.

Ormerum, yro:

1) o6uEx METOAOB peleHAs 3aJ3YH HEIMHEHHOrO MPOrpaMMHu-
POBaHMsA HET;

2) OCHOBHBIE PE3YJIBTATH B HENHHEHHOM NPOrpaMMHPOBAHAH 1O~
Jiy4eHsI NIpH PacCMOTPEeHUM 33434, B KOTOPbIX CHCTEMa OrpasyyesHit
JMHelHa, a uesesasn PpYHKIMS HeJMHeHHas, HO Aadke B TaKMX 333~
4aX ONTHMAJILHOE DellIeHe MOXKET ObITb HalAEeHO TONBKO 1A y3KOro
KJ1aCCa LeNIeBbIX DYHKIMIL;

3) ecnn B 3a434aX JIMHEHHOTO HPOFPAMMHUPOBAHMA TOYKH IKC-
TpeMyMa sIBJAIOTCA BepPLIMHAMHU JOMYCTUMOH 00NaCTH, TO B 33434aX
¢ HeJIMHEHHON UeneBoi dbyHKuuell OHM MOTYT JieXKATb M BHYTpPU
obnacT;

4) KONYCTHMOE MHOXKECTBO He 0DSI3aTEIbHO BLITYKJIO;

5) ecu M OrpaHnyeHus, ¥ lieieBad (DYHKIHA HeJINHEHHSI, TO Hali-
T ONTUMAJLHOE PellleH!e BO3MOXKHO TOJIBKO NPH 0COOBIX YCAOBUAX.

9.2.1. Hexotopbie NpUKIagHbie 3agaiun

1. 3aza9a WIABWPOBAHAS MPOU3BONCTEA

PaccMarpuBad 3amavy O NIaHHPOBAHHM NPOU3BOJACTBA, CHCAY-
€T OTMETHTb, YTO BEJHYHMHA JOXOAS OT €AUHHLbI IIPOH3BEACHHOMN
APOAYKINH H3 CAMOM JeJie He ABASETCA NOCTOAHHOM, a 3aBHCHT
or ob’beMa TPOH3BOACTBA: MO MEpe OCBOCHHA TEXHOIOTMH IpPOU3-
BOJACTBA TPOAYKUMYM 3aTPATHI YMEHDLIIAIOTCA, ¢ yBEJIMUEHUEM 4Yu-
€18 MPOM3BEAeHHLIX NMPOAYKTOB CIIPOC Ha HMX najaeT. [loaromy
ueaeBas byHKIHS, ONHCHIBAIOIAA JAOXOH, ARIAETCS HeuHeHHOH
dyHKupeii. '

2. 3a71a9a 0 KAITUTAIOBJIOXEHAIX

HmeeTess 7 pasaudHbIX OTpacyef, NPON3BOASINNAX NPOAYKIMIO.
DddbekTBHOCTL KanHTaJOBIOXKeHuH B j-10 (7 = 1,...,n) orpacis
onpeaenseTcs U3BECTHON yHKuuel goxoaa ¢;(x;), 3aBucaueit o
seaHyuHbl ;. HeobxoauMo pacnpefenuTh pecypchl BENWHHHBI €
MEXKJY OTPaciaMH TaKHM 00pasoM, YTOOB MAKCUMH3HDOBAThL CyM-
mapHuiit foxoa. Ecau (2 ;) — senunelinas GyHKHMs, TO MBI HMeeM
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337184y OTHICKAHUA SKCTPEMyMa HetHeHoM byHKUHH:

max f(z) = 3 _ qj(z;),

=1
Yoz;<e, x; 20, j=1,...,n.

3. 3aga9a NIAHEAPOBAHAS CTPOHTEILCTRA

CrponTenbHasi OPTaHU3ALMSA BHITIONHSAET 3aKa3bl N0 BO3BEACHHIO
7 Pa3NUYHbIX NPOMBILICHHLIX coopyxeruli. CoopykeHue j-ro (§ =
=1,...,n) TANa MoxeT ObITh NOCTPOEHO MO OAHON H3 TEXHOJIOTH-
yeckux cxeM. Bossegenue j-ro 3ganus no s-i (s =1,.. ., k) Texuo-
JIOrMYecKoi cxeMe NPUBOAUT K pacxofy I-ro pecypca ag-a, i=1,...

. , M, H TIO3BOJISIET MOJIYYUTHh CTPOHTENbHON OpPraHU3alHu JOXOJ,

BeamunHbl ¢(%;5). Tpebyerca BoibpaTh Takue CXeMbl BO3BEACHHS
NPOMBUILTIEHHBIX 3AAHHH, KOTOPbie NO3BOMSAIT MaKCHMU3HDOBATDH
NpubLLTE CTPOMTENLHON OPraHH3aUMK, Pacloaralomei pecypcaMn
{-ro Buza B kKonuyecrse by epuunL, [ =1,...,m.

OGosHauuM Tjs = 1 — PaKT CTPOMTENLCTBE j-r0 3AAHUSA MO $-H
cxeme (ecmi x;,=0, TO $-7 CXeMa /A CTPOMTENLCTBa j-rO 3[aHHs
He Bbi6upaercsi). TpeGyerca HaltTh: .

max f(z) = 35 3° e(®sa),

i=1ls=1
n &k

Zzaéa%'&b:, I=1,...,m,

F=1s=1

Lig = 1,
" lo, j=1,....n, s=1,...,k.

4. 3a34a CK/IaAEPOBAHAS

ITycTh B KAXKAOM H3 92 NEPHOAOB H3BESTEH cnipoc dj, ..., d, Ha
HEKOTOpbIM NpoayKT. s yAORIeTBOpeHHs CNpoca B j-M nepuoge
MOKET OBITH UCNIOMB30BAH KAK NMPOH3BEACHHBIN B 9TOM nepHoje, Tak
H XPaHMMBIH HA CKJIaZe NPOAYKT. B j-M mepuoae swmmyckaeTcs x;
eAMHNI MpoAYKTA. IIpH 9T0M NPOU3BOACTEEHHEIE 3aTPATHI 384I0TCA
dbynxumeis f(x;),§ =1,...,n. Bunymennbi B HeKOTOpOM neproae

24%
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B W30BITKE MPOZYKT MOXKHO XPAHHThL Ha ckiaage. EMkocTs ckiaaja
paBa K, a CTOHMOCTb XPaHEHHs] eAHHHULBI NPOAYKUUH B TCUEHHE
OAHOrO NepHoAa pasxa ¢ pytaaM. Cuntas 33aHHbIM HAYAILHBH 3a-
nac Iy, XpaHUMBIH HA CKJIaJe, 380a4y VIAHMPOBAHUS TIPOUIBOJACTBA
MOXHO c(pOpMYJIHPOBATE KAK 33Ja4y HEJWHEHHOro NporpamMMHpo-
BaHW4.

3a7a4H ONTHMH3ALHY, CBA3AHHBIE C OIITHMAJIbHBEIM YNPABJIEHH-
€M, BGOpoM <nopTdes LeHHBIX GyMars, IPOeKTHPOBAHHEM CTPOH-
TeJIbHBIX, MEXAHHYECKHX KOHCTPYKUMHA, YNPABIeHHEM BOAHBIMH pe-
CYypCaMH, pasMellleHHeM o0OpYACBaHHSA, SKONOIHISCKOr0 KOHTPONS

3a OKpy>KalolLeli cpéaoit U T. A., MoryT 6bITh POPMANILHO NpeCTaB-
JieHbl B BHJE MOACIeH HeTnHelfHOro NMporpaMMHpPOBaHHs.

9.2.2. PetueHue 3af34 HeNIMHEHHOTO NPOrPaMMMUPOBAHNA
reoMeTpUYECKMM METOJ0M

Ob6bryHo 33484y HEMHEHHOrO NPOTPAMMHPOBAHHA NHITAIOTCH
CBECTH K KJIACCHYECKOH 3aJa4€ Ha YCJIOBHBIH JKCTPEMyM O MHHM-
mu3auan QyHkuuM z{Zy,. . . , Lr) OpH OrpaHuYeHnaxX B GpopMe pa-
BEHCTB, KOTODYIO PeIaloT, UCIOMb3ysl KPHTEPHH BBIMYKJAOCTH (BO-
rHyTOCTH) BYHKUMIE ¥ TeopeMbi 06 3KCTpEeMyMaxX win HCNOALIYs
MeTom MHOXKHTeNel Jlarpamka.

B npocreiiiiem ciayyae, Koraa uesnepast GyHKUMA 2 H GYHKUMH
OI'PAaHHYEHMH 3aBHCAT JIMIL OT JABYX NIEPEMEHHBIX Z1, T2 , 335a4a
HEJIMHEHHOTO MPOrPaMMHPOBAHHS MOXET GbITh PEIICHS reoMeTPH-
YECKHM METOAOM.

Mpumep 1. Cayuaii, xoraa uenepas cbyﬂxuuﬂ HeJIUHeNHA,
a dbyHkuun orpaHytieHni — JuHeAHL.

Haittit min » max uenesoit pyrkuun z = (z; + 1)2 + (zg — 2)?
NpH OrpaHHYYeHUuaX:

T+ 21,
221+ 3z2 £ 12,
z1,%2 2 0.

Pemenmne.
1) Mocrpoum B cucreme koopamuar (z10z2) AonmycTumyio of-
JIaCTb. YpaBHEHHS NPAMBIX, 06PasyOWMX TPaHNLY 0018CTH, MMEIOT
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BUZ
a)z1+22=1;, 6)2z1+322=12; B)21=0; r)z2=0.

Kaxapiit pas, sbibupas Hy>KHYIO NOJAYMJIOCKOCTb, 33JaBacMylo
COOTBETCTBYIOIIMM HEPABEHCTBOM, M jaJlee B3SB NepecedeHne ITHX
obaacreit, noxyduM

T2

=N W

-3-2-1012 3 4 5 6 z1
Prc. 9.8. JonycTuman oGacTs k npumMepy 1.

2) CpaBaum ue.nesyro dbyskuuio u3 yenoeus 3agaun z = () +
+ 1)2 + {x2 — 2)? n ypaBnenne okpyxnocT: (21+1)2+ (22 —2)% =
= R? (oxpy>xHocTs ¢ nentpom (—1, 2) u paguycom R). 3amernm, 4r0
LesIeBYI0 (DYHKIHIO MOXKHO PACCMATDMBATb KK KBAADAT Panuyca
oxpyxHocru. [losTomMy z — min, eciu R — min, a paaayc okpyx-
HOCTH MHHHMAJIeH, €CJIH OKPYXKHOCTb CTSTHBAETCH B TOYKY — LEHTP
oxpykHocTh. UTax, 2 — min, eciu 3 = —1, 22 = 2. OgHako Mbl
BHAUM, YTO TOUKa (—1,2) He MPUHAZNEKUT AOMYCTHMON 06IaCTH.
[TosTomy Gyaem MOCTENEHHO «Pa3AYBATbY OKPYXKHOCTb, yBeJHYHBAS
ee pagunyc, NoKa He KOCHEMCs gonycTumoit obnacti. Hanecem Ha yep-
TEXK ITH OKPY?KHOCTH ¢ Pa3JIHYHbIMH PaJJHYCaMH, NPEACTABISAIONIHE

3210 1°2 3 4 5 /8

Pac. 9.9. l'pacbuueckoe pemenne npumepa 1.

cobolt U yposHa nenepoh ¢pyukunu. Kax sugso n3 puc. 9.9, 31o
kacaHue ocyuecTeutes B rouxe (0,2): zmin = (0+1)2+(2-2)2 = 1.

25 [Masaynmos U.B.
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Hanee, niem 2z — max, npogosi>kas yBeJHYHBaTL pasuyc R.
Cnegyer NOMHHTb O TOM, YTO PAJAMYC MOXKHO YBEJIMYMBATH HE JO
6eCKOHEUHOCTH, a JIMLIL JO TEX MOP, NMOKa MBI GyJeM HaXOHUThCH
B gonycrumoit obnactn. INocneguss Touka, B KOTOPO# mpousoieT
TIepeCeYeHHe JIHHHH YPOBHA nefeBoi (DyHKUMH ¢ AomyCTHMON 00na-
cTbi0, GyzeT Touka (6, 0). [TosTOMY Zmax = (6+1)2+ (0 — 2)% = 53.

Npumep 2. Cayuali, koraa uenesas QyHKIMA 2z JHHEHHS,
a DYHKUHN OTPAHHICHHI — HEJHHEMHBI.

Haiiti z = 32 + 3 — max npu OrpaHHYeHHsX:

z1-22 22,
z3 + 2 < 16.

1) [MocTpoHM AOMYCTHMOE MHOXKECTBO peineHuii. YpaBHeHHe
1 - 22 = 2 3ajaer runepboay, CTPOHUM €€ MO TOYKAM. YpaBHEHHE
z? 4+ 2 = 16 — ypaBHeHMe OKDYXCHOCTH C LEHTPOM B Hauale

A%2

Puc. 9.10. I'paduaeckoe pemerne npuMepa. 2.

KOOPAHHAT H pajuycoM, paBHbiM 4. Mckomas aonycruMas obaacTb
Ha puc. 9.10 3amTpHXOBaHA.

2) Paccmorpum ueneByro dyHKIMIO 2 = 3%; + T2, KOTOpas
npeAcTaBiseT coboll ypaBHeHne npaMoi, 3analolee JMHEUKE YPOBHS
uenesoit dynxkuuu. IlocTpouM onopuylo npamywo npu Z = 0: 3z; +
+29=0.
~ CypennyenneM Z uMeeM z — MAax, TIOITOMY Oy/ieM nepeMelaTh
ONOPHYIO NPAMYIO NAPA/IENbHO caMoit cefe A0 TeéX nop, NMoka He
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NpoM30AAET NociefHee KacaHWe JIMHUM YPOBHA C JOIyCTHMOMN 06-
sfacTeio. 310 Oyaer Touka M. [lna onpeaeneHns KOOPAHHAT ITOM
TOYKH PAcCCMOTPUM CUCTEMY YpPaBHEHMH:

z2 =3z + =3,
z? + 23 = 16.

W3 Broporo ypaBHeHNs BLIDASHM X W, MOACTABHB B MEpBOe,

NOTyYuM:
=4/16-af, z=3z1+4/16-2}

Oyukuua z crajga pyHKuuel JHWbL OJHON NEepeMeHHOMH, i,
dz
H MO>KHO rOBOpPHTD 00 ee 3KCTpeMyMe, Halias — a M IPBPABHUBAY ITY

NPOM3BOJHYI0 Hynio (N0 HEOOXOMMMOMY ycaonmo CYLIECTBOBAHHUSA
IKCTPEMYMA).

BosBefieM 00¢ YacTH ypaBHEHHsT B KBaAPAT, BHINOAHHM npeobpa-

3oBanna ¥ nomyunm: 10z = 9 16, orkyza HaxoguM Ty = iﬁ.

Oauako, u3 puc.9.10 BuaHO, YTO TOYKa M HAXOEHTCA B NEpPBOM
KBaJPaHTe, CNeROBATENLHO, 21 2 0, K NO3TOMY

9.16 4

Ty = 16"T=m.

12

1=

M’l‘al( max JOCTHUT3aeTCA B TOYKe ( 12 - ) Cﬂe OBaTEJIbHO
, — . bH

pit /—101 10 211 y

36 4
zm=3m1+leM=ﬁ+m=4v10.

Ipumep 3. Ciy4ais, koraa u ueneBas QYHKUMSA, H GYHKUUH
OFpaHUYEHHI He/IMHelHbI.
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Haitu z = 22 + 2% npu orpanuuennsx:

[ Ty - 22 < 4,

1+ 22 25,

Y 157,

=~
932€6,

z1, 2220

PemeHnue. -

1) [Mocrponm gonycTumyio o6nacTs {3aTpuxoeaHa Ha pHc. 9.11)
ABCD u A1B,C)1 D, a Taroke imuun yposra 1esesolt dyHxumy;

C1

B]ﬁ

N\

Prc. 9.11. 'pacdrueckoe pewenne npumepa 3.

z — max, ecad R — max (n3 puc. 9.11 370 Touka Cy),

z —* min, ecnd R — min (u3 puc. 9.11 3o Touxu Dy, D2 ).

Haiinem xoopaunarht 3THX ToueK. Touka €y aBrsercs Toukoit
nepeceyenys npamod 1 = 7 u runepbonsl. Permam cucremy ypas-

HeHnii:
T = 77
T 2= 4,

orkyna C1(7, 4/7).
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Touxu D4, Dy — Touxku nepeceyeHns runepbonst B npsamoi 21 +
+ 29 = 5.
Pemaem cucremy ypaBHermit:

1+ x2=35,

zy -3 =4,
OTKYJIa 1 = § — 2, & 3HAYHT, U3 BTOPOro yPaBHEHNA CHCTEMBI No-
ayuum =3 — 5z +4 = 0 ¥ TorAa azgl) =1 xgz) = 4. CnenopareibHo,

1 2
:r,(l) = 4; :zg) =1u D(1,4), Di{4,1}, 2min = z|p = 2z|p1 = 17.
Ecnun BO3HUMKaET COMHEHNE, B KAaKOH HMEHHO TOYKE AOCTHIaeTes,

HanpuMep, max — B Touke By nnu C); TO BHIYHCIAEM KOOPAHHATHY
YTUX TOUEK M 3HAYEHMS 1eaeBol PyHKIMY, a 3aTeM BHIOHpaeM Hau-
Gosiblee U3 HUX.

CamocrositenbHas pabora

Haﬁru SKCTPEMAJILHOE 3HAYCHHE 2 [TIPH YKABAHHHX OI'DAHBYCHUAX:
zi+23<9,

1. z = z; + 2o ~ max, min {
Ty +2%2 2 2.

(z1 -2+ (22— 3)° < 4,

2. z =23 + &2 = max, min {
z1 + 422 £ 16.

T1-%2 22,

3. z =3z + 22 = max, min {
23 4+ 2% < 16.

, z1-32 < 4,
4. z = 227 + 29 — max, min 3z, + 23 < 3,
Ty, 22 2 0.
2
L <22 —2
5. z = 2z; — 29 — max, min { 1= ’
4z + 22 £ 12.
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zy+22 21,
6. 2= (21~ 5)"+ (22~ 4" 2+ max,min  { 2 +322 <9,
z1,22 2 0.
[&'] $2<41
2142225
7. z = ] + 23 -~y max,min ¢ S0
Ongiﬁy
| 0<% <7
(2 —23<2,
8. z = 22 + 22 - max, min \ 121,
‘x2<5
1+ 32 2 2,
8. z = (23 — 1)? + (22 — 1)? = max, min 2} +73<9,
;1 £2

(21— 12)* + (22 - 12)* < 144,
10.z=z¥+xf—>max,min 1 + 39 < 15,
22 2 5.

§ 9.3. TpaHcropTHan 3afla4a NUHEWHOTO |
nporpaMMMUpoBaHus

9.3.1. MareMmaTU4yecKas NOCTaHOBKA TPAHCNOPTHON 3agauu

OAHHM M3 Ba>KHbIX YACTHHIX THIOB 33434 JHHESHHOrO NIporpam-
MHPOBaHHA ABASAETCS TAK HA3BIBACMAA mpancnopmuas sadaxa (T3).
Ona MOXKeT 6LITH ONMHUCAHA CACAYIONIMM 00PA3OM: UMEETC T IYHK-
TOB OTTIpaBJeHHA A1, A2, ..., Apm, B KOTOPLIX COCPEAOTOYECHBI 3aNa-
ChI KAKONO-T0 OAHOPOJHOIO IPy3a B KOJIMYECTBE COOTBETCTBEHHO 4],
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a2, - . - , Gm €AMHNL, Beck rpys cnepyer JOCTRBHTb B 7 MyHKTOB Ha-
suauenust By, Ba, ..., By, B koanuectsax by, ba, . . . , by eguuny co-
orpercTBeHHO. [IpH 9TOM CyMMa Bcex 3anacoB B IYHKTAX OTIpaBJe-
HNS PABHA CyMMapHO# NOTPeOHOCTH BO BCEX IYHKTAX HASHAMEHHA, T. €.

i“z’ =zn:b-. (9.3)

i=1 i=1

[IpeanonaraeTess, YTO Ka>KAbIH MYHKT OTTIPaB/JEHHA CBA3AH C Ka-
ABIM MYHKTOM HA3HAMEHUs HEKOTOPBIM MapIPyTOM. 3aJaHbl CTO-
MMOCTH NEPEBOSKH Ci; SAHHHLBL IPY3a OT MyHKTa OTNPAB/IeRUA A;
Jo NyHKTa Hasaauewns B; (i=1,...,m;j=1,...,n).

CToMMOCTB NEPEBO3KM 110 JII06OMY MAPLIPYTY NPONOPLUOHAILHA
KOJIHYECTBY NEPEBOBUMEIX €AUHMI] Tpy3a.

Tpebyercs: cOCTaBMTL TAakol NIaH NEPeBO30K (OTKyaa, Kyda
H CKOJIbKO €JJMHHL Fpy3a Be3TH), 4TOOBI NOTPeGHOCTH MyHKTOB Ha-
3HaYeHHs ObUIH NMOIHOCTBIO YAOBJETBOPEHBI, & 00lasi CTOMMOCTD
BCEX NEPER030K GbLIa MUHMMAJIBHOMN.

®opmasn3yeM BoilieckasaHHoe. OBOBHAYNM T;j — KOJMYECTBO
eMHHL| TPY3a, OTNPAB/ISEMOTO H3 YHKTA OTNpaB/eHust A; B yHKT
Ha3HaueHNA B;. DTH HEOTPHIATEILHBIE NePeMeHHbIe, KOTOPble Ha3LiBa-
J0TCA <IUIAHOM NEPEBOSOK», MOXKHO 3aNMCaTb B BUAe Tabumuusl (24;5):

T Z12 .- Tin
Imi Tm2 ... Zmn

Kakum ke ycnoBHAM NEPEBOBKH Tjj AOJDKHBI YAOBJETBOPATD?
1. U3 kaxka0ro NyHKTa OTIIPABJIEHNs] BLIBOZHTCA BECh MMEIOLIHH-
Cfl TAM IPy3. IT0 JAAET 1 PABEHCTB:

zu+zr2t... .+ T = a1,
........................ (9.5).
Il Zmz+ ..o+ T =0,

2. TIoTpebHOCTH KaXKA0ro NYHKTA HA3HAYEHUA MOVIHOCTBIO YOO~
BACTBOPAIOTCA. DTO JaeT . PABEHCTB:
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T+ xan+. ..+ Tm = by,

........................ (9.6)
Tln + 22+ ...+ Tmn = by.
3. llepeno3ku x;; AOMKHLI ObITh HEOTPHIATEABHBIMK:
zi; 20
9.7)

i=1,...,m; j=1,...,n),

4. CyMmapHas cTOHMOCTh BCEX NEPEBO30K, T. €. CYMMa BeJH4UH
Z;j, YMHOXEHHBIX H3 COOTBETCTBYIOIUIHE CTOMMOCTH Cij, AQIKHA
OBITb MHHHMAILHOIM:

m n
L= ch,-jx.'j = min. (9.8)

=1 j=1

Wrax, nepea namu — 3apava JIII ¢ ycrnoruamu-paseHcTBAMK
(9.5), (9.6) u MuHMUSHpPyemOlt JuneliHol (ynxuuedt (9.8), nocTa-
HOBKA KOTOPOH BREIMISAMT CieAylomuM obpa3oM: MHHHMH3HPOBATH
moz;; (i=1,...,m;j=1,...,n) cymmy ECij(D;‘j IpH OTPaHy-
yennsx (9.5)—(9.7). ij

Creuuduka 310l 3a03un — BCce KOYDMUILMEHTH! B YCIOBHAX
{9.5), (9.6) paBHbI eauHule, KAXAOC HEH3BECTHOE BXOAMT JIMLIbL
B ABa YPABHEHHH — NO3BOIAET CYWECTBEHHO YNPOCTHTb MPOLECC ee
pewenus, He npuberas k obmumM MerogaM pemrenna 3amay JIT1.

CnefyeT cka3aTh, YTO KPYT NPAKTHYECKHX CUTYAlHi, NPHBOASA-
mux K T3, He 06a3aH MMeTH OTHOLIEHHS K Nepeso3kaM. Tak, Hanpu-
Mep, NYHKTH HA3HAYEHHS1 MOXKHO MHTEPIPETHPOBATb KAK Da3iny-
Hble BHABI KAHANOB OBCITY)KHBAHHUSA, & MYHKTH OTIPABIEHHS — KakK
pasjIHyHble KJacchl 3aABOK. Kaxcaoe uncno b; npu 3TOM noxassiBaer,
CKOVILKO KAHAJIOB COAEPXKHT JAHHBIN BHA, & YWCIE @; — CKONBKO
385BOK KJACCa ¢ uMeercd. Yuena ¢;; MOryT XapakTepHU3oBaTh BpeMs
Wi Jyobhie pyrie B3AepXKM OOCIY>XKMBaHMA 3aABKH £-TO KJacca
KaHaJIoM OOcCayXvBanMA j-10 Buaa. Llensio ke pemienus sagaum
ABJISETCS PacTpeaeneHue 3asB0K MEXXAY KaHAIaMH 0BCnyXKUBAHWA,
MHMHHMH3HPYIOWEE CyMMAPHBIE U3AEPAKKH.
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9.3.2. OwKpoitan Mozens TPaAHCNOPTHOM 3aAa4YM
m
Tak Hazbieaerca T3 ¢ HapyuIeHHBIM Oa/laHCOM 3aMACOB E a;

f =1
u norpebuocrelt Y b;, koraa ycnosue (9.3) e sumomserca. Ilogo6-
i=1

Hble 331248 BOZHUKAIOT IPU OnpefencHuy Hanbosiee PailHORAJIBHONO
Pa3MEILEHHS TIOQJIEHKAIIUX CTPOUTENLCTBY NPOU3BOACTBEHHBIX MOLLL-
HOCTel, YTG SBJAETCA YaCTHBIM C/Ay4YaeM TaK Ha3bIBAeMOH 3a4a4u
pa3MelleHHns.

C ¢opManbHOI! TOYKH 3peHHst OTKpBITaA Momeab T3 Hecmox-
HO CBOAMTC K OObIyHOM 3aMKHyTol Moaeau. IlyeTe jgaa ompe-

Je/IeHHOCTH
m n
6:205—263’ > 0.
i=1 j=1

Beeaem duxTususit (n + 1)-# nyHKT HasHavenuna Bnii, mas
KOTOPOTO MONOKHM bpi1 = 6 M Cintr = 0 (i = 1,...,m).
B pesyasTate npuaem K T3 ¢ m nyHkTamu ornpasiaerus d (n + 1)-m
MYyHKTOM Ha3HaYeHHs1, B KOTOPOH 3aMachl IPy3a ¥ NOTPeGHOCTH B HeM
cbanarcHpoBaHbl. MOXKHO NOKa3aTh, YTO ONTHMAJIBHLIH IIAH NEpe-
BO3OK W3 MYHKTOB OTIPABJIEHHUA B IMYHKTH! HA3HAYEHUST C HOMEDAMH
j =1,..., nBaorok obuiuHol T3 coBnaiaeT ¢ ONTHMANLHLIM NAAHOM
NepeBo30K WCXoAHOH 3amaun. ['pys3 “ke, dbopmanbHo BHIBO3UMBIH
B duxrupHbit (n + 1)-t AyHKT HA3HAYEHHA JOIKEH OCTABATHCA
B COOTBETCTBYIOUIX MYHKTAX OTIIPABJICHUA.

Hrak, urolbl peliuTh OTKPHITYIO MOAE/Ib TPAHCNIOPTHOM 3818491
B cityyae (9.8), AOCTATOYHO HAWTH pellieNre 3a/1a491, N0y 4eHHOH BBe-
IeHreM (DUKTHBHOTO MYHKTS, HA3HAYCHHA, a 'PY3, 3al/IaHUPOBAHHbIA
K TIEPEBO3KE B STOT NMYHKT, HE TIEPEBOBHTD.

9.3.3. Peluenne TPAHCTIOPTHON 3afaun

Jna pewenua T3 6su10 paspabGoTaHO HECKONBKO METOAOB, MaK-
CHMAJILHO YIHTHIBAIOWIUX ee crienuKy. MBI OCTAHOBHMCS Ha OAHOM
H3 HUX — Memode NOMENYUIR0S.

B cuay ocoboit crpykrypbl T3 Bce onepauuyn no ee peueHuio
CBOAATCA K MAHUITYIAUMAM ¢ Tabmunelt suga 9.1, rae B onpeaenen-
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HOM MIOPSAJIKE 3aMTHCAHB! YCIOBHsA T'3: HOMepa MyHKTOB OTPABICHHS
(¢) u nyHkTOB Hasnavenns (j), 3aMachl a;, 3a9BKH bj, H CTOHMOCTH
TIEPEBO30K C45.

TaGummna 9.1
. Ne nynkra nasuavenns (§)

Nt mynkTa otnpas. (2) 3anack a;
1 2 3 4 5 ' -

1 e [ce2 | a3 | ca | a5 F G

2 €y | €22 | €23 {| C2a | €25 a2

3 c31 | €32 | ¢33 |jcaa | €35 . @3

4 €41 | Ca2 | €43 | caa | Cas 84

Baasku b; by | b2 | b3 | b | b5

B 3Ty >xe Tabnmuy no Mepe ee 3anoIHeHHA BIMCHLIBAIOTCA BEIH-
YHHbI NIEPEBO3OK T;;. TabnMlia COCTOHT U3 1 CTPOK M 7. CTONGLOB.
B npaBoM BepxHem yriry KadKaoi KJETKH (Bcem HX M - 7t} IPOCTaB-
AsI€TCS COOTBETCTBYIOIAR efi CTOMMOCTh NEPeBO3KHM c;jj. B JieBoM
HIDKHEM YTy B JajibHeHleM NOMeIaeTcs CaMa NepeBoska Tij.

HasoBeM yux10M COBOKYNHOCTb KJIETOK TAOJIMLbI, YCTPOSHHYIO
TakuM 06pa3oM, 4TO KaXKJas Napa COCAHHX KJIETOK PACToNOiKeHa.
J6o B OfHOMA cTpOKe, G0 B 0HOM cTONONE, TPHYEM HUKAKHE TPH
KJIETKM HE NEXKAT B OAHO# cTpoke (cTonblue), a nocaesHsa KAeTka,
Pacnoyio’keHa B OAHOM cTosbLe (CTpOKe) ¢ nepBoi:

Tak, B Tabu. 9.1 nzobpaxken puxa (1,2), (1,4), (3,4), (3,5),
(2,5), (2,2); coBokynmocTs kaerok (1, 4), (1,2), (3,2), (3,5), (2,5),
(2,4) TaKoKe sBIACTCA NUKJIOM.

Bynem HasbiBaTh naaH nepepo3ok (9.4) onoproim, ecau OH yao-
BaeTBOpsieT yenosuam (9.5)—(9.7) 1 eciiH COBOKYTHOCTD KJETOK C 3/1e-
MEHTAMH 2;; ITOTC NIJIaHa HE COAEPIKHT UHKJIOB.

Mo)kHO noKasaTb, YTO YHCAO N NOMOXKUTEJBLHBIX NIEMEHTOB
Mmo60ro ONOPHOTO IUIAHA YAOBJIETBOPACT HEPABEHCTBAM

max(n,m) S NEn+m—1
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M YTO ONTUMaJbHOE pelleHHe (onmusasvnvt naan) T3, T.e. mian
NEepeBO30K &5, yAoBIeTBOpsomuit ycaosuio (9.8), obszaTensHo By-
ZeT OnopHbIM. JIpyrHMH CTOBaMH, ONITHMANBHbLI I1/1aH TEPEeBO30K
ClIeJlyeT HCKATb CPEAH BCEX OMOPHRIX TJIAHOB.

Bce panbuettmnye paccyxaenns 6yaem oOCywecTBIATH Ha npHMe-
pe KOHKPETHOR TabnLbI.

Tabmaoa 9.2
) Ne nynkTa Hasnavenns (j)
M nynkra ornpas. (i) 3anacH a;
: 1 2 3 4
T 3 5 L I BT
2 o LN L B B T
" 5| 8] 12 1o
Saaskn b; 150 | 120 80 50 400

- B coorsetcrauy ¢ Tabu. 9.2 u yenosusamu (9.3), (9.5), (9.6), umeem
a1 =100, a2=130, a3=170 (m =3);
by =150, b =120, by=80, by=50 (n=4);

3 4
Doai=Y bi(=400),

=1 3=1
ca3=6, c33=8

HTA.

Nepporagansaniiit onopasidl nyan

JaiiMeMcst COCTABEHNEM NEPBOHAUAADHOZ0 ONOPHO20 nrana. [lna
STOM LeNK MBI IPUMEHUM MEMO0 MUHUMBAOHOZO SIAEMEHMA, B KOTO-
POM CYUIECTBEHHO YYHTHIBAIOTCH CTOMMOCTH VEPEBOBOK C;j H KOTO-
DBIif, KAK TIPABHAO, TIPHBOAKT K OMOPHEIM TJIaHaM, 6onee GAN3KUM
K ONTHMAJIbHBIM, YeM APYTHe MeToAbl {<¢CeBepo-3anajHoro yriaas,
Hanpumep).
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CyTb METO8 MEHUMAJABHOI'O IEMEHTA 3aK/IIOMACTCA B TOM, YTO
U3 Beelt TabaHUbI BHIGUPAIOT KJIETKY ¢ MUHAMAJIBHON CTOMMOCTLIO
TMIEPEBO3KH C;j M MOMELIAIOT B Hee TIepeBoO3KY &35 = min{a;, b;).

Janee U3 pacCMOTPeHMsI UCKJIIOYAIOT CTPOKY, €C/IH 3aMac B $-M
NYHKTE OTHpaB/eHUA MOAHOCTBIO K3PACX0A0BaH, WM cToAbew, eciiH
3a51BKa, B j-M IYHKTE€ Ha3HAYEHUS TOJHOCTBIO YAOBAETBOPEHA, HIH
>K€ M CTPOKY M cTonbell, ec/in U3PacXOAOBaHBI 3aMachki MyHKTa OT-
NPaBAeHHA u NOTPEGHOCTH NYHKTS, HABHAYCHNA.

C ocrasiueiica 4acTbi0 TabAHHBI MOCTYIAIOT AHAJOIHYHO, BhI-
6upasa HaMMEHBIYI0 CTOMMOCTb [EPEBO3KH M MPOJO/KAA Pacrpe-
JeNAaTh OCTaBluMecs1 3anmackl. [Ipouecc 3akaHYMBaeTCs, KOrja BCe
3anacbl AUTHOCTHIO PAcNpeaesietbl, 4 NOTPEGHOCTH YAOBIETBOPEHbDI.

[IpnMeHnTENBHO K ZAHHBLIM TaOM. 9.2 CKa3aHHOE BLINVIAAWT CJle-
AYioumM obpazoM.

Haxoaum B TabaHile MeMEHT c;; ¢ MHHHMAJIBHOH CTOMMOCTBIO.
WM Gyger snement ¢12 = 1 w3 kierkn (2,1), coorsercTByiomui
BTOPOMY IyHKTY OTHIDABJIEHUR C 3anacoM rpysa az = 130 u nep-
BOMY NYHKTY HasHaveHusi ¢ 3aaBkoil by = 150. Taknum obpazom,
B Kaetky (2,1) creayer moMectuth 4ucio xz; = min(az, b;) =
= min{130, 150) = 130 n MCKIIOYHTH BTOPYIO CTPOKY U3 AAIbHE-
LWIero PaccMOTPEHKSI, UMes NIPH 2TOM B BHAY, YTO B NEPBBIH NYHKT
Ha3HAYeHUs HaAo 3aBecTH eme by = by — az = 150 — 130 = 20
eAMHMIY TPY3a.

TaGmama 9.2a
Ne mynxra ornpae. (1) 2 ayuicra nasuadenns (1) anace! a;
1 2 3 4
1 3 5 7 11 100
: i
2 130 B - - -
3 5 8 12 7 170
3aspka b; 20 120 80 50

B Taba. 9.2a HauMEHLINAA CTOMMOCTb COOTBETCTBYET KJETKE
(1,1): e1n = 3. [Tockonbky & = by = 20 < a3 = 100, s kaerky (1,1)
BIVICHIBAEM BRJIMYMHY %11 = 20 M HCKJ/IOYaeM H3 PacCMOTPEHHA
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crosibel ¢ HoMepoM 1, oTMeYasi IONYTHO, YTO 61 = G} ~— 31 =100 -
-20=80.

B maba. 9.26 MHHUMANBLHAS CTOMMOCTL Clz = O COAEDXKHTCA
B Kaetke (1, 2) u, CIEAOBATENLHO, B TY KAETKY HEOOX0OUMO roMe-
CTHTb MepeBo3Ky 12 = min{ay, b) = min(80,120) = 80, B gans-
He#llleM He YYHTBIBad CTPOKY ¢ HOMepoM 1.

Tabmema 9.26
Ne nynkra ornpas. () 0 nynia wasuaenns (f) 3anac! a;
1 2 3 4
3 3 7 11
1 20 80
1
2 130 - - T -
3 - 81 21 7Tl o
3ansxa by - 120 80 50

OrmernmM, 4TO BO BTOPOH MYHKT HA3HAMEHHS TPECTONT 3aBECTH
ewe by = by — @1 = 120 — 80 = 40 epunny rpysa. Cnegytomeit Ha
ovepeau ABJsieTca KaeTka (3, 4) (B Hee 3aB03UM T34 = min{as, ba) =
= min(170, 50) = 50 emurnn), saem Kaerka (3, 2) (x32 = min(ag —

— by, b3) = min(170 — 50,40) = 40) u, HakoHeu, knerka (3,3}
c x33 = 80.

Tabmama 9.28
e nyuxra ornpas. (i) M nynka nasHasenns (1) Sanacuw a4
1 2 3 4

3 S

1 20 80 B - -
1

2 130 - - - B

3 _ 8| 12 1 170

3aseka b; - 40 80 50




386 < Tnasa 9. MATEMATUMECKWE METOAbI ONTUMUBALUM <

3aﬂeceM BCe Haﬁ,qeuuue HaMM METOOOM MHHHM&AJIbHOIO dJ1EMEH-
Ta nepepo3ku B Tabu. 9.3:

Tabnma 9.3
M nynxrs ornpas. (i) Ne nmysKkTa nasHavenns (J) 3 a;
-1 2 3 4

3 3 7 11
! 20 |80 100

1 4 6 3
2 130 130

5 8 12 7
3 40 80 80 170
3aaeka b; 150 120 8¢ 50 400

Slenserca su sTOT MAaH onopubiM? [, MOTOMY WTO B Hem
CYyMMa MepeBo30K 110 KaKJO0#H CTPOKe PpaBHa 3aIacy COOTBETCTBYIO-
iero NMyHKTA OTNPaBJeHHA, a CyMMa MEepPeBO30K IO CTONOILY-3a-
$IBKE COOTBETCTBYIOIIErO MYHKTA Ha3HAYEHMA (3WAYNT, BCE 3asBKH
YZAOBJIETBOPEHBI, BCE 3aMAChl U3PACXOHOBAHBI) H YUCAO0 NEPEBO3OK
Tij B HallleM nuaHe paBHo 6 = m+n — 1 (m = 3,n = 4);
KpOMe TOr0, COBOKYNHOCTh KJ/ICTOK, 3aHATBIX ILIAHOM, HE COAEPKUT
LMKJIOB.

3amevarme. Eciu yucio N aneMeHTOB niaHa, NOJyYeHHOTO Me-
TOAOM MHHHMAJILHOTO JIeMEHTa, MeHbIle m + 1 — 1 (Torza 3amavua
HA3LIBAETCS 8uPosicienoti), TO B ITOT NIaH ClieAyeT BBECTH JONO-
HWTEABHO M + 1 — 1 — N HOBBIX KJIETOK C MEePeBosKaMHu Zij = 0,
HO TaK, YTOOHI OH He COAeP KA/ HKJIOB (CM. OTIpeAe/ieHHe OOPHOTO
NJIaHA). '

3aech ¥ B panbHeluem B Tabimie SYAYT NPOCTRBAATBCA TOALKO
BEJIHYMHBL TEPEBO30K, OTBEYAIOLIME ONMOPHOMY NnaaHy (B TOM 4ncie,
HYJIEBBIE), 3 OCTANILHBIE KIETKH OCTAB/ATBCS CBOGOIHBIMM.

Tenepb nopa NOLYMATb O TOM, ABNAETCA JA TWIaH M3 Taba. 9.3
ONTHMAJILHBIM, T.€. MUHHMAJIBHA /I Js1 HerO oOIast CTOMMOCTL
nepeso3ok L (cm. (9.8))7

VYorosus ONTHMANLHOCTH I/IAEA HIEPEBO30K
Umeer mecTo ciieayiomuii KPUTEPHHA ONTHMAJILHOCTH TJIAHA Me-
PEBO30K:
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flran nepesosox X = (ij) AGARCMCA ONMUMIADHIM MO200
U TROABKO 0208, K0200 eMY COOMBEMCMBYEM CUCTIEME U3 M + N
NUCEA U, U,y - -« y U VL, V2, - . .« , Up, YOOBACMEOPRIOULAR YCAOBURM

v; — Ui € Cjj
) ) (9.9)

(i=1,...,m; j=1,...,n),
npuiem '

Vi — U = G (9.10)

Ans Beex ®i; > 0 (z45 € X).

HYucna 4; ¥ v; Ha3BIBAIOTCA NOMENUUAAAMYE COOTBETCTBEHHO
MyHKT3 OTNPABJAEeHHA M NYHKTA HasHadeHus, a ycaoeus (9.9),
(9.10) — ycaopMSMM NOTEHHMANBHOCTH CHUCTEMBI {ui,v;}, 4TO
coOCTBEHEO, H NPHBENO K BA3BAHUIO METOJA.

Hrak, HaMm caeayer NPOBEPUTH NJAH NEPeBO30K n3 1aba. 9.3 na
noTeHuHaNbHOCTh. C 9TON HEABI0 ONpefe/uM CHCTEMY MOTEHIHA-
JIOB, COOTBETCTBYIOINX Haluel 3agayue. Bocnonszopasuucs ycnosu-
em (9.10) (HanoMHUHaeM, YTO MHJEKC i COOTBETCTBYET [IOCTABIIMKAM,
a MHJEKC § — NOTPEOHTENAM) [t 3aHATHIX KACTOK Taba. 9.3, nony-
YMM CHCTEMY ypaBHeHHI:

v — ¥ =cn =3,
vi—uz=c =1,
Yz — U] =Ca =20
§ rrmm=en=d, (9.11)
v2 —u3 =cC32 = §,
v3—u3=c33=12,

94— U3 =cC34="7.

‘

[Mockonbky YHCNO HEN3BECTHBIX 11 + 7 = 7 Ha eAHHHULY NpPEBbI-
LIAET YUCIO ypaBHEHHMH, (ONOPHbIH 11aH COCTOMT 3 M +n — 1 =
= 6 3/eMeHTOB), OAHY K3 NEPEMEHHBIX MOXKHO MOJIOXKHTL PABHOMN
Hymo. Boibepem o171 310 Lesv NepeMeHHyI0 t3, KOTOPas Yalle BCero
BXOAKT B chcTemy (9.11). [Monoxkne ug = 0, 1€rko HAXOAUM 3HAYCHHS
OCTAJILHBIX NEPeMERHBIX:

‘Ug=8, 1)3‘—'“12, v4=7,
u1=3, ‘01=6, UQ=5.

25*
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Beeaem ux B Tabn. 9.3, nonyTHO HeckonbKo €e MOAKDHLMPOBAB:
Tatmmma 9.4

J
. 1 | 2 | 3 | 4
v;
the 6 8 12 7
3 5 7 I
1 3 20 80
1 1 6 3
2|5 | 50
5 8 12 7
310 40 80 50

Teneps nccnenyem nocrpoeHnyio cucreMy {u, v;} Ha NOTEHUM-
aJILHOCT®, T. €. MPOBEPHM, GYAYT JIH NOTEHLHANH CBOGOAHHIX KETOK
Tab). 9.4 yaosseTBopATh yoioBuio (9.9).

" Nmeem:

1J3-—1$1=9>7=013*, ‘

-y =4<1l = e,
) v~ Uz =3 < 4=¢o, - (9.12)
”3"u2=7>6=c23*1

v4—u2=2<3=cg4,

{ v —~uz3=6>56=cn"

B cTpokax, ormeueHHbix *, ycmopue (9.9) nmapymaerca. Taxum
00pa30M, Halll IEPBOHAYANbLHAIA ONOPHBIH INAH ONTUMAJNbHBEIM HE
ABIACTCA.

VayqllicERe maaHa
B Teopun T3 aokashiBaeTcst, YTO MPH ONOPHOM IUIAHE GAR KaJiC-
dott ceobodnott xaemxu empancnopmnotds mabauun cyuecmeyem
OURCTNBEHRNE YUKA, GEPUUNRG KOMOPO2O ALdCUm 6 dannot c60600-
HOU KAemNe, @ OCTREAVHBIE — 6 KAETKAT ONOPHOZ20 NAGHA.
- Taxue KIETKH €1l Ha3LIBAIOT HastucHbMY.
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Jns ymyymeHHs] MepBOHAYAILHOIO ONOPHOTO ILJIaHA HaM Cle-
AYeT ONPeACJHTb CPeAN CBODOAHBIX KiIeTOK Haubonee <BLINOAHYIO»
M BBECTH ee B IL1aH. ITo6bl NIaH OCTABAJICS OMOPHBIM, MBI JOJLKHBI
NPH STOM CHEJIaTh OAHY U3 0A3HCHBIX KJIETOK CBOGOAHON, H3MEHUB
NepeBO3KH TakuM oOpasom, uToObi OANaHC 3a8NMacoB H 3asBOK He
HapyLIaJcs.

Howmep (i, j) <«BBIFOAHOM» KIETKH, NogJekaule#i BBeACHHIO
B IJIaH, OTIPEAENAercs KK HOMEP MaKCHMATLHOM MOMOKNTENBHOM
PasHOCTH ajj = v5 — i — cij (cm.(9.9), (9.12)). Eciu Taxosbix
HabepeTca HeCKONIBKO, BhiONpaeTes HOMep Jioboit U3 HAX.

JanpHeliee H3/I0XeHHe NPoBEAEM Ha npumepe Taba. 9.4.

1) Cornacro paeexcTBaM (9.12) HauGonbwas pasHOCTL PaBHA
max{13, a2s, @31) = aiz = 2. CreH0BaTeNbHO, B IUIAR BBOAUTCA
knetka (1, 3) (wmm xaerxa (1, 3) Taba. 9.3).

2} B Tabn. 9.4 Haxopum (eAMHCTBEHHBIN) UMKJI C NEpBOH Bep-
wuHOH B xuerke (1,3), a ocTaNbHLIMM — GA3UCHBIX KJIETKAX: FTO
nocaegoBaTeasHocTy kKaetok (1,3) = (1,2) = (3,2) = (3,3)
(= (1, 3)). O6xoaumM 3TOT UMK NPOTHB YACOBOH CTPEJIKY, BHIXOAA
u3 KaeTkH (1, 3), u oTMeuaeM ero KJIeTKH NOoMepeMeHHo 3HAKH <+»
H «—» HAYHHAA CO 3HAKA <«+».

Iukn nokasan B Tabur. 9.5:

Tabmema 9.5
J
; 1 | 2 | 3 | 4
vj
i 6 8 12 7
3| - 5 +7 11
13 [, %0 \
1 4 6 3
2|5 | 4
5 ) 12 7
s 0 40+ | 80— { 50

OGozHa4auM yepe3 § HAUMEHbLIYIO U3 NEPEBO3OK Zij, PACMOJIO-
HKEeHHbIX B «Urpuua're.nbﬂbm» KJIETKaX H COeJIaeM ‘KJle'I'Ky, COOTBET-
CTBYIOLLYIO 970l TmepeBoske, CBOGOAHON, MCKMIOYMUB €& M3 IIAHS.



390 < [naea 9. MATEMATUMECKWUE METOAB ONTUMMIALIMK <

B pannoM ciyydae @ = min{z12, £32) = 80, z12 = £33, M U3 GasHCHBIX
KRETOK HCKNIOYSETCA HMEHHO KNeTKa ¢ HomepoM (3, 3) nockonbky
CTOHMOCTb HEPEBO3KH €33 = 12 B 9710l KiaeTKe Gonbiue, yeM ¢12 = 5.
Has coxpanenust 6anaHca 3anaca u 3aABOK BhlyWTaeM § = 80 u3
NEPEBO30K B «OTPHLATENbHBIX> M MPHOABJAEM K NEPEBO3KAM B <MO-
JIOXKUTEIbHbIX> KAeTKaX. HailaeHHbIii HaMM HOBLIF IJIaH 3aHOCHM
B Taba. 9.6.

Tabmuma 9.6
J
; 1 [ 2 | 3 [ 4
v
i 6 8 12 7
3 5 7 11
113 | g 0 80
1 ) 3 3
2|5 | 4
5 3 12 7
819 120 50

Hosoiit maaH jy4ioe MpexkHero: MOXHO NOACYUTATb, YTO 001mas
CTOHMOCTh MEPEBO3KHA 10 HeMY Ha 160 e4. MeHbIIe, YeM CTOMMOCTh
njiaga u3 Taba. 9.5.

HeitcTeuTenbHO, anrebpanieckast, ¢ Y4ETOM 3HaKa KJIETKH, CyM-
Ma CTOMMOCTEH, CTOSIIUMX B BEPLIHHAX HWKAa W3 Tabm. 9.5 (Tak
Ha3LIBAEMAs YeHa yuraa) pasHa 7 — § + 8 — 12 = —2. J10 3HA4MT,
YTO NPH HEPEHOCE ONHOMN €IMHHIBI FPY34, FI0 9TOMY LHKJIY, CTOMMOCTb
11epeBO30K YMEHbIIaeTess Ha 2. A mpl nepeHecin ueanix 80 en.;
3HAYUT, CTOUMOCTb AODKHA ObLIa yMEHbUMTLCA Ha 2 - 80 = 160,
YTO H IIPOM3OLLIO.

Hanee ¢ naanom u3 Tabi. 9.6 cregyeT noCTynHTbL TOYHO Tak
e, KAK Mbl paHee NMOCTYNMUNU ¢ NEPBOHAYAJIBHLIM OMOPHBIM IJ1a-
HOM W3 2. 9.3, T. €. A/1A HAYaNa NPOBEPUTL €r0 OMTHMAJILHOCTD.
JIns 9TO0r0 HAZO NOCTPOUTH HOBYIO CHCTEMY moTeHuuadio. OaHako
OGBIMHO IpoLIe He pelaTh ypaeHeHus (9.10) 3aHOBO, a NOANPABUTE
crapbie noreHupans. Ilokakem H3 HallleM MpUMepe, Kak 3TO AENaeTcs.

[Ansi BeeAeHHON B miaH HOBOW GazucHoil kierku (1,3) Heobxo-
AUMOE YCJIOBUE NOTEHUMAIBLHOCTH U3 — %] = €13 HE BBLINIONHAETCS
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(13 = v3—u1—c13 = 2). YTo6bl HCMPABATDL CHTYALHUIO, MOXKHO JTHGO
YMEHBUIUTDL U3 Ha 13, THOO yBeIHYNTD ¥) Ha 13. Coenaem nepsoe,
NOCKOAbKY B C'ronﬁue 3 MeHbile GA3HCHBIX KJIETOK, YEM B CTPOKe 1

Mmeem: vy = vz — a3 = 12—-2=10.

B Tperbem cronbue, kpome (1, 3), ver Gasucubix kaerox. [losro-
MY 3aMEHA U3 Ha U4 He Hapyluaet yotosult (9.10) ans ocTanbabix Ga-
3UCHBIX KJ1eTOK. [TosmyuuM HOBY1O TPaHCTIOPTHYIO Tabuiy (Tabut. 9.7),
OTSIHYAILYIOCS OT Tabu. 9.6 auib 3Ha4YeHHeM NOTEHIMANIA U3
¥ N300pakeHHEM <«LHKJIa», KOTOPLIH SyAeT noiyveH B JabHEHmeM.

Tabnuma 9.7

J
. 1 | 2 | 3 [ 4
v
“l e 8 10 7
— 3 5 7 1
L] 3| 9 0 80
1 | | 4 6 3
2105 | w30 | -
5 ) 1z | 7
3o 120 50

[Tocneayommit anaaus Tabum. 9.7 NPOBOAMTCA AHANOTHYHO TOMY,
KaK 3TO AeJiajiocs ¢ Tabia. 9.5.

Hna ceoGoatbix kierok Taba. 9.7 BEIYMCAAIOTCA PA3HOCTH ¥ —
— ug
[ n—u3=6—-0=6>cg =5,
Vg —us=8-5=3 <« 622=4,

— =10—-5= =
) U3 — U 0-5=5<c3=6, (9.13)
v3 —uzg = 10— 0 =10 < ¢33 = 12,
- =7-3=4<cy=11,

vp=—u3=T—5=2<eyq=3.

Mockoabky B nepBott {oTMeueHHOIt *) cTpoke HepasencTso (9.9)
HapPYINaeTes, IIaH W3 Taba. 9.7 Bce elle He ABASETCA ONTHMAJIbHBIM,
M MBI BHOBb BO3BPAIAEMCA K NOANYHKTaM 1 1 2.
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Has xaerxu (3, 1) (¢ eguncTBEHHONK NONOKHTEbHON! HEBI3KOIH),
KOTOpasi BBOAMTCS B IIaH, crpouM muka (3,1) — (3,2) = (1,2) —
- (1,1) (= (3,1)) n oTMe4aeM ero BePIIHHBI SHAKAMHU <+» H ¢—»
nonepemenHo (cM. Taba. 9.7). Haumenblias mepeBoska, CToawast
B BeplIMHe IHKJa, paBHa 20 n pacnonoxkesa B knerke (1, 1), koro-
pas u3 IaHa Wekovaerest. JJobapasas 20 k nepeso3kam, CTOAIUM
B TIOJIOKHTEIbHBIX BeplnHax mkaa (T.e. B kierkax (1,2), (3,1))
H BbIYMTAS 3TO YHCIO U3 NEPEBO30K, HAXOASALHNXCS B OTPHLUATENBHBIX
pepuinyax (kierka (1, 1)), mony4yaem HOBBI N/IAH NEPEBO3OK:

Tatimma 9.8
J
; 1 | o2 | 3 | 4
v;
bl 8 10 7
R 5 7 11
113 20 80
1 2 6 3
215 | 130
5 ) 12 7
31019 100 50

«llena» sToro uKsa pasua 5 — 84 5 — 3 = —1. CaegosaTenvHo,
0611an CTOHMOCTD NEPEBO30K YMEHLIINIACH elite Ha, 1 - 20 = 20.

Teneps HcripaBuM CHCTeMY NOTEHUMAROB B Taba. 9.8.

Ans BBeAeHHON B 1aH KIeTKH (3, 1) paBeHCTBO ¥ — U3 = €31 HE
BBINOJIHAETCSA, NOSTOMY (IEAYeT NOVIOKUTb V] =, —~1=6—-1=25
(e cronbue 1 menbiue 6a3UCHBIX KeTOK, YeM B crpoke 3). OfgHako
3aMEHA v Ha v) HapywaeT ycnosue (9.9) aus BxXopALICH B NEPBbIA
cronben 6asucHoit Kierkn (2, 1), OSTOMY MCIPABHM NOTEHLHAT Ug:
up = ug—1=5—1 = 4 (U3 ua BLIYUTAETCA TO XKE YHCIIO, YTO PaHee
n3 v1). [TockobKy BO BTOPO# cTpOKe BA3HCHBIX KJIETOK Gomblile HeT,
NOTEHLNAJIH V9, U3, U4 B UCTIPABJICHUH HE HYXKJAIOTCS, KakK BIPOYEM
¥ NOTEHUMAN Uy.

Taba. 9.8 ¢ yueTom H3MEeHEHHON CHCTEMBl MTOTEHUMANOB BHIIJIA- .
IUT Tenepb ClieAyolmM 06pasoM:
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Tabmza 9.9

7
. 1 | 2 | 3 | 4

V.
b 5 8 10 7
3 5 7 1

1]3 20 80
1 4 6 3

2| 4 | o

5 8 12 T
3191 2 100 50

[Tpoeepka ycnopuit (9.8), (3.9} nokassisaer, UTO OHW BHINONHS-
1wTest. Takum 00pasoM, miak B Taba. 9.9 aBnAercs ONTHMAJBHBIM.
CooTBeTcTBYI0IAA €My MHHHMAbHAS 06ILAsT CTOMMOCTD EPEBOSOK
COCTABJISIET

L=5-20+7-80+1-130+5-20+8-100+ 7 - 50 = 2040.

3ameuanne. Ecnu cpemy BCEBO3MOXKHBIX ONOPHLIX MiaHOB T3
x0TI Gbl OAUH COAEPIKUT MeHee T —+1 ~ 1 ONOYKUTENBHBIX NIEMEHTOB

BJok-cxeMa BEITACHEHU 10 MEeTOAY IOTEHIAAJIOB

|Iloc'rpoenue NePBOHAYANILHOTO Maﬂll

4
[Buqnmeuue noTexHyyanos {u, v; }J
i
—’i [Tposepxa omnmanbnoc'mj 28 | Pacuer 3axonyen |
{ ner
I&xoxq;elme MaKCUMAJBHOR HeBﬂBKH]
1
t [TocTpoeHue UHKIOB H NIepepacnpeasieHne NepeposoK l
4

1[ Hcnpagnenne nommma.nos]

27 Masaymxos K.B.
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Zij, IPK UCTIONIB3OBAHUA METOA TIOTEHIUAIOB BO3MOXKHO 3alLlUK/IH-
BaHue, T. €. BO3BPAlLEHUe K PaHee BCTPETUBIIEMYCS ONOPHOMY TLIAHY.
Takasi cuTyauusi BOZHHKACT B CHAy4ae HaJH4YHsl TPYnOBl U3 p <
< ™M OYHKTOB OTNpaBAEHHA, CYMMAPHbIH 3anac rpysa B KOTOPOM
B TOYHOCTH PAaBEH CYMMaPHBIM NOTPEGHOCTAM HEKOTOPOI I'PY N5 U3
g < m TYHKTOB HasHaveHus. [nist NpeqoTBPALICHNA BOSMOMHOCTH
BANMKAUBAHHSA B 9TOM CIy4Yae CJIEAYET CJErka NOAKOPPEKTHPOBATH
uncia {a;, bi}, He Hapywas, pasymeercs, paBeHcTBa, (9.3).

CamocroaTenbHas pabora

1. Hcnonb3ys MeToa MHHHMANBLHOTO NIEMEHTd, COCTABHTh OMOPHBIH
NNaH As NEPEeBo3KU (apMaLeBTHYeCKOro Chipbs HEKOTOPOro BHAA C YeThi-
Pex ONTOBLIX CKAAAOB Ha NATH NepepalaTniraowux dbabpux. Janacw {a;}
ONTOBBIX CKMJ0B MO MOCTABKAM CHIpbA (B TOHHAX), & TaKKe NOTPEGHOCTH
{4:} dabpux H CTONMOCTH TPAHCIIOPTUPOBOK TOHHBI CHIPhA C §-T0 ONTOBOrO
ckaaga j-10 Ha dapmanesTH4eckyo ¢abpuky (rme ¢ = 1,2,3,4; j =
=1,2,3,4,5), npusesens B Tabn. 9.10.

Hcnonb3yst METOJ| NOTEHLMAJIOB, COCTABHThL ONTHMANLHLINA T/1&H TARKUX
NePEBo30K U HAWTH er0 MHHHMAJbHYIQ CTOHMOCTb.

Tabmana 9.10 Tabnana 8.11

. F; ) j

‘T2 ]34 | ™ ‘*TaT2[3[4]s5 | ™
1 /16(30]17 10(16] 5 A | 1720 | 20 | 26 | 25 | 15
2|30 27|26 9 |23]| 5 Az | 3| 4|5 [15]24] 15
3134|223 |1]10 As | 19| 2 |22| 4 |13 15
43| 1]5])4]|2)10 As 20027 | 4 | 17| 1915
171717171230 b; | 1111 | 11| 11 | 16 | 60
Tabmana 9.12 Tabmuna 9.13

. 3 . J
*I17z3a[s5|® 12325 |®
1 21|12 8 | 1|19 1|3 |25|11]22 12|23
2 |20 8 | 25152323 2|9 115] 4261225
3117 | 1(1t|5 |32 3 |13 | 22015 |12 | 27| 12
423]|10]24| 6|5 |23 46198 |11| 8|30
b; |22 | 22| 22 | 11|11 | 88 b; | 18 | 18 | 18 | 18 | 18 | 90
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2. PemuTh npeapayluyio 3agady AAA HCXCAHBIX JAHHBIX, NPUBE/ECH-
HEIX B Tabu. 9.11-9.13.

§ 9.4. DnemeHTHI CETEBOro rVIaHUPOBaHUA
W ynpasneHus

Ecan BLINONHAETCS CROXKHLIH KoMnieKke paGoT (CTPOHTENbCTBO
AOMa, mpoBeeHre H3bupareasuolt koMnanun), Tpebyercs coryaco-
BaTh OTAeNbHbIE pafoTbl, C TeM YTOOHI 3aBepIHTh WX B HaHGOsee
KOPOTKHUit CPOK, HAIH pacnpeesinTh (pHUHAHCH, oGopyaoBaHue, MaTe-
Pplasibl, IPOYHE PecypeHl, Taxk 9robbl Best paboTa obounack Jemese.
OTBersl Ha NOCTaB/ICHHbIE BOMPOCHl MOKHO NONYYHTB METOOAMH
€eTeBOro NJIAHUPOBAHNA.

Hazobem HameueHHbI KOMILIEKC paboT, HeoOXOAuMBIH AXA Jo-
CTH>KEHHSI HEKOTOpOH Leau, npoexmom. [Ipamepamu moxer cay-
JKHTb NIPOEKT CTPONTEIbCTRS 31aH s, CEPBHPOBKH CTOJ1A, HAITHCAHUA
KOHTPOJIBLHOMN 1 T. 4.

y 0&’ @ MonTax dyrnamenra @
)
o

38808 METANIOKOHCTPY KU

S

Prc. 9.12. Cxema Brinoanesus paboT npy Hayane CrpouTeIbCTES STAHUA.

Kaxxaas ornenpHasa paboTa, BXOIAUIAA B IPOEKT, TpeOyeT 3aTpa-
ThI ONpeAesieHHOro BpeMend. HekoTopnie paBoThl MOXKHO BHITONHHUTE
TONBKO B ONPEAEJIEHHOM NopsiaKe {CHAYANA KYNUTb rycs, TOTOM 3a-
JKAPUTD), APYTUE — OAHOBPEMEHHO (PUTOTOBICHHE CAJIATA H XKADKS
rycs).

Ecim KaxkaoMy oTOeNbHOMY COOLITHIO, BXOASILEMY B NPOEKT,
NOCTABATH B COOTBETCTBHE HEKOTOPYIO TOUKY (BepluMHy), 8 KakaoH
pafoTe — OTPE3OK ¢ YYETOM €ro HANpPaBjieHus (OPUMEHTHPORAHHOE
peGpo), TO NONYYUTCA HeKas PUrypa, OTPaXKalowas nociesoBaTe b
HOCTB BbIMOJIHEHHSA OTACABHEIX paboT B 0b1eM npoexTe:
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0 — navagno,

1 — xoTn0BaH roTOB,

2 — byHmaMeHT noJBeeH,

3 — METAJVIOKOHCTPYKILH 33BE3EHBI,

4 — CMOHTHPOBaH KpaH.

Ecnn Han pebpamu nocTaBUTb BpeMms, HeoOXoAHMOe ISl 3aBep-
1IeHUs1 COOTBETCTBYIOWIEH paboThi, TO NOAYYHTCA cemsy. Ee u3o6pa-
JKEHUE HA3LIBACTCA cemesvim epadhruxom. ECin 11a Havyana Kakoi-1o

Pac. 9.13a. [Ipumep cereporo rpaduka.

pafoTs! TpebyeTcs 3aBepIICHME HECKOJBKMX PaboT, 115 OTPaKeHUs
OYEpPeSHOCTH KX BLINONHEHNS MCIIONB3YIOTCA IITPUXOBLIC CTPEIKH.

CereBoii rpaduk siBasieTcs rpaHYecKOl MOAELIO BCEroO NpoeK-
Ta. OH OTpaXkaeT B3AaHMOCBA3b BCeX paboT. -

Jliobas cTpenka Ha CeTEBOM Tpachbuke COEJHHSACT TONLKO JBE
BEPIUMHBI ¥ OTPAKAET Nepexol, 0T OAHOro cOGLTHA K ApyroMy. Camu
CTPE/IKH, KaK y>Ke N'OBOPWIOCH, HCHIQUIb3YIOTCA /1S OTODPadkeHHsI:

a) deticmeumeavnot paGorel (w0Boli TPYAOBOH mpolece, Tpe-
Gyiowuii 3aTpaT TPyaa, BpEMEHH H MATEPHaIbHBIX PECYPCOB),

6) ooicudarus (NaccuBHLIA mpolece, TpeGyIolmi BpeMEeHHbIX 3a-
TPAT — «YTO-TO COXHET ...»),

B) duxmuenoti paGoThl (YHCTO YC/IOBHAS 3aBHCHUMOCTb MEXKAY
COOBITHSAIMH, HE CBSI3aHHAA ¢ KAKUMHU JHGO 3aTPaTaMH, H BBOAUMAS
© Ansa yao6erBa n300paXkeHUst CETH).

I1pu aToM ansa orobpaskeHus Ae#CTBHTENbHON PAGOTHI M OXKHIA~
HHUS KCTIONL3YIOT CMJIOILHBIC CTPENKY, 8 (PUKTHBHAS paboTa oTobpa-
2KAETCA IUTPHXOBLIMHE CTPEJIKAMH.

Ho cobritua 3 Hago npowasecTu paforsl 1, 2, 4-6.

CobriTHe () — HCxoAHOE;

CobpiTHe 7 — 3aBepuiaomies;

OcranbHpie — NPOMEKYTOUHBIE.

IIpu nocTpoeHnM ceTeBbix TPaPHKOB CICAAT, YTOOHI:

1) u3 BeEX BEpLIKH, KPOMe «33BEPIIAIOIRH»>, BHIXOLUIN CTPEJIKI;
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2) BO BCE BEPIIMHBI, KPOME <HCXOAHON», BXOAWIN CTPE/KH;

3) ecnu 0fHO cOGBITHE CIYZKHT HAYAIOM JyIst ABYX H Gotee pabor,
Nnoc/ie 3aBepLICHNsT KOTODBIX HaYYTHHALTCA BBINIOMTHEHHE CJ]e,E[YlOlueﬁ
?

paBoThl, TO BEOAUTCS LITPHXOBAs CTPEJIKA H AONOJIHATEbHOE COObI-
THE CO CBOMM HOMEPOM.

o 0TI,
\o @lo/

Pac. 9.136. l'[puMep CeTEBOro rpacbuKa.

a@
@ ——® O

Henpasuasho

6

®

TipasnacHo
Prc. 9.138. [Ipumep ceTeBbiX rpahuxon

Boobuie, Ha ceTesoM rpadHKe HaA0 YETKO OTPAXKATDb NOCICAOBa-
TEIBHOCTD BBHIIOJIHEHHS OTACJIBLHLIX PaboT ¥ MX B3auMOCBAZH

4) He BOMYyCKAIOTCH WMKIBL, T.€. MyTH, ¥ KOTOPHIX COBHAJSI0T
HAYaJILHBIE H KOHEYHBEe BEPIIHHEI

FON

Gl 0—0—0—0
®

Hennsa

Hensza

Puc. 9.13r. IIpumeps HUKIOB.

£y Qumbru:
1. Y sepuniip 2 HeT BX0A3;
@ v /' 2. Y sepunnnt 8 HeT BbIXOAA;
H 3. Umeercn it 3 - 6 -4 — 3

Pac. 9.14. [Tprmep cereoro rpaduxa, uMeowero omubku
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[lycrs cereBoit rpaduk HEKOTOPOro NPOEKTA NOCTPOLH. 38 KAKOe
BpPEMS €ro MOYKHO OCYLECTBHTD?

HazoBem nymem B ceTH NoGIe0BaTEbHOCTD pebep, TAKYO YTO
KOHel] KayKZoro pedpa coBnajaeT ¢ HayajioM CELYIOIEro H HH OJHO
pebpo He BeTpeyaerces GonbLIe OHOTO pasa.

Hazosem npodosdsicumesvrocinsio nyTH BpeMsi, HeoGxoaumoe s
BEHINOJIHEHUA BCEX paboT, JIEXKALMX Ha HEM.

PaccMoTpumM Bee myTH, BeAyIue OT HCXOAHOTO COOBITHA K 3aBEp-
watowemMy. Kak npaeusio, MX HeCKOIBKO.

[IyTs ¢ HanbonbiIe# NPOAOILKNUTENLHOCTBIO HA3KIBAETCA KPUMU-
Yecxum MyTeM, a pabOThl Ha HEM JIEXKALIHE — KPUMUYECKUMIL.

OxasbIBaeTCs, MEHUMAJIbHOE BPEMS OCYIIECTBIIEHNsT BCErO Npo-
€KTa PABHO NPOAOIKHUTENbHOCTH KPHTHYECKOTO MYTH.

HelcTBuTenbHO, Bce paboTH, B TOM YHC/IE KPHTHYECKHE, HeoOX0-
AUMO BBINOJIHATH B MOPsiKe, KOTOPbill onpegenseT ceTenoii rpaduk,
T. €. ABUKEHUE N0 KPUTHYECKOMY yTH HensbexxHo. Keraru, B cetu
MOXKET ObITh HECKONBKO KPUTHYECKHX MyTel.

[ToHaTHO, YTO CoKpalleHne UK YBeIMYEHNEe CPOKOB BbIMOJHEHKS
KPHTHYECKHX PaboT COOTBETCTBEHHO COKPAIUAET MM YBEJIMYUBAET
oblLiee BpeMs BHINIOJHEHUS TIPOSKTA.

Ha cereBom rpacgpuke kpuTHyecKuil myTh BBIAEASIOT GoNee JKUp-
HBIMH CTPeaKaMH. 3AMETHM, YTO HANpaBJeHHEe IITPUXOBOH CTPeKH
BJMAET Ha NPOSODKHTENLHOCTh KPHTHYECKOrO MyTH, YTO BUAHO W3

CAEAYIOIIEro mpuMepa:

® |
3 FES
®'9\4® @)'9\@)4(;D

txp =16 txp = 17
Pxac. 9.15. [Ipumep ceresoro rpadpHka, RAMIOCTPYPYIOIIHI BAMAHNE Ha-
NpaBJA€HUA IITPHXOBOH CTPeNKH Ha NPOAC/DKUTENBHOCTh KPHUTHYECKOTO
NYTH.

®

Yro kacaerca paboT, He JEXKALUMX Ha KPHTHYECKOM IYTH, TO OHH, -
BoOOUIE rOBOPs, JAONYCKAIOT HEKOTOPOE 3aNa3fbIBaHie B HX BBINOI-
HEHHH, KOTOpPOE He 3aJep>KHT CPOKOB PEeajM3allHM BCEro MPOEKTa.
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JAs OrbICKaHNS KPHTUYECKOrO MYTH HA CEeTH H €ro mpomoi-
SKUTENbHOCTH NMPHMEHAETCA aJIFOPATM MOLIATOBOH ONTHMH3ALIH.
STOT aArOPUTM OCHOBAH Ha NPHHIUMNE onTHMaabHocTH P, Beanmana
M3 TEOPUM JHHAMUYECKOrO NPOrpPaMMMPOBAHMA: KPUTHYECKNH MyTh
obnanaeT TeM CBOHCTBOM, YTO, KAKOB Obl HH OB €ro OTPE30K OT
HCXOZHOH HO HEKOTOPOit BEPIIMHBI CETH, OCTABIIAACSH YACTbL KPUTH-
YECKOMo MyTH MEXJAY 3TOoii ¥ 3aBeplualolliedl BepIIMHAMN JOKHA
GBITH Haubonee POACILKUTENLHOR.

@
/ \i/.\ \

/ .

Pac. 9.16 Mpumep pa;cwe'm Kpmuqecxoro nyTH.

PaccMOTDHM HCTIONL30BAHAE ITONO AJTOPHTMA HAa PHMEPE KOH-
KpeTHoro cetesoro rpaduxa (uudpn 0, 1, . . . , 9 B HIKHUX NONOBHH-
KX KPY>KKOB, ABJIAIOTCH HOMEPAMH STHX BEPIUIMH).

O6o3naunmM yepes ¢;, ¢ = 0,. . ., 9, IPOANDKUTENBHOCTL HaHGO-
7ee «JOUITOoro» MyTH, Begymero or Bepunsl ( K Bepmune i. Torga
to = 0, tg = txp. B COOTBETCTBYH € NPHHUHIOM ONTHMAJBHOCTU
BesmaHa, norydaem ‘

t; = max(ty + (i), i=1,...,9, k€S, (9.14)

rae S; — MHOXKECTBO BEPLUMH CETH, HEMOCPEACTBEHHO NPeIecTBYIO-
wux i-#t Bepmune (npw ¢ = 5, Hanpumep, S; = {2,6}), &(?), k €
€ S;, — NPOAOIAKUTENLHOCTD PaboThLI MexKIy k- w ¢-i BepIIMHAMH
(12(5) = 10, lg(5) = 8).

B namewM cnyuvae

tg=0, 4t =8,
ts = max(to + 13, ¢1 +4) = max(0+ 13,8 + 4) = max(13,12) =13
(83 ={0,1}),

to = max(9,t3 + 7) = max(9, 13+ 7) = 20 (52 = {0,3}),
t4 = max(t) + 6,3+ 10) = max(8+6,13+ 10} = 23 (54 = {1, 3}),
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te = max(t2 + 9,23+ 8,4+ 3) = max({30+9,13+ 8,23 +3) = 29
(86 = {2,3,4}),

t5 = max(t2+10, tg+8) = max(20+10,29+-8) = 37 (S5 = {2, 6}),
t7 = max(t4 + 8, + 0) = max(23 + 8,29 + 0) = 31 (Sy = {4,6}),
ts = max(ts+4, t6+13) = max(37+4,29+ 13} = 42 (Sg = {5, 6}),
tg = max(t7+5,t6+5,%3+6) = max(31+5,29+5,42+6) =48 =
= tKP (SQ = {61 7, 8})

3aMeTHM, YTO B DACCMOTPEHHOM NIPHMepe BEepIUHHA 3 [IPH Bbi-
YHCNEHUAX NPEAIIeCTBOBAJS BEpLINHE 2, 8 BepwnHa. 6 — Bepuiune 5.

Urak, BpemMa (HauMeHbLIEE) BIONHEHUA BCErO MPOEKTA PABHO
48 egunnnam. CoorBeTCTBYIOLINI 3TOMY BPEMEHH MYTh HECJIOXKHO
BOCCTRHOBUTb, ABUIasCH Ka3a[ OT 3aBepinaiomet BepuwyHs 3 K ue-

xoaHo# 0.
' B BepuuHy 9 MOXKHO NONACTb KLU U3 BepuiHHbL § (48 = 424-6),
B8 —m36(42=29+13),86 —n32(20=20+9),82—u33
(20 = 13 + 7) u, nakoney, B 0 — n3 3 (13 = 13 + 0).

Taxum o6pasomM, Kpuruuecku myms: 0 23 -2 =6 =58 = 9.

AHanorvHBIM 06DPa3oM MOXKHO OPeieNIUTh Kpamyuatiuu! nymo
Ha cetH. [Ina sroro 8 dopmyate (9.14) focTATOYHO MAX 3aMEHHTD Ha
min.

B namem cnyuae sToT nyTh, TouHee, nytn 0 &+ 1 - 4 — 6 -
=+ T72910=21-—4 = 6 — 9 nMel0T NPOACIKUTENBHOCTD 22
eguHuupt. JeiicTBurensHo,
to=0,% =8, t3 =min(0 + 13,8 + 4) = 12,
ta =min{9,12+ 7} =9,
t4 = min(8 + 6,12 + 10) = 14,
t¢ =min(9+9,12+ 8,14 + 3) = 17,
ts = min(9 + 10,17 + 8) = 19,
t7 = min(14 4+ 8,17 4+ 0) = 17,
ts = min(19 + 4, 17 4 13) = 23,
tg = min(17 + 5,17 + 5, 17 + 6) = 22 = ip.

B 3akniouenue 0TMETHM, YTO BCE BLIUHCIEHMSA MOXKHO BHINOJ-
HATb HENOCPEACTBEHHO HAa ceTy. [Ipy 3TOM MONE3HO BHIMEPKUBATH
pebpa, npolneamme «00paboTKy», U NOCASAOBATSIIBHO [IPHIKCHIBATE
Kaxkzofi paccMoTpenHoft Bepiiute nanbonee npoaoRKUTENbLHOE Bpe-
MA ee pocThxkeHns u3 0, kak 2TO ¢ileNaHO Ha NOCNeAHEM PHUCYHKE.



< §935. Teopwa Maccosoro obcyxmsatma ¢ 401

CamocrosTenbHas pabora

TlocTpouTs ceteroli rpadux, HaliTH CPOKU NPOMEKYTOYHLIX HTOINOB
B MpOLIECCE PEAIH3ALMN TPOSKTa, YCTAHOBHTL KPHTUYECKHH MyTh WM Bbi-
YHCHTD BPEMS, HEOOXOMMMOE IS PEAH3AUMH BCETO NTPOSKTa.

1. tig = 9, 413 = B; tag = 15 839 = 4; ta6 = 4; t32 = 8; 136 = 10

tas = 8843 =345 = 0,843 = 155 ta7 = 35 tss = Ty 8o = 9; for = 3;
tog = 6; 179 = 2; t700 = 6; g7 = 1158530 = 12,8910 = 7.

2. 4y =T; 413 = 4; La5 = 11; tzg—l(] t32—5 tsqa = 6; t3s = 8§
fag = 4 tsa = 2; 45 = T; L7 = 9; 85,00 = 15; L5 = 8; tg,10 = 20; t79 = 14;
7,30 = 10; 137 = 3; 849 = 658910 = 7.

3. bha =13; 413 = 10; t4a = 75 815 = 95 Loy = 9; 3o = 5; tag = 0;
tar = T; tag = 8; tas = 45 tag = T; t52 = 105 57 = 13; £510 = 20; g9 = 5;
trs = 4; trg = 10; t7g = 15; tg.10 = 12; teg = 8.

4. 410 =5, ti1g =4 14 = 10; L35 = 9; 826 = 15; 30 = T; 36 = 9;
tsr =35 843 = 8 tgy = 125 tsg = 5; 50 = 7; tgs = 3;tgg = 4876 = 0;
trg = 2; tgo = 15 ig,10 = 15920 = 3.

5. g = 15 tm—lo 214—17 215 =205 toy = 12; fog = 13; Loy = 9;
t3g = T7; b4 = 5; tar = 13; 47 = 4; tyg = 10; £430 = 16; 58 = 5; tgs = 4;

tre = 8; tr8 = 11; i7p = 17; tgo = 12; 5,10 = 19; 49,10 = 14.

§9.5. BeegeHne B TeOpPUIO MaCCOBOTO
obanyxusaHus. @opmynbl pnadra

C paboroit cBocOOpPA3HBIX CUCTEM, HA3LIBAGMbIX CUCTEMAMH MaC-
coBoro obcnykupanus (cokpamenso CMO), npuxogures crajku-
BaTbCsl noBceaHeBno. Ilpumepamyn Taknmx CMO moryr cayxutb
TesiePOHHBIE CTAHLWY, PEMOHTHBIE ClTy>k6bi, OuleTHbIe KaccHl, Cnpa-
BOYHBIe OI0pO, MAara3wHbl, anTeKH, NMAPHKMAXEPCKHeE, T.e. Jiobbie
CUCTREMbL, TPEOHASHAYENNDIE GAR 0BCAYIICUCEHUR (8 THOM UAY UMHOM
CMBICAE) HexOmMOpozo NOMoKa 3aeox (uau empebosanuds), nocmy-
DEOWUT 6 Kaxue-Mo, 6000UWE 2060PS CAYNATIHIL, MOMEHTIN BPEMERU.

Kaxxaas CMO ¢ocTOMT ¥3 HEKOTOPOTO YKCiIa 0GCAy>KHBAIOIHX
eJUHUL (MK «IPHOOPOB» ), HAZBIBAEGMBIX KGHAAAMY 0BCAYNCUBGHUA.
KananaMu MoryT 6birhb: IMHHH CBS3U, JIWQTHI, NPOAABLBI, KACCHPH
UTA

Bpems o6cny>KHBAHHA NOTOKA 3aBKH JJINTCHA KAKOS-TO, KAK Npa-
BIJIO CJTy4aifHoe, BpeMst, MOCIe YEro KaHal 0CBODOXAAeTCA Y TOTOB



402 < nasa 9. MATEMATHMYECKME METOLb! OMTTUMMBALIMN <

K NpHeMy cenylolei 3asaBky. ClnydaliHbiii XapaKTep NOTOKS 3a9BOK
1 BpeMeR 0BC1y>KMBAHUSA NPUBOAUT K TOMY, YTO B KAKHE~TO [I¢PHOABL
BpeMeHu Ha Bxoie CMO cospaerca ouepess, B Apyrue e nepuoist
CMO 6yaer paboTaTs ¢ HEAOTPY3KOM.

Taxum obpasom, npouecc paborbi CMO npeacrapnsier cooft
ciryvaiHbI TPoUeCe ¢ JUCKPETRLIMKH COCTOSHHAMY M HETIPEPHIBHBIM
BpeMeHem: cocTogne CMO MeHsIeTCSl CKAYKOM B MOMEHTH NMOABJIe-
HUsT IPKXOA3 HOBOM 3a5iBKH UJIH OKOHYSHHA 00CAY>KUBAaHUS (K/IHEHT
npHLe] — KAMEHT yIhes).

[Npeamerom Teopuu maccosoro obenyxusanus (TMO) sasaser-
€51 IOCTPOEHHE MATEMATHYECKHX MOZEeNeH, CBA3ZbIBAIILUMX JAHHbLIC
yenosusa paborel CMO (xapaxTep NOTOKa 3aABOK, YHCIO KAHAJIOB
M HX NPOU3BOAUTENBHOCTb, OHCLHIUIMHA O0CAY>KNBaHAS) C NOKA3a-
Tenamu apgexrusnocru CMO.

B kauecTBe Takyx NokasaTeseil MOTYT MCMOAbL30BATHCSH Pa3HbIC
XapaKTePHCTHKH: CPEAHEe YUCAO 3aABOK, 00CAY>KHBIEMBIX B eUHH-
1y BpEMeHH; CpejHee YUC/IO 3aHSITHIX KAHAJIOB, BePOSITHOCTL OTKA3a
B 00CHY>KMBaHUH.

PaccmorpuM caegyiolunit mpumep.

Ilycte peub naer o6 amreke, B KOTopol pafoTaeT HECKONBLKO
cay>xammx (kaHanoB obcnykuBanusi). Knuentsl, obpaTusiuiuecs 3a
MeJuKaMeHTaMy, o6pasyloT notok Tpebosanwit. [IpeacTaBeTe, uTO
B anTeKy 3alexaJ MOKyTaTesb, NOTOBLIA NPHOGPECTH JOPOroe Jje-
KAPCTBO, HO HE pACHONaralOUiHii BpeMeHeM WIN JXEaHHEM CTOATb
B ouepeau. Halo yMeTb BHIYMCIATHL BEPOATHOCTH.TOPO, YTO OH He
Oyaer obcay>xed — BeAb ecid OONBIIMHCTBO KAMEHTOB yiiger Ge3
NOKYNKH, BPAJ JU CTOUT AEP>KATb anTeky soobuwe. [fonesHo Taiske
3HATb CTENEHb 3Arpy3Ki KaKAOTO paboTHHKS — ITO XapaKTepusyer
peHTabenbHOCTL anTek. [10CKONbKY MO NOTEHUMANBHLIX KH-
€HTOB M BpeMs ODCIY>KMBaHMS — BeJHYUHBI Cly4aliHble, 324a4a
PEeIIaeTCs AAJIEKO He IPOCTO.

B npumepe yciioBHe yxoga KIHEHTA, €Ci ero o0CHy»KuBaHue
He HAa4AJIOCh HEMEAJIEHHO, BBINVISLAUT HECKONLKO HCKYCCTBEHHBIM —
GONBINHHCTBO NOKYNaTeNel MOTYT NOAMKAaTh. OJHAKO eC/in BMECTo
anTexu pacemarpusats ATC (aBromaTuuecKyio TenedOHHYIO CTaH-
1MI0), & OGCIY>KHBAHUEM CYUTATE NPOACIDKNTENBHOCTE Te/IehORHO-
PO Pas’roBoOpa, TO BHINEYNOMSHYTOE yCJIOBHE BhIMOJIHASTCS.
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Ecau abcTparupopatbcst OT peasibHOrO HANONHEHHS Momenei
CMO (Mmacrepckas, anreka, ATC, audrr B gome u . 4.), CMO
MOXKHO OMHCATD, 331aBAs CNEAYIOWHE €€ COCTARISIOWME:

1) Bxongammit noTok TpeGoBaHuii,

2) AMCUMNINHY OYepeat,

3) Mexauu3M 06CTy>KHBAHUSA,

4} BuIXOAALIMH MOTOK TPeGOBAHUIA,

OOO—’[:I
00. O-*OOO—'I:J—-*OOO O
~000—17

Pac. 8.17. Mogeas reopin MaccoBOro obCy>KuBanns.

B HEKOTOPBIX CHCTEMAX «OUEPesbY OTCYTCTBYET.

CMO pesnTesa Ha KNACCH! IO PALY NPH3HAKOB.

1. CMO c omxasamu (Kax B Testeponun) u CMO ¢ ouepedvro.

Ha npaxTike qawe Berpeyalores ¥ nMeloT Oosbillee 3HauYeHUE
CMO c¢ ouepeanio: negapoM TMO uHOrga Ha3bLIBAIOT «TeOpUA O4e-
peaens.

CMO ¢ ouepesbio: AMHA OMepean i (UAK) BpeMst OXKHAANNS MO-
ryT GBITH OrpaHHYEHBI HJH HET; 0BTy KuBaHue MOXeT ObITh ¢ Rpuo-
pumemom wiH 6e3 Hero, B NOPAAKE NOCTYNJIHHS MIH CIIyYaiHbIM.

TIpnopurer MoxKeT GHITL ABCOMOMHLIM UNH OMHOCUMELADHDLM.

CMO moryT 65ITh omxptimomy U 3axpamvmy. B nepeoit — rnio-
TOK 327BOK He 38BUCHT OT cocTostaus camoit CMO (cxonbko kaHanos
38HATO), BO BTOpO# — 3aBUCHT. [IpriMep — Hasna Ka, IpyTinbi CTRHKOB
OonHUM paboynM. 31ech HHTEHCHBHOCTL <«TPeGOBaHME» CO CTOPOHBI
CTAHKOB 3aBUCHT OT TOT'O, CKOJIBKO UX Y>K€ HEHCIIPABHO.

Knaccuduxamma CMO ne orpannunBaercst NpHBeAeNHbIMYA Pa3-
HOBHIHOCTAMM.

Bozepawmasce k kommonentaM CMO, pacemoTpum 6oee nogpod-
HO ezodawuti nomox TpeboBaHNll KaK OJHO U3 Haubosiee BAXKHBIX

“moHsaTuil TMO.

IMoTokom TpebGoBaHult HA3LIBAETCA COBOKYIMHOCTh 3aBOK Ha 00-
CAY>XHBaHue, MOCTYNAOWMX B OOC/LY >KUBAIOUIYIO CHCTEMY.

OH MOXeT ObITb pezyAapHvM WIH CIoTacmusecsum (T. e. ciy-
qaitHbiM). B 1-M cnyuae TpeBoBanus cieayloT ApYyr 3a APYIOM Yepes
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PaBHBIE TIpOMEXYTKM BpeMmenn At, BO 2-M MOMEHTBI NOABJICHHS
TpefoBanult — CayYaliHbIC BETHYMHBL. '

BaxxHolt xapakTepHcTHKOH NOTOKA TpeGoBauu#t sABJAAETCA €ro
UMMEHCUBHOC> A — CpelHee MHCAO TpeGOoBaHuH, MOCTYNAKMMX
B CHCTEMY B €AUHHLY BPEMEHH.

B cnyuae peryasipsoro notoka A = 1/At; B obieM ciydae
MHTEHCUBHOCTb MOKET ObITh KAK NMOCTOAHHON, TaK M 3asucauiet or ¢,
Hanpumep, norox MallliH HOYbIO HE TAK HHTEHCHBEH, KAK JHEM.

Bxoaamyii MOTOK HA3LIBAETCH CMAUUOHAPHDIM, €CJIH BEPOAT-
HOCTb NOCTYILICHHUS ONPEAeNSHAOI0 KWInyecTsa TpeboBaHui B Teve-
HHE ONpeAeNIeHHONO MPOMEXKYTKA BPEMEHH 3aBHCHUT AUtdd OT JIJINHBI
ITONO MPOMENKYTKA.

B 92CTHOCTH, HHTEHCHBHOCTb A CTALIMOHAPHONO NOTOKS, JO/DKHA
ObITE NOCTOAHHOMN, T.€. 6 Cpedrer HE HHTEPBAJIAX PaBHOH JJIMHBL
JAO/DKHO OBITH OMHAKOBOE KOJIMYECTBO TPEGOBAHHUIA. _

CpOHCTBOM CTALMOHAPHOCTH O0JIAJAI0T MHOFUE PEaibHbIE [IOTO-
KH TpeOoBaHMif, O KpaiiHel Mepe HAa OrPAHUYCHHOM YHACTKE Bpe-
meHH (Harpyska Ha AT'C MeHsieTCSl B TeYEeHHE CyTOK, HO He MEXKAY,
CKAYKEM, YACOM H ABYMS ).

[Torox TpeGoBannit HasBIBACTCA MOTOKOM 6e3 nocaedeldicmeus,
€C/IH A9 MI00BIX ABYX HEMEPECEKAIOLIMXCH YHACTKOB BPEMEHN Ty H T2
Yuco TpeboBaHu#, MOCTYNUBIINX B CHCTEMY 34 72, HE 3aBHCUT OT
TOIO, CKOJIbKO TPeOOBAHHI MOCTYITHIIO 33 MPOMEXYTOK 77.

JpyrumMu cIoBaMu, NPOILJIcE He BIMAET Ha HAcTosLlee!

Io cyTn, 0 03HAYaeT, ¥T0 TPeboBaHUsA, 0OpasyiolMe NOTOK,
NOABJIAIOTCH B T MY KHbIE MOMEHTHI BPDEMEHI HE3ABHCHMO JIPYT OT
Apyra (KaK, HampUMep, MOTOK MACCAXKUPOB, BXOAAILMX B METPO).

[Iycrs cy4aiinas Besmunna X (1) 06o3HaYaeT yncio TpeboBanuit
Ha nutepsane [0, ¢].

IToTok Ha3bIBAETCA OPOUKAPHBIM, ECITH

(A/P(X(t) > 1) = 0 (9.15)

npu t = 0. -

Sameran, w0 P(X(£) > 1) = 3 pa(t) = 1- poft) ~ p1(8), re
Pi(t) = P(X(t) = k). =
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B opauHapHOM NMOTOKE MOsIBNEHKE OBYX M Oosee TpeboBanuii 3a
MAJIbI/ IPOMEXKYTOK BPEMEHH NIPAKTHYECKH HEBOBMOXKHO.

TToTox KilMeHTOB B anTeKy 0OLINHO OPAUHADEH.

TToroxk TpeGoranuit HA3LIBAETCS] npocmetitius, €CITH O CTALLHO-
HAPEH, OPAMHAPEH H HE UMeeT NocnedeHCTBHA.

[ToToku Takoro THINa YacTO BCTPEYAIOTCA HA NpaKkTHke. Tep-
MUH <[IPOCTEAMNITY CRA3EH ¢ MPOCTHIM MATEMATHYECKAM OIHCARHEM
3TUX NOTOKOB.

MoxXHO NOKa3aTh, YTO A1 NpocTeiiero NnoToka Yucno Tpebosa-
Huit X () B poMesxyTKe BpeMenH JIHKEOHR ¢ pacnpesie/ieHo 1o 3aKOHY
[Myaccona ¢ napamerpom At (cMm. n. 7.2.1), T.e.

Put) =& t) M g—01,... (9.16)

CTauMOHEPHOCT M OTCYTCTBHE NOCAEACHCTBHSA HAJHULO, OpPAV-
Ha.pHOC'I‘b (T e. ycnosue (9 15)) BBITEKAET U3 PABCHCTEA
e -xt
L Pusa(t) = Aot
KOTOPOE MOYKHO NMPOBEepUTb NO npauiy Jlonurass.
ITapameTp A 34ech XapaKTEPU3YET HHTEHCHBHOCTS MOTOKA. Jleit-
CTBUTEJILHO,

=0, t-90,

1 1 o, (A8
TMX(t) = ;ZkPk(t) = AZkTe N

k=0 k=1

< . i [ =]
N P Y A

=0 i=0

[pocreilunit NOTOK €llle HAZBIBAIOT CIMAUUOHGPHYIM TNYACCOHOB-
CRUM. _

Mpumep 1. Hanaaka crankos oguum pabouum. [Ipeamonara-
€TCs1, YTO BCE CTAHKH TPHNOJIM3HTENbHO B OJHHAKOBOM COCTOSHHM
(nocnegsee obecniednBaeT CTAMOHAPHOCTD TOTOKA NIOJIOMOK); Bepo-
SATHOCTb MOJIOMKH OHOTO CTAHKA, HEBEJIHKA, (JBYX, . . ., TeM Gonee) —
OTCIOJa ClIeAYEeT OPAMHAPHOCTL; KPOME TOIO, €14 CTAHKOB MHOIO,
a CpenHee BPEMS PEMOHTa MAaJIO, MOKHO CHMTATh, YTO MOTOK MNO-
JIOMOK He HMeer mocheaei#cTBuA. [ pyriMu clioBaMu, OH SABJISETCS

NPOCTEHLINM.
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Ilycts unreHcuBHOCTL A = 3 nosomxu/yac. ITo popmyae (9.16)
npi A =3 1t = 1 HaliieM BEPOATHOCTH K MONOMOK B TCYEHHE Yaca
pe(1) =3¢ 3/kl k=0,1,... (% ~ 0,0498).

K 0 1 2 3 4 5 6
Pe(1) | 0,05 | 0,15 | 0,22 | 0,22 | 0,17 | 0,1 | 0,05

Caenyromee paxkuoe nousitue TMO — 310 epems 0bcayoicusa-
HUA.

OHo siBsIAeTCA XapaKTEpPHCTHKON (PYHKLHOHUPOBAHHA KAXKIOIO
OT/IENLHOTO KaHaJIa 00CTy>KHBAIOLIEH CHCTEMbI U OTPaYKAET ero npo-
NYCKHYIO ¢TocoGHOCTb. Bpemst oBcty>kuBanus — caydaitas Ben-
YUHA.

Has npocToThl OyAieM pacCMaTPHBATh CHCTEMY, COCTOANIYIO U3
O{HOTHITHLIX OOCNY>KUBAIOILINX ANMAPATOB, UMEIOWIHX OOLIMI 3aKOH
pacnpegenenns. [Ipu stom GyaeM npeanonaraTs, YT0 3TOT 32KOH
pacrnpejeseHns — Noka3areabHeill, ¢ GyHKIMel pacnpeie/ieHHs Bpe-
menH 0bcay>kupanns (cm. (7.21))

F(t) = (1 — e, (9.17)

[Mapamerp g (aHANOrHYHO NMapamMeTpy A BXOAAILENO NOTOKA)
onpejensieT MHTEHCUBHOCTb O6C/TY>XKHBaHWsT; BenunHa 1/u asaser-
¢S CPESHUM BpeMmeneM olcay>KuBaHus { OJHON 3asABKM:

Mt = J tF'(t) dt—‘l‘ ' (9.18)
0 \

[TokazaTenbubiil 3aK0H UMEET BOILLIOE 3HAYCHUE KAK B TEOPETH-
YECKUX UCCNCAOBAHHUAX, TARK M BO MHOTHX NPUJIOKEHUAX. BaxkHei-
1HHM ero CBOWCTBOM SIBJISIETCSI TO, YTO NPH TAKOM 3aKOHE pacrpele-
JIeHMA BPEMEHH OOCHY>KHBAHHS OCTABILEECS BPEMA OOCHY KHUBSHWA
HEe 3aBMCHT OT TOT0, CKOJIbKO BPEMEHH 00CTY>KHBAHUE YIKe JTHIIOCh.

Janee KOpPOTKO ONVLeM T-KAHAALHYIO cucTemy MACCOBOrO 06~
CNY>KHBAHUA C OTKA3AMH.

310 <KJIaccuyecKasa» 3agava TMO, Boaﬂmcmaa U3 NpaKkTH4e-
CKUX HY»[J TenedbOHMK H pellleHHas B Havale XX BEKa JATCKMM
MATEMATHKOM DpnaHrom. 3aga4a CTABUTCH (ICAYIOWMM 00pa3oM.
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Hmeercsa n KaHaNIOR, HA KOTOPBIE NOCTYNAET mpocTeliuinii noToK
3asBOK C MHTEHCHBHOCTHI0 A. Ecmiy B MOMeHT nocTyniienus ovepes-
HOro TpeGoBaHMA HMEeTCst XoTd Obl OAuH CBOGOAHMI annapar, To
JIO0OH M3 HHX HeMeAJIeHHO MPHUCTYNaeT K obcnykuBanuio. B npo-
THBHOM C/Tyu3€ 3asBK3 NIONY48eT OTKA3 W NOKUAAET CHCTEMY.

Bce kaHann! paboTaioT HE3ABHCHMMO JPYT OT APYra H OT BXOAA-
LLIETO TIOTOKA.

Bpemst 06CTy >XHBaHUA KAXKAOMO TPEOOBAHUA PacnpeiefieHs 1o
noKa3aTeIbHOMY 3akoHy (cM. (9.17)) ¢ napamerpoM i (T. €. cpepnee
BpeMA OOCNY)KUBAHURA Tog = 1/u). Tpebyerca naittu xapaxrepu-
ctuku a¢ppexktnHOCTH padorst CMO B craumoHapHoM (yCTaHOBHMB-
WeMca) PeXKUME, T.e. IIPH HEOTPAHHYEHHO. BO3PACTAIOIEM BPEMEHH
ee paborhl. KoHKpeTHee, HaC MHTEPECYIOT:

A — alCconoTHas NponycKHas CMOCODHOCTD, T. €. CpefiHee YHCIo
3aABOK, 0OCTY?>KHBAEMbIX B AHHHILY BPEMCHM;

@ — OTHOCHTeNIbHAsl TIPOMYCKHAA CNOCOBHOCTb, WM CPEHss
AOJIS NIPUILEAIINX 32ABOK, OOC/y>KNBAEMBIX CHCTEMOIH;

Porx — BEPOATHOCTb OTKA3S, UM TOTO, YTO 33a8Ka nokuaer CMO
Heobenyxernoit;

K — cpeasee YHC/IO 3aHATBIX KAHAJOB;

Pi, 0 £ k € n, — BEPOATHOCTh TOrO, YTO 3aHATO POBHO k
KAHANOB, H, B YACTHOCTH, Py — BEPOATHOCTL NPOCTOA CHCTEMD;

K3 = K /n - 100% — xoadppunpent npocros kananos B %;

K, = (1—K/n) 100% = (100 — K3)% — xospbuupent
npocTos KaHajoB B %.

O6o3naumum

Alu=a. (9.19)

Benuuuna o oO6bIMHO HA3LIBAETCA <NPUBEACHHONW UHTEHCHUBHO-
CTBIO NOTOKA 3AABOK» H €€ CMBICII — CPEAHEE YUCNO 3a51BOK, IPUXO-
Asiliee 3a cpeaHee BpeMsa oDCIy)>XWBAHNA OfHOH 3asd8ku. [Tonb3ysack
9THM 00O3HAYEHHEM, MOXKHO TIOK83aTh, YTO BEPOATHOCTb Py TOro,
aro Bee 1 KananoB CMO ceoBoatbl, Bhipaskaerea dopmyioi

2 ny —1
P0=(1+a+‘%+...+9—) (920)

n!
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a BepositHocTH Py nipu 1 < &k < n umelor BuA
ak
P, = -’-‘:!—Po. (9.21)

®opmyanni (9.20), (9.21) ans BeposTHocTel Py HaspiBaloTCA hop-
mysamyu Fpaarnza — B 4ecTb ocHopatens TMO. C mx noMomeio
MOXKHO BHIYMCIIHTD OCTA/IbHBIC HHTEPECYIOIIHE HAC XaPAKTEPHCTHKH
CMO. Tak, sepoatHoctb Porx = Pp. [eficTBuTenbHo, Ansa Toro
yTOOL! NpUIBE A 3a5BKA NOTYYNIIa, OTKA3, HEOBGX0AUMO, 4TOOL! BCe
7 KaHaJNoB ObiM 3anaThL. WTax,

OTcioaa HaXOAWUM OTHOCHTE/IbHYIO NPOMYCKHYIO CHOCOGHOCTB,
T. €. BEPOATHOCTD, YTO 3a5A8Ka Oyer obcyKeHa:

Q=1=Poy=1— %Po. (9.23)

A6COMIOTHY 10 NPONMYCKHY0 CIIOCOGHOCTD NMOMYYHM, YMHOXKAS WH-
TEHCHBHOCTD ITOTOKA 334BOK Ha Q:

A=A-Q=X- (1——P0) (9.24)

CpeaHee YHC/IO 38HATHIX KAHANOB K 1O ONPeJE/IeHHIO MaTeMa-
THYECKOTO OykHAauus ¢ yyeToM (opmya (9.20) u (9.21) pasHo

n

k
0-P0+1'-P1+...+nPn=EES'—Po=

P
n—1 oft
= aZP,_a(l-P,.),
1=0
K=o (1 ~ %‘Po) : (9.25)

OtmeruM, 4TO, 3HAS BEPOATHOCTL O0TKA3a Porc(n) = Py, B 06-
CITY>KHBAHMM CHCTEMBI ¢ 71 KaHaiamu obciyxusaaua (cm. (9.22)),
AHAJIOMMYHYIO BEPOSTHOCTD /151 CHCTeMBI ¢ (1 1) KaHaIOM MOXKHO
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BBIYHCINTD, NOAL3YACH HECIOKHO NPOBEPAEMBIMU PaBEHCTBAMH
Py n P,

H wa(n_1)=-'
pn.,."'T“ @

Pox(n+1) = . (9.26)

1~ P,

IIpusegem ABa NpUMEpa, UCTIONL3YIOIMX PACCMOTDEHHYIO TEo-
PMIO.

IIpamep 2. [lycrb nmeeres ATC ¢ narbio auHnsAMHY cBa3H. [lo-
TOK BbI30BOB, nocrynalouuit Ha ATC, npegnonaraerca npocTesuum
C MHTEHCHBHOCTBIO A = 1 BLI30OBA B MHMHYTY, a BPEMs pPa3roBopa —
pacnpeae/ieHHBbIM N0 NOKA3ATEIbHOMY 3aKOHY €O CPEIHHAM BPEMeHeM
pasrosopa iop, = 2 muH. JIpeanonaraercs Taxoke, 410 TpeboBanne no-
JIy48ET OTKAS, €C/IM B MOMEHT €I NOCTYILIeHUs Bee 5 IMHMIL 3aHAThL.
Tpebyercs BHIYHCAUTE OCHOBHBIE XAPAKTEPHCTHKH 3(h(peKTHBHOCTH
CMO B yCTaHOBMBIIEMCS peXXUMe,

Pewenue. Hcnonbays dopmyant (9.19)-(9.25) naliaem, uro

=Ap=ANp=1-2=2, P =0-138, P, = P, = 0,275,
P3—0092 Py =0,092, P; =0,138 - 25/5! 0,037.

Taxnm 06pasom, Pore = 0,037, K = 2(1 - 0,037) ~ 1,93, Q@ =
=1-0,037~ 0,96, A =1- Q = 0,96, Kg-—l 93/5 - 100% =~ 39%,
Kn = (100 - 39)% = 61%.

Orciopa 3axmouaeM, 9ro Ha ATC B cpeanem 33HATO 2 JHHUHA
u3 5, kaxkAad JHHUA 3arpykeHa scero Ha 39%, Tepserca npubiau-
suTeyibHO 4 BbrsoBa W3 100. Takum obpasom, ATC paGoraer me
cnukoM pEKTHBHO ¥ BIOMHE MOXKHO COKPATHTH OBLIEE UMCHO
JauHuh # (UAH) YBEIUYAT, MHTEHCHBHOCTD MIOTOKA, 3aTBOK.

[Tpumep 3. Cnepyroimmis npuMep BOSBPALLAET HAaC K 3a1a4e 06
3(pHeKTUBHOCTH PabOTHI AITTEKH.

ITycte uMeerca anTexa ¢ OGCAYKHBAIOUMM NEPCOHATOM M3 3
yesoBek. CTaTHCTHIECKOE OGC/IeJOBAHIE HOKA3AI0, YTO CPeHEe K-
CJI0 KJIHEHTOB, OBpaInaloluxcad B aNTeKy B TEYEHWE 4Yaca PaBHO
24, a cpepgnee BpeMsA OOC/IY>)KHBaHHA XAXKIOrO KJIHEHTS 3aHHMAET
5 MHHYT. BBISICHMM, KaKOBa BEPOSITHOCTb, 4TO BaC He OBCAYXAT
(npemnonaraeTcs, YTO eC/H BCe OKOLUKH 3aHATHI, TO KJIHMERT yXOOHT)
1 HACKOJIBKO MPOASBLUL 3aTPY>KeHbl paboTOl.

Pewenne. Byaem npeanonarars, 4To KIHEHTH 06pasyioT Npo-
crefnil NOTOK (eC/IH ANTEKA pacnoJiokeHa sa GolikoM Mecre, 310
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MOYKHO IBPHUCTHYECKH OGOCHOBATL) U BOCMONB3YEMCS (;bopmy.na.mu
OpUIaHra Ajisl peteHus.

Umeem: A = 24, n = 3, 1/p = tp = 5 mun. = 1/12 vaca, u,
CefoBaTENbHO, & = Ay = 2, Pp = (1 +2+22/20 +23/3))71 =
= 0,16, Py = P3 = 2%/31.0,16 = 0,21. Takum obpasom, Q@ = 0,79
u, CllefjoBaTenbHO, Oyaer obcmyzkeno B cpesaem 79 knnenTos u3 100.

HJanee K = a(l — P3) = 2(1 —0,21) = 1,58, T.e. xaxapiil
npopasel, 8 cpepnem sarpyxent K/n = 1,58/3 ~ 0,53 paGouero
AHA.

Kasanoce 61, o,zmoro NpoaaBLa MOXKHO M Jake HYy»>KHO COKpar
THUTh.

TpoeeaeHHsIe PacUeTl, OAHAKO, 3TOTO He NoATRepKAaI0T. deit-
CTBHTEJIbHO, NONb3Ysck dopmyiiot (9.26), HatineM Porc(2) = (3/2)x
x 0,21/(1 — 0,21) = 0,4, Kp=2 = 2(1 — 0,4) = 1,2. Takum
oBpasoM, 3arpyska KaXkZOro M3 JIByX OCTAaBIINXCS NPOJABLOB He-
muoro sbipacrer {¢ 0,53 go 1/2 - 1,2 = 0,6 pafouero aHa), 3aTo
«koapdunuenT nonesHoro aelicTensy antekn ynager ¢ 0,79 no 0,6,
MOCKONbKY B CIoXKMBLIeHica cuTyanuu Gyaer obcayskeno s 60%
(= (1—0,4)-100%) noTeHuUHaNbHBIX KIKEHTOB, & He T9%, KaK panee

1p# TpeX NpoJaBUax.



MPUNOXEHNA

Ipunoocenue 1

1 2
®yuxous Jlannaca & (z) = — [ et /2 dt
V2w

T 0 1 2 3 4 5 6 7 8 9

0,0 | 0,0000 | 0040 [ 0080 | 0120 | 0159 | 0199 | 0239 | 02799 { 0319 | 0359
0,1] 0398 | 0438} 0477 | 0517 | 0557 | 0596 | 0636 | 0675 | 0714 | 0753
0,2 0793 | 0832 | 0870 | 0909 | 0948 | 0987 | 1026 | 1064 | 1103 | 1141
0,3 1179 ({1217 [1255 {1293 | 1331 | 1368 | 1406 | 1443 [ 1480 | 1517
0,4 | 1554 | 1591 | 1628 | 1664 | 1700 | 1736 | 1772 | 1808 | 1844 | 1879
0,5 1915 {1950 | 1985 | 2019 [ 2054 | 2088 | 2123 | 2157 | 2190 | 2224
0,6 | 2257 2291 | 2324 | 2356 | 2389 | 2421 | 2454 | 2486 | 2517 | 2549
0,7 ] 2580 |[2611 | 2642 | 2673 | 2703 | 2731 | 2764 | 2793 | 2823 | 2852
0,8 | 2881 [2910 {2939 [ 2967 | 2995 | 3023 | 3051 | 3078 | 3106 | 3133
0,9 3159 [3186 |3212 13238 | 3264 | 3289 | 33151 3240 | 3365 | 3389
1,0] 3413 | 3437 | 3461 | 3485 | 3508 | 3531 | 3554 | 3577 | 3599 | 3621
1,1 3643 | 3665 | 3686 | 3708 | 3729 | 3749 | 3770 | 3790 | 3810 | 3830
1,2 | 3849 | 3869 | 3888 | 3906 | 3925 | 3943 | 3962 | 3980 | 3997 | 4014
1,3 | 4032 .1 4049 | 4066 | 4082 | 4099 | 414 5 | 4131 | 4147 | 4162 | 4177
1,41 4192 | 4207 | 4222 | 4236 | 4251 | 4265 | 4277 | 4292 | 4306 | 4319
1,51 4332 | 4345 | 4357 | 4370 | 4382 | 4394 | 4406 | 4418 | 4429 | 4441
1,6 | 4452 | 4463 | 4474 | 4484 | 4595 | 4505 | 4515 | 4525 | 4535 | 4545
1,7 4554 | 4564 | 4573 | 4582 | 4591 | 4599 | 4608 | 4616 | 4625 | 4633
1,8 [ 4641 | 4648 | 4656 | 4664 | 4671 | 4678 | 4686 | 4693 | 4699 | 4706
1,9 4713 4719|4726 | 4732 | 4738 | 4744 | 4750 | 4756 | 4761 | 4767
2,0 4772 | 4778 | 4783 | 4788 | 4793 | 4798 | 4803 | 4807 | 4812 | 4817
2,1 | 4861 | 4826 | 4830 | 4834 | 4838 | 4842 | 4846 | 4850 | 4854 | 4857
2,2 ] 4861 | 4864 | 4868 | 4871 | 4874 | 4873 | 4881 | 4884 | 4887 | 4890
2,3 ] 4893 | 4896 | 4898 | 4901 | 4904 | 4906 | 4909 | 4911 | 4913 | 4916
2.4 | 4918 | 4920 | 4922 | 4924 | 4927 | 4929 | 4930 | 4932 | 4934 | 4936
2,5 4938 | 4940 | 4941 | 4943 | 4945 | 4946 | 4948 | 4949 | 4957 | 4952
2,6 | 4953 | 4955 | 4956 | 4957 | 4958 | 4960 | 4961 | 4962 | 4963 | 4964
2,71 4965 | 4966 | 4967 | 4968 | 4969 | 4970 | 4971 | 4972 | 4973 | 4974
28| 4974 | 4975 | 4976 | 4977 | 4977 | 4978 | 4979 | 4979 | 4980 | 4981
2,9] 4281 | 4982 | 4982 | 4983 | 4984 | 4984 | 4985 | 4985 | 4986 | 4986

3,0 0,4986 31 49901 3,2 | 4993 | 3,3 | 4995 | 3,4 | 4997
35 4998 3,6 | 4998 | 3,7 | 4999 | 3,8 | 4999 | .3,9 | 4999
1,0 19997
45| 499997
50| 499999

[Mpumep: ®(1,32) = 0,4066, 20,9 = {z : ®(z) = 0,9/2} ~ 1,645.
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Tpunoorcernue 2

Kpurndyeckue Toukd pacmpegenenns CTBIOJEHTa PN yPOBHE 3HAYHMOCTH O B
cIydae JBYCTOPOHHEH KpUTHYeCKoi o6nacTi mm /2 B ciy4ae
ofHOCTOpOHHei KpuTHYecKoil obmactn (ducio crenenei csoboapr k)

[¢

0,10 | 0,05 | 0,025 | 0,02 | 0,01 | 0,005 | 0,003 | 0,002 | 0,001
6,314 | 12,706 | 25,452 | 31,821 | 63,657 | 127,3 | 212,2 | 318,3 | 636,
2,020 | 4,303 | 6,205 | 6,965 | 9,925 | 14,089 | 18,216 | 22,327 | 31,600
2,353 | 3,182 | 4,177 | 4,541 | 5,841 | 7,453 | 8,891 |10,214 12,922
2,132 | 2,776 | 3,495 | 3,747 | 4,604 | 5,597 | 6,435 | 7,173 | 8,610
2,015 | 2,571 | 3,163 | 3,365 | 4,032 | 4,773 | 5,376 | 5,803 | 6,869
1,043 | 2,447 | 2,969 | 3,143 | 3,707 | 4,317 | 4,800 | 5,208 | 5,959
1,895 | 2,365 | 2,841 | 2,098 | 3,499 | 4,029 | 4,442 | 4,785 | 5,408
1,860 | 2,306 | 2,752 | 2,896 | 3,355 | 3,833 | 4,199 | 4,501 | 5,041
1,833 2,262 | 2,685 | 2,821 | 3,250 | 3,690 | 4,024 | 4,297 | 4,781
10 | 1,812 | 2,228 | 2,634 | 2,764 | 3,169 | 3,581 | 3,892 | 4,144 | 4,587
11 1,796 | 2,20 | 26 | 2,72 | 3,11 | 35 38 | 4,03 | 4,44
12 1,782 2,179 | 2,560 | 2,681 | 3,065 | 3,428 | 3,706 | 3.930 | 4,318

Nelle N | o] Roi] BN RUCTE XTIl B

13 [ 1,771 2,16 2,65 | 3,01 3.85 | 4,22
14 1,761 2,145 | 2,510 | 2,624 | 2,977 | 3,326 | 3,583 | 3,787 | 4,140
15 1,753 ] 2,13 2,60 | 2,95 373 | 4,07
16 [ 1,746 | 2,120 | 2,473 | 2,583 | 2,921 | 3,252 | 3,494 | 3,686 | 4,015
17 | 1,740 2,11 257 | 2,90 3,65 | 3,96
18 [1,734| 2,101 | 2,445 | 2,552 | 2,878 | 3,193 | 3,428 | 3,610 | 3,922
19 [ 1,729 2,09 2,54 | 2,86 358 | 3,88
20 11,7251 2,086 | 2,423 | 2,528 | 2,845 | 3,153 | 3,376 | 3,552 | 3,849
21 [1,721| 2,08 2,52 | 2,83 353 | 3,82
22 1,717 | 2,074 | 2,405 | 2,508 | 2,819 | 3,119 | 3,335 | 3,505 | 3,792
23 | 1,714 | 2,07 250 | 2,81 349 | 3,77
94 | 1,711 | 2,064 | 2,391 | 2,492 | 2,797 | 3,092 | 3,302 | 3,467 | 3,745
25 11,708 | 2,06 2,49 | 2,79 1345 | 3,72
26 | 1,706 | 2,066 | 2,379 | 2,479 | 2,779 | 3,067 | 3,274 | 3,435 | 3,704
27 |1,703| 2,05 247 | 2,77 342 | 3,69
28 | 1,701 | 2,048 | 2,369 | 2,467 | 2,763 | 3,047 | 3,250 | 3,408 | 3,674
20 (1,699 2,05 246 | 2,76 3,40 | 3,66
30 | 1,697 | 2,042 | 2,360 | 2,457 | 2,750 | 3,030 | 3,230 | 3,386 | 3,646
40 | 1,684 2,02 242 | 2,70 331 | 3,55
60 |1,671] 2,00 2,39 | 2,66 3,23 | 3,46
120 | 1,658 | 1,98 2,36 | 2,62 317 | 3,37

+o00 | 1,645 1,960 | 2,241 | 2,326 | 2,576 | 2,807 | 2,968 | 3,090 | 3,291




Kpnratueckune To9xs pacnpejesienns Prmepa-Crenexopa npn yporue anayy
Kprraveckoil ofsacTit wim /2 B caydae ABycroponHell XpuTHIECKoN 06aal
mcnepenu, k; — wmeno crenenelt cBoSOARI MeHE

a=

0,01

T

'kl

8

9

10

11

12

5625

5889

5928

5981

6022

6056

6082

6106

99,01

90,17

9,25

99,30

99,34

99,36

30,81

29,46

28,71

27,91

27.67

27,49

69,36

99,40

99,41

99,42

27,34

27,23

27,13

27,05

18,00

16,69

15,98

15,21

14,98

14,80

14,66

14,54

14,45

14,37
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